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Conic Sections, Plane Curves, and 
Polar Coordinates 



1D.1 Concept Questions 



ET9.1 



a. See page 828 (824 in ET). 



b.i. Seepage 829 (825 in ET) 



ii. See page 830 (826 in ET) 



a. See page 833 (829 in ET). 



b.i. Seepage 834 (830 in ET) 



ii. Seepage 834 (830 in ET) 



a. See page 836 (832 in ET). 



b. i. See page 838 (834 in ET) 



ii. See page 838 (834 in ET) 



10.1 Conic Sections 



ET9.1 



x 2 = — 4y has the form x 2 = Apy with p = —1, so it represents the parabola with vertex (0, 0), focus (0, —1), and 
directrix y = 1, labeled h. 

x 2 

y = — <=> x = 8y has the form x = Apy with p = 2, so it represents the parabola with vertex (0, 0), focus (0, 2), and 
8 

directrix y = — 2, labeled a. 

y 2 = Sx has the form y 2 = Apx with p = 2, so it represents the parabola with vertex (0, 0), focus (2, 0), and directrix 
x — —2, labeled c. 

x = — ^y 2 <=> y 2 = —Ax has the form y 2 = 4/?x with p = — 1, so it represents the parabola with vertex (0, 0), focus 
(—1,0), and directrix x = 1, labeled e. 

2 2 2 2 

x y x y I 

H — - = 1 has the form — H — T = 1 with a = 3, b = 2, and c = v a 2 — Z? 2 = V5, so it represents the ellipse with 



<3 



2 £2 



vertices (±3, 0) and foci ^±a/5, 0^, labeled b. Its eccentricity is 



2 2 2 

x 2 H = 1 has the form H — - = 1 with a — 2,b — 1, and c — V a 2 — b 2 — ->/3, so it represents the ellipse with 

4 b 2 a 2 



vertices (0, ±2) and foci ^0, ±V3^, labeled f. Its eccentricity is 



2 ■ 



2 2 
x L y L 

16 ~ y 



* y 

= 1 has the form — =■ = 1 with a = 4, b = 3, and c — y a 2 -\-b 2 = 5, so it represents the hyperbola with 



2 £2 



vertices (±4, 0) and foci (±5, 0), labeled d. Its eccentricity is |. 



y 2 - 



X 



2 2 
v z x z 



= 1 has the form = 1 with a — 1 , b = 2, and c = y/ a 2 + b 2 = , so it represents the hyperbola with 



a 



2 b 2 



vertices (0, ±1) and foci A), iV^V labeled g. Its eccentricity is V5". 
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9. y — 2x 2 <=> x^ — 4py with p = ^, so the parabola has 10. x 2 = — 12y = 4py with p = —3, so the parabola has 





12. y = — 8x — Apx with p — —2, so the parabola has 
vertex (0, 0), focus (—2, 0), and directrix x = 2. 




13. 5y 2 = 12.x y z = -yjc = 4px with p = ^, so the 
parabola has vertex (0, 0), focus 0^, and directrix 



2 _ 12 



14. y 2 = — 40x —4px with /? = — 10, so the parabola has 
vertex (0, 0), focus (—10, 0), and directrix x — 10. 
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15. 



2 2 

x y 

— - + — = 1 has a = 5, b = 2, and 

c = y/a 2 — b 2 = so the ellipse has foci ^0, ± 
and vertices (0, ±5). 




21 




2 y 2 

16. — + — = 1 has a — 4, b — 3, and c — yj a 2 — b 2 — +Jl, 



16 



so the ellipse has foci ^± VV, 0^ and vertices (±4, 0). 





k 


2 




M -2 o 
\. -2- 


1 1 

2 Ax 


-4- 





y 



2 



17. 4** + 9y* = 36~ y +^- = lhasa = 3,* = 2, and 18. 

c — y/a 2 — b 2 = V5, so the ellipse has foci (±\/5, 0^ 
and vertices (±3, 0). 



x 1 v 2 

25x 2 + 16y 2 = 400 o — + = 1 has a = 5, & = 4, 

16 25 

and c = y/a 2 — b 2 = 3, so the ellipse has foci (0, ±3) and 
vertices (0, ±5). 





19. x 2 + 4y 2 = 4 <=> — + y 2 = 1 has a = 2, Z? = 1, and 

c — y/a 2 — b 2 = \/3, so the ellipse has foci (± \/3, 0^ 
and vertices (±2, 0). 



y 2 

20. 2x 2 + y 2 = 4 <=> — + ^- = 1 has a = 2, b = \/2, and 
c = y/a 2 — b 2 = \/2, so the ellipse has foci (0, ±2) and 



vertices 



(0, ±V2). 
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2 2 

x* y A 

21. — — — — = 1 has a — 5, b — 12, and 



25 144 

= 13, so the hyperbola has foci (±13, 0), 



12 



vertices (±5, 0), and asymptotes y = ±-^*- 



-10- 5 



)- 

\ 
0, 



/ 




/o- 



7 -20-' 



2 2 

22. y — - \- = 1 has a = 4, 6 = 9, and 
16 81 

so the hyperbola has foci 
(0, ±V97) , vertices (0, ±4), and asymptotes y = 



ZLgX. 



-12 -8 




-8 




1 8 



x 




23. x 2 - y 2 = 1 has a = 1, £ = 1, and c = y/a 2 + b 2 = sfl, 24. Ay 2 - x 2 = 4 <=> y 2 - — = 1 has a = 1, b = 2, and 
so the hyperbola has foci (±72, o), vertices (±1, 0), and Q = ^2^2 = ^ so the hype rbola has foci 



asymptotes y = ±x. 



\ 



y 



(0, ±V5) , vertices (0, ±1), and asymptotes y — ± ix 




-2- 



\ 



\ 





\ 



25. 



9 9 y x f- 
y z - 5x A = 25 <=> — — = 1 has a — 5, b — V5, and 



2 

25 5 

so the hyperbola has foci 



26. 



jc 2 v 2 

x 2 - 2y 2 = 8 <^> — - — = 1 has a = 2^2, b = 2, and 

8 4 

so the hyperbola has foci 



(0, ±V30), vertices (0, ±5), and asymptotes y vertices and asymptotes 



\ 10- 

\\ 


/I 
/i 


\\ 


// 




/ 




i 

'■ 1 3 




\ 5 - 


Jc 


\ 


1/ 


\\ 


//io- 


V 
V 



y = ±^x. 




N 




^ V 4 6 



27. The parabola with focus (3, 0) and directrix x — — 3 has p — 3 and axis the x-axis, so an equation is y 2 = 4px = 12*. 

28. The parabola with focus (0, —2) and directrix y = 2 has p — —2 and axis the y-axis, so an equation is x — 4py — — 8y 

29. The parabola with focus ^— |, 0^ and directrix x = | has p = — | and axis the *-axis, so an equation is 



y 2 = 4/?x = - 1 (k . 



30. The parabola with focus (o, |) and directrix y = — | has p —\ and axis the y-axis, so an equation is x 2 = 4py = 6y. 
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31. The ellipse with foci (±1,0) and vertices (±3, 0) has a = 3, c = 1, and b = V a 2 — c 2 = 2V5, so an equation is 



2 2 

9 8 



32. The ellipse with foci (0, ±3) and vertices (0, ±5) has a = 5, c = 3, and £ = y/ a 2 — c 2 = 4, so an equation is 



2 2 
^ + >- = l 

16 + 25 



33. The ellipse with foci (0, ±1) and major axis of length 6 has 2a — 6 a — 3, c — \, and b — s] a 2 — c 2 — 2\fl, so an 



2 2 

jc y 
equation is — + — = 1 . 



Ax 2 y 2 



34. The ellipse with vertices (0, ±5) and minor axis of length 5 has a — 5, lb — 5 <=> b — i, so an equation is 1 = 1. 

25 25 



2 2 
X V 



35. The ellipse with vertices (±3, 0) has a = 3, so the ellipse has an equation of the form — H — ^ = 1. Substituting the point 

9 Z? z 

/ M l 2 f^ 2 ) 2 8 9 o x 2 Ay 2 

y\, V2J, we find — + ^ — 1 <=> = - <^> b A — |, so an equation of the ellipse is — H — — — 1. 

36. By plotting the points (1, 5) and (2, 4), we see that the ellipse's vertices must lie on the y-axis, so we substitute the 

• • u a a ■ x 2 y 2 1 12 52 , a 22 42 1 l 25 4 16 
points into the standard equation H — ^ = 1 : H — = 1 and H — - = 1 => — H — - = — H — - <^=> 

b l a 1 b l a 1 b z a 1 b l a 1 b l a 1 

\ 2 5 2 28 

a 2 + 25b 2 = Aa 2 + 16Z? 2 o a 2 = 3Z? 2 . Substituting, H =■ = 1 <=> & 2 = — , so a 2 = 28. An equation of the ellipse is 

b l 3b z 3 

u 3x2 y 2 1 

thus — + ^77 = 1. 
28 28 

x 2 y 2 

37. The ellipse with vertices (0, ±5) has a = 5, so the ellipse has an equation of the form — + — = 1. Substituting the point 

b l 25 

27 . .0 400 . . 73x 2 v 2 _ 



V 2 ' ~ir J' we find ^2 + 4T25 = ^ = "73"' so an ec i uatlon 1S ^55" + 



25 

38. The ellipse with x -intercepts ±3 and y-intercepts ±j has a = 3 and b = ^ with major axis along the x-axis, so an equation 



is^+4y 2 = 1. 



39. The hyperbola with foci (±5, 0) and vertices (±3, 0) has a = 3, c = 5, and Z? 2 = c 2 — a 2 = 16, so an equation is 

2 2 

_ _ Z_ - 1 

9 16 

40. The hyperbola with foci (0, ±8) and vertices (0, ±4) has a = 4, c = 8, and Z? 2 = c 2 — a 2 = 48, so an equation is 

2 2 

z_ _ _ = 1 

16 48 

41. The hyperbola with foci (0, ±5) and conjugate axis of length 4 has c = 5, 2b = 4 = 2, and <? 2 — c 2 — b 2 — 21, so an 

, . y 2 * 2 , 

equation is — — = 1 . 

21 4 



x 2 y 2 / n\ 5 2 9 2 



x y / q\ j 

42. The hyperbola with vertices (±4, 0) has a — A and equation — -g^ — 1. Substituting ^5, |J gives ^ — ^ 2 ^2 



= 1 <=> 



x 2 v 2 

25& 2 - 81 = 16b 2 o 9& 2 = 81 <^> b 2 = 9, so an equation is — — -— = 1. 

16 9 



43. The hyperbola with vertices (±2, 0) and asymptotes y = ±^x has a = 2 and | = |, so & = | (?) = 3 and an equation is 



2 2 

_ _ Z_ - 1 

A Q 
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44. The hyperbola with ^-intercepts ±1 and asymptotes y — ±^=x has a = 1 and ^ = so b = 2^/2 and an equation is 

x 2 

* 8 =1 - 

45. Referring to the table on page 840 (836 in ET) and Figure 26, we see that (x + 3) 2 = — 2 (y — 4) is an equation of the 
parabola with vertex (—3, 4) opening downward, labeled b. 

(x — 2) 2 (y + 3) 2 

46. 1 = 1 is an equation of an ellipse centered at (2, —3), labeled d. 

16 4 

47. — — - = 1 is an equation of a hyperbola centered at (—1, 3), labeled c. 

48. (y — l) 2 = — 4 (x — 2) is an equation of the parabola with vertex (2, 1) opening to the left, labeled a. 

49. The parabola with focus (3, 1) and directrix x = 1 has vertex (2, 1) and opens to the right with p = 1, so an equation is 
(y - l) 2 = 4 (1) (jc - 2) or (y - l) 2 = 4 (* - 2). 

50. The parabola with focus (—2, 3) and directrix y = 5 has vertex (—2, 4) and opens downward with p = —1, so an equation 
is (* + 2) 2 = 4 (-1) (y - 4) or (x + 2) 2 = -4 (y - 4). 

51. The parabola with vertex (2, 2) and focus 2^ opens to the left with p = —j, so an equation is 



(y-2) 2 = 4(-l)(*-2) or (y - 2) 2 = -2 (* - 2). 



52. The parabola with vertex (1, —2) and directrix y = 1 opens downward with p = —3, so an equation is 
(x - l) 2 = 4 (-3) (y + 2) or (* - l) 2 = -12 (y + 2). 

53. Referring to the table on page 840 (836 in ET), the parabola with axis parallel to the y-axis has equation 

(-3-h) 2 = 4p (2-k) 

(x — h) 2 — 4p (y — k). Substituting the three known points gives the equations | (0 — h) 2 — 4p ^— ^ — fcj => 

(\ -h) 2 =4p (-6-k) 

h 2 + 6h + 9 = %p-4pk 

h 2 = — \0p — 4pk Subtracting the second equation from the first gives 6h + 9 = 18/?<=>2/z + 3 = 6/7 

h 2 -2h + 1 = -2Ap-4pk 

(call this equation a), and subtracting the third from the second gives 2h — 1 = 14 p (equation /3). Subtracting (3 from a 
gives 4 — — %p <^ p — — j. Thus, from a, 2h + 3 = — 3 <^> h = —3, and finally, from the second original equation 

(-3) 2 = -10 (-^) - 4 ^ k = 2. An equation of the parabola is thus (x + 3) 2 = -2 (y - 2). 

54. Referring to the table on page 840 (836 in ET), the parabola with axis parallel to the x-axis has equation 

' (6 - k) 2 = 4p (-6 - h) 

(y — k) 2 — 4p (x — h). Substituting the three known points gives the equations (0 — k) 2 — 4p (0 — h) => 

(2-£) 2 =4p(2-h) 

k 2 - 12k + 36 = -24p - 4ph 

k 2 = — 4ph Subtracting the first equation from the second gives 12& — 36 = 24p<^>/: = 2/? + 3 

k 2 -4k + 4 = %p-4ph 

(call this equation ct), and subtracting the third from the second gives 4k — 4 = —Sp<^k = —2p+ 1 (equation f3). 
Adding ol and /3 gives 2k = 4 o k = 2. Thus, from a, 2 = 2/? + 3<=> /? = — ^, and finally, from the second original 

equation 2 2 = — 4 (— ^ \ h h = 2. An equation of the parabola is thus (y — 2) 2 = — 2 (x — 2). 
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55. The ellipse with foci (±1, 3) and vertices (±3, 3) has center (0, 3), a — 3, and c = 1. Thus, b 2 = a 2 — c 2 = 8, and an 

. x 2 , (y-3) 2 1 
equation is — H = 1 . 

56. The ellipse with foci (0, 2) and (4, 2) and vertices (—1,2) and (5, 2) has center (2, 2), a = 3, and c = 2. Thus, 

??? C*-2) 2 (y-2) 2 
b L — a L — c L — 5, and an equation is 1 — 1. 

57. The ellipse with foci (±1,2) and major axis of length 2a — 8 <=> a — 4 has vertices (±4, 2), center (0, 2), and c = 1. Thus, 

b 2 — a 2 — c 2 — 15, and an equation is — + — — -— ^- = 1. 

16 15 

58. The ellipse with foci (1, ±3) and minor axis of length 2b = 2 <^> b = 1 has c = 3, so a 2 = Z? 2 + c 2 = 10 and an equation is 

7 y 2 

(jc-1)2+£- = 1. 



10 



59. The ellipse with center (2, 1), one focus at (0, 1), and one vertex at (5, 1) has a = 3 and c = 2, so Z? 2 = <2 2 — c 2 = 5 and an 

f . • (x-2) 2 (y-1) 2 
equation is 1 = 1 . 

60. The ellipse with foci ^2 — >/3, — 1^ and ^2 + V3, — lj has center (2, —1) and c = V3 <^> c 2 = 3, so its equation has the 

(x — 2) 2 (y + l) 2 (2 — 2) 2 (0 + l) 2 
form T — + -^z — — = 1. Substituting the known point (2, 0), we get T — - + — — = 1 1 = a 2 - 3 

a z a z — 3 a z a z — 3 

_ 2) z 

« 2 = 4, so & 2 = 1 and an equation is h (y + l) 2 = 1. 

61. The hyperbola with foci (—2, 2) and (8, 2) and vertices (0, 2) and (6, 2) has center (3, 2), so a = 3, c = 5, and 

999 (*-3) 2 (y-2) 2 

/? z = c z — cr = 16. An equation is thus — — = 1. 

9 16 

62. The hyperbola with foci (—4, 5) and (—4, —15) and vertices (—4, —3) and (—4, —7) has center (—4, —5), so a = 2, 

9 9 9 CV + 5) 2 (jt+4) 2 

c = 10, and b L — c L — a L — 96. An equation is thus — = 1. 

M 4 96 

63. The hyperbola with foci (6, —3) and (—4, —3) and asymptotes y + 3 = ±^(x — 1) has center (1, —3), so c — 5. The 
slopes of the asymptotes are ±| = ±| and a 2 + b 2 — c 2 — 25, so by inspection a — 3 and Z? = 4. An equation is thus 

(x-l) 2 (y + 3) 2 =1 
9 16 

64. The hyperbola with foci (2, 2) and (2, 6) and asymptotes x = —2 + y and * = 6 — y has center (2, 4), so c = 2. The 
slopes of the asymptotes are ±^ = ±1 and a 2 + b 2 — c — 4, so by inspection a — b — \[2. An equation is thus 

(y-4) 2 (x-2) 2 
2 2 " 

65. The hyperbola with vertices (4, —2) and (4, 4) and asymptotes y — 1 = ±| (x — 4) has center (4, 1), so a = 3. The slopes 
of the asymptotes are ± ^ = ± | , so b = 2 and an equation is = 1 . 

66. The hyperbola with vertices (0, —2) and (4, —2) and asymptotes x = — y and x = y + 4 has center (2, —2), so a = 2. The 

(jc — 2) 2 (y + 2) 2 

slopes of the asymptotes are ±| = ±1, so b = 2. An equation is thus = 1. 
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67. We complete the square and put the equation into standard 68. y — Ay — 2x — 4 = 0 o - 2) z — A — 2x — 4 = 0 <=> 
form: y 2 — 2y — Ax + 9 = 0 <^=> (y — l) 2 - 1 — Ax + 9 = 0 (y — 2) 2 = 2 (x + 4) represents a parabola with vertex 

<=> (y - !) 2 = 4x - 8 = 4 (* - 2). This equation has (_4, 2), focus 2), and directrix x = -§. 

/? = 1, so it represents a parabola with vertex (2, 1), focus 




69. + 6x - y + 11 = 0 <=> 0 + 3) 2 - 9 - y + 11 = 
(x + 3) 2 = y — 2 represents a parabola with vertex 



(—3, 2), focus ^—3, and directrix y 



7 
4" 



0 <^=> 70. 2x 2 - 8* - y + 5 = 0 <^ 2 (x - 2) 2 - 8 - y + 5 = 0 ^> 

(x — 2) 2 = j (y + 3) represents a parabola with vertex 

(2, -3), focus (2, - ^j, and directrix y = 




-10 -8 -6 -4 -2 0 



x 




71. 4-y2 _ 4v _ 32x _ 31 = 0 <=> 72. 9x 2 + 6* + 9y - 8 = 0 ^ 9 (x + ±) 2 - 1 + 9y - 8 = 

4 (y ~ 2) _ 1 ~ 32 * _ 31 = 0 0 <=> (x + £) 2 = - (y - 1) represents a parabola with 

~ 2) = 8 (-* + *) represents a parabola with vertex vertex (~ 5 » l) > focus |) , and directrix y = |. 

^—1, ^j, focus ^1, and directrix x = —3. 



0 
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73. 0 - l) z + 4 0 + 2Y = 1 has center (1, -2) and vertices (0, -2) and (2, -2) 
c = y/a 2 - b 2 = yjl-\ = ^, so the foci are (l ± ^, -2^. 



0 



-1 



-2 



-3 - 



1 



i — ► 



2 x 




74. We complete the squares and put the equation into standard form: 

2x 2 + y 2 - 20x + 2y + 43 = 0 <=> 2 (jc - 5) 2 - 50 + (y + l) 2 - 1 + 43 = 0 <=> 

2(* - 5) 2 + (y + l) 2 = 8 <=> + = 1 has center (5, -1) and 

vertices ^5, — 1 ± c = y/a 2 — b 2 — 2, so the foci are (5, —3) and (5, 1). 



75. We complete the squares and put the equation into standard form: 

x 2 + 4y 2 - 2x + 16y + 13 = 0 <=> (x - l) 2 - 1 + 4 (y + 2) 2 - 16 + 13 = 0 <=> 

(x - l) 2 + 4 (y + 2) 2 = 4 <=> + (y + 2) 2 = 1 has center (1, -2) and 

vertices (—1, —2) and (3, —2). c = y/ a 2 — b 2 — \/3, so the foci are 



(l± a/3, -2). 

76. 2.x 2 + y 2 + 12* - 6y + 25 = 0 <^ 2 (jc + 3) 2 - 18 + (y - 3) 2 - 9 + 25 = 0 <=> 
(x + 3) 2 + ( y ~p 2 = 1 has center (-3, 3) and vertices (-3, 3 ± V^j • 

c — y/a 2 — b 2 = 1, so the foci are (—3, 2) and (—3, 4). 





i — ► 

3 x 




4- 



3- 



1 



77. 4x 2 + 9y 2 - 18jc - 27 = 0 <^> 4 



H) 2 , v 

~T89 + "2T 



(* - !) 2 - 



81 

T 



+ 9y 2 - 27 = 0 <=> 



= 1 has center (f , 0) and vertices (§ ± 0). 
c = ^V 2 = yiF?= «> the foci are (f ± ^,o) 



78. 9.x 2 + 36y 2 - 36x + 48y + 43 = 0 o 



9(.x-2) 2 -36 + 36 (y + fj - 16 + 43 = 0 o (x - 2) 2 + 4 (y + §) = 1 has 

(2, -|) and vertices (l, -|) and ^3, c = yfa 2 ^!? 2 = so the 
foci are (2 ± 



center 



-5 -4 -3 -2 



0 



-1 



1 



A, - 



-1 



-> 

X 




X 
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79. We complete the square in y and put the equation into standard form: 



(y+1) 2 _ 



3x 2 — Ay 2 — 8y — 16 = 0 <=> 3x 2 — 4 (y + l) 2 + 4 — 16 = 0 ^- — 

has center (0,-1) and vertices (±2, — 1). c so the foci are 

^±>/7, — 1^. The asymptotes have slopes ±| = ±-^, so their equations are 

y + 1 = ±^jc o y = - 1. 



= 1 




80. 4x z - 9y z - 16* - 54y + 79 = 0 o 4 (x - 2) 2 - 16 - 9 (y + 3) z + 81 + 79 = 0 
<=> 4 (* - 2) 2 - 9 (y + 3) 2 = -144 <^ - = \ has center (2, -3) 

and vertices (2, —7) and (2, 1). c — yj a 2 + b 2 — 2>/l3, so the foci are 



The asymptotes have slopes ±| = ± |, so their equations are 
y + 3 = ±| (x - 2) <=> y = %x - -j- and y = - |. 



20* 




81. 



2x L - 3y z - Ax + 12y + 8 = 0 <=> 2 (jc - l) 2 - 2 - 3 (y - 2) z + 12 + 8 = 0 <=> 
2 (x - l) 2 - 3 (y - 2) 2 = -18 <=> - = 1 has center (1, 2) and 

vertices (l, 2 ± Vo"). c = Va 2 + b 2 = Vl5, so the foci are (l, 2 ± VB). The 
asymptotes have slopes so their equations are y — 2 = ±^ (x — 1). 




82. 4y 2 - 9x 2 + 18jc + 16y + 43 = 0 <^> -9 (x - l) 2 + 9 + 4 (y + 2) 2 - 16 + 43 = 0 



<=> -9 (jc - l) 2 + 4 (y + 2) 2 = -36 <^ - = 1 has center (1, -2) 

and vertices (—1, —2) and (3, —2). c = V 'a 2 + b 2 — Vl3, so the foci are 

The asymptotes have slopes ± | and equations 

y + 2 = ±|(jc-l). 

83. 4x 2 - 2y 2 + 8* + 8y - 12 = 0 o 4 (jc + l) 2 - 4 - 2 (y - 2) 2 + 8 - 12 = 0 <=> 



- &-£L = 1 has center (-1,2) and vertices (-1 ± V5, 2j . 



so the foci are The asymptotes are 



y-2 = ±</2(x + l). 



84. 4jc 2 - 3y 2 - 12y - 3 = 0 <=> Ax 2 - 3 (y 2 + 4y + 4) = 3 - 



= 3 - 12 » 



4x 2 - 3 (y + 2) 2 = -9 <^> 



(y+2) 



zfjq = 1 has center (0,-2) and vertices 



(0, -2 ± Vfj. c = sja 2 + b 2 = y/| + 3 = ^f±, so the foci are (o, -2 ± ^) 



_ _u V3 



__u 2V3 



The asymptotes are y + 2 = ±37^ (x — 0) => y = ± ^^.x — 2. 





4 6 jc 



4 j 
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85. We set up a coordinate system with the origin at the vertex of the parabola and the positive x-axis pointing to the right. By 
inspection, the parabola has equation y 2 = x, so its focus is 0^. The light source should be placed ^ ft from the vertex 
along the axis of symmetry of the parabola. 



86. The length of the cable is exactly s = lj ^ 1 + (y r ) 2 dx = 2 J J 



2 



using the binomial series, we get 



1 + 



2hx\ 



2l 1 /2 



a 



= 1 + 




dx. Expanding the integrand 



2hx\ 



2 



H , so 



a 



s^2 



0 



1 + 



1 (2hx\ 
2W 



2 



dx = 2\ x + 



2h 



3a 4 



x 



= 2a i 1 + 



2h 



2 



_ 0 



3a 



. Substituting the given values a = 200 and ft = 80, 



we get s % 2 - 2001 1 + 



2 • 80- 

3 • 200 2 



443 ft. This is quite close to the calculated value of 439 ft in Example 3. 



60x 2 x 2 x 

87. We proceed in Example 3, but with y = T = => / = . The length is thus 

H 300 2 1500 ' 750 5 



300 



5 =2 



0 



/ 7TT2 2 r 300 i l 

V 1 + (75o) * = 750/0 ^^^ = 375 



750- 



In (x + y/l50 2 + x 2 ) 



-,300 



_ () 



616 ft 



88. Using the formula for the area of a surface of revolution, 



A = 2n $ I + (y') 2 dx = 2tt / Q 9 xJ\ + (^*) 2 dx = l6ir r9 



8T 



Substituting u — x 2 => du = 2xdx, we calculate 



a = |f /o 8 V(t f + **> = 



8tt 2 
W ' 3 



(w 



2 \3/2 

+ M 



-1 81 



_ 0 



145 
96" 



2187\ 

VI 1J45 - J 7T % 299.54, or about 300 in 2 



89. d -l = E, 



W 9 W 9 

y — - — x z + C and y (0) = 0 => y = - — * , a parabola. 
2H 2H 

W 



90. As seen in Exercise 89, the parabolic cable has equation y = - — * , and since (a, h) is the 

2H 

W 9 W 9 

topmost point, = ^77 a <^ H — -—a . The tension at the topmost point has magnitude 



(T cos <t>) 2 + (T sin </>) 2 = + (IV1) 2 =M 



Th a ) +(Wa) = 2h 



91. If the origin is at the center of the ellipse, then one arch has major axis of length 2a = 24 and minor axis of length 



2 2 

2b = 16, so an equation is 1 = 1. So 6 units from the center of the base, we have 

144 64 



6 2 y 2 



+ hr = 1<=> 



144 64 



36-64 r- 

y = 164 — — = 4V3 « 6.93 ft. 

144 



92. a. y = ax 2 => y f — 2ax. When x — xq, an equation of the tangent line c. 
is y — axQ = 2axQ (x — xq) or y = axQ (2x — xq). 

b. Setting y = 0, we get axQ (2x — xq) = 0 => x = xq/2. 
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93. 



Suppose a parabola has equation y = ax 2 . Then the tangent line where x = xq has slope 2axQ and equation 

y = axQ (2x — xq), and the tangent line where x = xi has slope 2ax\ and equation y = 0jq (2.x — Solving these two 

equations gives axQ (2x — xq) = axi (2x — *i) => a: = ^ (*o + x l)> me * -coordinate of the unique point of intersection of 
the two tangent lines. 



94. a. Differentiating implicitly, we get y 2 = 4/?x => 2yy' = 4/? 
y = — .At (xq, yo), the tangent line has equation 

y 

2p ■-> 

y - yo = — (x - x 0 ) <=> yyo - yZ = 2p (x - xq) <=> 
yo 

yyo - 4pxo = 2px - 2pxo <^=> yyo = 2p (x + *o)- 
b. Setting y = 0, we get 0 = 2p (x + xq) => x = — xq. 



c. 



0 



= 4px 




p > 0 



2 2 

x z y z 

95. Differentiating implicitly, we get H — - = 1 



a 



b 2 



b 2 x 2 + a 2 y 2 = a 2 b 2 



2b 2 x + 2a 2 yy' = 0 - -■' 



6 z ;t 



v = - 



a 2 y 



An equation of the tangent line at (xq, yo) is y — yo = ~ — 

<3 Z yo 



(x - xq) 



yyo yo x o , , 



x*o yyo x o 



2 



+ 



yl 



a 



a 



b 2 



96. At (l, ^P), the tangent line satisfies + 



y 



( 



5V3\ 



25 



= 1 => 



4. 5V3 



^y = -25x + 100 => y = -^x + 



2 2 
x z y z 



2 ,.2 .2, .2 „2l2 



2,.,./ 



97. Differentiating implicitly, we get - ^ = 1 => Z? z x z - a z y z = a Z Z? Z => 2b L x - 2a L yy' = 0 



a 



b 2 



b l x 

y' — — . An equation 

a 1 y 



b 2 2 
of the tangent line at (xq, yo) is y — yo = —~ — (x — xq) =$ ^° 

a 1 yo 



Z> 2 Z> 2 



XQ XXQ 



<3 



£2 



=^-4=1. 



2 
0 

2 



£ 2 



98. At ^4, 3>/3^, the tangent line satisfies 



x 2 2y 2 

99. We differentiate each equation implicitly: + -7^- = 1 => b 2 x 2 + 2a 2 y 2 = 1 => 2/? 2 x + 4tf 2 yy' 



a 



b 2 



= 0 



, £> 2 x x 2 2y 2 



= 1 



b 2 x 2 -2 (a 2 - b 2 } y 2 = b 2 (a 2 - b 2> ) => 26 2 ;t -4 (a 2 - b 2 } yy f = 0 



y' = 



2 (a 2 - b 2 ) y 



-. The two curves are perpendicular at a shared point (xq, yo) if the slopes of their tangents are negative 



reciprocals. The product of these slopes is — 



x 2 2y 2 



b xq 



b 



2 



XQ 



*4 



b 



2„2 



b L x 



0 



2a 2 yo 2 (a 2 - b 2 ) yo 4a 2 (b 2 - a 2 ) y% 4y 2 (b 2 - a 2 ) a 2 



, but 



x 



(xq, yo) lies on both curves, so -4f + 



0 



2y z 4y 



<=> 



2 
0 



a 



b 2 a 2 -b 2 b 2 b 2 



- X °{a 2 -b 2 a 2 ) 



h 2 x 2 
o x Q 



(b 2 - a 2 ) a 2 



, so our 



b 



2 



2 



4y z 

expression for the product of the slopes becomes — T I ^ 

4y z \ b 2 

point of intersection. 



= — 1. Thus, the two curves are perpendicular at every 
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00. Suppose that (x, y) lies on the hyperbola with foci (±c, 0). Then by definition, J (x + c) 2 + y 2 — J (x — c) 2 + y 2 — k, 



a constant. But (a, 0) is on the hyperbola, so yj {a + c) z — yj (a — c) 2 — (a + c) — (c — a) = 2a, since 
> a. Continuing, yj(x + c) 2 + y 2 - yj(x - c) 2 + y 2 = 2a <^=> yj (x + c) 2 + y 2 = 2a + ^(jc - c) 2 + y 2 



x z + 2cjc + c z + y 2 = 4a 2 + 4a yj (x - c) z + y L + x z - 2cjc + c z + y z <=> ayj (x - c) z + y z = -a L + ex => 
a 2 (x 2 - 2c* + c 2 + y 2 ) = a 4 - 2fl 2 c* + c 2 x 2 <^ (c 2 - a 2> ) x 2 - a 2 y 2 = a 2 (c 2 - a 2 } . If we let b 2 = c 2 - a 2 > 0, 



2 _ _„2 



2u2 



2 2 

x z y z 



then dividing by a z £ z gives the familiar equation T = 1. 



a 



x 2 y 2 



b 



y = ± — \A: 2 — a 2 . Consider 



a 



lim 



±-x - (±- ) y/x 2 -a 2 = ±- lim fx - V* 2 - a 2 ) = ±- 

a \ a ) a x^oo \ ) a 



- ±- lim 

x—>oo 



(^x — yj x 2 — a 2 ^j 



X 



+ Jx 2 -a 2 



x + V ' x 2 — a 2 



b 

= ±- lim 



a 



= 0 



b 



x 2 y 2 



This shows that y = ±—x are asymptotes of T = 1. 



a 



b 2 



02. a. The difference in distances is (800 /xs) 980 



ft_ 



) = 784,i 



= 784,000 ft « 148.5 mi. So 2a % 148.5 => a % 74.25 and c = 100, 



x 2 2 

giving £ = v 1 c 2 — a 2 % y/ 100 2 — 74.25 2 « 67. Thus, the hyperbola's equation is roughly ^ = 1. 



b. In this case y — 20, so we solve 



x 



20 



74.25 2 67 2 



\ 



74.25 2 ( 1 + 



20 z 
6T 2 



74.25 2 67 2 



77.5. The ship is located at 



approximately (77.5 mi, 20 mi) in the coordinate system shown. 



03. Differentiating implicitly, we find 4x 2 + 25 y 2 = 100 =^> Sx + 50yy' = 0 =>/ = - — - = -- 



4 x _ 2 x 
25 > ~ ~5 v %3^2 

for v > 0. So using the arc length formula and the symmetry of the ellipse, we can write 



C = 4jgJl + (yfdx=4fg 



1+1? X 



dx «s 23.013, using a computer algebra system. 



x 2 y 2 



04. We are given 2a = 7.33 x 10 9 and 2b = 7.08 x 10 9 . The ellipse has equation + ^ = 1 => /3 2 x 2 + a 2 }; 2 = fl 2 6 2 

Z? z 



a3 2 x 



2b 2 x + 2a 2 yy' = 0 =3 y' — - . Also, for positive x and y, y = /?-v/l — x 2 /a 2 , so we can write y' = 



a 2 y 



So the approximate length of Pluto's orbit is 4 f£ yj 1 + (y') dx =4ffi 
using a computer algebra system. 



\ 



2 



fl V^ 2 - x 2 



Jx % 2.2637 x 10 10 mi, 



05. a. To calculate tan/3, we first calculate the y-intercept of £. Note that y 2 = 4px => 2yy r = 4p, so at P, y' — 

2 2 JC 

and an equation of the tangent is y — yo = — (* — xq). Substituting x — 0 gives y = yo , so 

yo " " yo 



2p 

yo 



yo 



tan/3 = 



/ 2px 0 \ 

- 1 yo 

V yo ) 



X(\ 



2px 0 2p 



xn vn vn 
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b. tan <fi = 



yo 



by inspection. 



x 0 - p 

c. <fi and ol + /3 are alternate angles, so <fi = a + 0 

yo 2p 

2 



ex — <fi — (3 and 



tan a — 



tan (p - tan ft jt Q - p y Q Vp 2p (x 0 - p) 
1 + tan 0 tan ft 1 + yo 2 P (x 0 - p) y 0 + 2/?y 0 



. Substituting = 4pxo, we find that this is equal 



*o - p yo 



to 



4/7X0 ~ 2P (*0 P) 
(*0 ~ />) JO + 2 PJo 



2p(*o + />) 2/? , 

— = — .In other words, ol — p. 

yo (p + *o) yo 



06. Using the result of Exercise 95, we see that the slope of £ is 



m = tan 6 \ — — 



b _xp 
a 2 y 0 



<^=> tan 02 = 



b 2 xp 
a 2 y 0 



. Next, 



tan 0 3 = 



yo 



c-x 0 



and 03 = ol + 02 <=> ol = 03 — 02, so 



tan a = tan (03 — 61) — 



tan 03 — tan 02 
1 + tan 0 3 tan 02 



JO 



c-x 0 



b *0 

a 2 yo 



1 + 



>'() 



b z x 0 




c - xo a^yo 
a 2 yi — b 2 cxQ + b 2 x^ 



a 2 b 2 - b 2 xk - b 2 cx 0 + b 2 x 2 



0 



(since b 2 x^ + a L y^ — a L b L ) 



2,2 „2u2 



a 2 cy 0 - a 2 x 0 y 0 + b 2 x 0 y 0 a 2 cy 0 + (b 2 - a 2 ) x 0 y 0 

2 (Jl _\ u2 



(a 2 — cxq^ b 2 (a 2 — cxq) b 



a 2 cy 0 - c 2 x 0 y 0 (a 2 - cx 0 ) cy 0 



(since a 2 — b 2 = c 2 ) = 



b 



cyo 
yo 



Next, ft = 0 4 + 02, so tan/3 = tan (0 4 + 0 2 ) = 



tan 04 + tan 02 
1 — tan 04 tan 02 



+ 



& x 0 



Xq+C <> 2 



2,2 , ulJl 



a-y 0 



1 - 



JO 



a Jo + ^ *o + ^ cx o 

& 2 _x 0 « 2 ^0 JO + a 2 cjo - ^ 2 *0 JO 



<2 2 £ 2 - b 2 x 2 + Z? 2 x 2 + fc 2 cx 0 



x 0 + c a 2 y 0 
^z 2 + cxq) & 2 ^ 2 + c*o) & 



a 2 cj0 + (« 2 - ^ 2 ) *0 JO 
We have shown that tan ol = tan ft, and so a = ft. 



a 2 cy 0 + c 2 *o JO (a 2 + c*o) C J0 C J0 



07. Using the result of Exercise 97, the slope of ij at (xq, yo) is 

b 2 xr\ fl2 J0 
= -= — , so the slope of £^ is — — = — . Note that 

a z y 0 b z x 0 
to prove that ol = /3, it suffices to show that 0\ =02, since 
0 { + /3 = 0 2 + ol = 5. Also note that 0i = 0 3 + 0 4 , 

0 2 = 0 5 — a, and 05 = 7r — 0^. An equation of the normal 

2 

line £n is y — yo = — (* — ^o)- Setting y = 0 gives 

£ z *0 




the x -intercept of as = xq + 



/? 2 x 0 
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Now tan 64 = 



yo 



a 2 y 0 



b 2 



XQ 



, tan 02, = 



yo 



xq + c 



, and tan #5 = 



yo 



XQ-C 



, so 



tan #5 — tan (77 — 6^) — 



tan 7r — tan 6^ yo • ? ? "> ~> "> 1 

= — tan #5 = . Using the relationships b Xq — a y£ = <2 Z & Z and 



1 + tan 7r tan 



c-xq 



yo + « 2 yo 



c 2 = <3 2 + b 2 , we can show that tan 6\ = tan (#3 + 64) = 



tan #3 + tan #4 x 0 + c b 2 XQ 



cyo 



yo 



1 — tan #3 tan 64 



a 2 y 0 



1 - 



a 2 y 0 



and 



*0 + c b 2 x 0 



tan 0 2 = tan (0 5 - 64) = 



tan #5 — tan 64 



C — XQ b 2 XQ 



cyo 



1 + tan #5 tan 64 y n 

1 + 



a 2 y 0 

^^^^^^^^^^^^^^^^ • 

c — *o ^ 2 *0 
0j = 0 2 and thus ol — (3. 

08. Rays coming toward the parabolic mirror from a great 

distance may be assumed to be parallel to the shared axis of 
the parabola and the hyperbola. Using the result of 
Exercise 105, we see that ot p — f3 p , and so the ray is 

reflected toward the focus F p of the parabola. Using the 
result of Exercise 107, we see that ol^ — and since F# 
and Fp are the same point, we see that the ray is finally 



= — — . Therefore, tan#i = tan#2> showing that 




Hyperbolic mirror 



Parabolic mirror 



focused at F f H . 



y 



09. True. If F > 0, then 2x L - y z + F = 0 o 



x 



= 1 is a hyperbola with transverse axis the y-axis. If F < 0, then 



2x 2 - y 2 + F = 0 <^> 



x 



If \F\ 



= 1 is a hyperbola with transverse axis the x-axis. 



10. False, y 4 = I6ax 2 <=> y 2 = ±4^/ax, whose graph is two 111. True. The ellipse b 2 x 2 + a 2 y 2 — a 2 b 2 {a > b > 0) is 
parabolas that are reflections of each other in the y-axis. contained in the circle x 2 + y 2 = a 2 and contains the 

circle x 2 + y 2 = b 2 . 




b 



J + v 2 = a 2 



2 1 .2 — ul 



xr-ty 



= b 





1 1 3 


-a I \ 0 


/ yf a 











12. True. The asymptotes have the form y = due. 

13. False. Take A = 1, C = 4, D = 0, E = 0, and F = 5. Then we have x 2 + 4y 2 + 5 = 0 <=> x 2 + 4y 2 = -5 which has no 

solution. 

9 9 

14. False. Take A = 1, C = — 1, D = 0, E = 0, and F = 0. Then we have x —y — 0, whose graph is two intersecting lines 
passing through the origin. 
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For the definition of a plane curve, see page 849 (845 in ET). The plane curve C : x = cos 6, y = sin 0, 0 < 6 < 2ir is a 
plane curve (circle) that is not the graph of a function. 



C\ and C2 have the same graph (the circle x + y 2 = 1), 
but Ci has initial point (1,0) and counterclockwise 
orientation, whereas C2 starts out at the point (0, 1) and 
has clockwise orientation. 




(1,0) x 




3. C\ and C2 have the same graph, but C\ has initial point 
^0 (/ (0) , g (0)) and terminal point P { (f (1) , g (1)), 
whereas C2 begins at the point P\ and traces the curve in 
the opposite direction, ending at Pq . 



0 




X 



0 
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a. 



x = It + 1 
y + 3 = t 



x -2y-7 = 0 



x = 2 (y + 3) + 1 or 



b. 



5- 



-15 -10 -5 0 



-10" 



10 x 




The orientation is found by observing that as t 
increases, so does x. 



2. a. 



x — t — 2 
y = 2t-\ 



y = 2 (x + 2) - 1 or 



y = 2x + 3, -3 < x < 3 



b. 




The orientation is found by observing that as t 
increases, so does x. 



a. 



x — +J1 
y = 9-t 



y = 9-x 2 ,x>0 



b. 




The orientation is found by observing that as t 
increases, so does x. 



x — t 

4. a. \ for 0 < t < 3 => x = (y + l) 2 for 

y = t-\ 



-1 < y < 2 



b. 




2 4 6 8 x 



-2- 



Note that as ? increases, so does x 



5. a. 



x = r + 1 

y = It 2 - 1 



b. 



for -2 < t < 2 



y = 2 (* - 1) - 1 => y = 2* - 3, \ <x <5 




i — *• 

6 x 



-2- 



Observe that the curve starts at (5,7), moves 
along the line segment to (1, —1), then returns to 

(5, 7). 



7. a. 



x = r 
y = ? 3 



b. 



= y 2/3 , -8 < y < 8 




Observe that y increases as t increases. 
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6. a. 



x = t 3 
y = 2t + 1 



=> t = 



y-1 /y-l\ 



or 8* = (y - l) 3 



b. 




Observe that as ? increases, so does x. 



8. a. 



y = ? + l 



JC = 1 + 



1 



y-1 



b. 



4- 

2- 



I h 



-4 -2 



-4 ■ 




H > 

4 x 



Observe that as t increases, so does y 



9. a. 



b. 



x = 2 sin 0 
y = 2 cos 0 

(H 2+ (H 

jc 2 + y 2 = 4. 



2 



sin 0 — ^x 
cos 6 — jy 

= sin 2 ^ + cos 2 0 = 1, so 




Observe that as 0 increases from 0 to 27T, the 

curve C is traced once in a clockwise direction 
starting from the point (0, 2). 



10. a. 



b. 



x — cos 29 
y — 3 sin 6 



x = 1 — 2 sin 2 0, so 



2 

.x = l-2(±y) o2(iy 2 ) = 1 - x t=> 
2y 2 = 9-9*, -1 < x < 1. 




As 0 increases from 0 to 2-7T, the curve C is 
traced from (1, 0) to (-1, 3), back through (1,0) 
to (-1, -3), and finally back to (1, 0). 
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11. a. 



x — 2 sin 0 

y = 3 COS 0 



sin 6 = j.x 
cos0 — 



(l x ) 2 + (l^) 2 = sin2 0 + cos2 6 = 1 



i* 2 + hy 2 = i 



b. 




12. a. 



x = cos 0+1 
y = sin 6 — 2 



cos 0 = # — 1 

sin 0 = y + 2 



(jc - l) 2 + (y + 2) 2 = sin 2 0 + cos 2 0 = 1 
(x-l) 2 + (;y + 2) 2 = l 



b. 




13. a. 



x = 2cos0 + 2 
y = 3 sin 0 — 1 



cos 



cos 0 = \ (x - 2) 
[ sin0 = ^(y + 1) 

[l(x-2)] 2 + [i(y+l)] 2 = sin 2 0 + 
2 0=1^ \{x-2) 2 + l(y+l) 2 =l 



b. 




14. a. 



x = sin 0 + 3 
j = 3 cos 0 + 1 



sin 0 — x — 3 
[ cos0 = 1) 



(x - 3) 2 + (y - 1)J = sin 2 0 + cos 2 0 = 1 
=> (x - 3) 2 + I (y - l) 2 = 1 



b. 



y 

41 

2- 



-1 0 



-2-- 





15. a. 



X = cos 0 
y = cos 20 



x = cos 0 
j = 2cos 2 0 - 1 



16. a. 



x = sec 0 
y = cos 0 



1 



x — 



cos0 



y = 



y = 2x 2 - 1, -1 < x < 1 



b. 



x e (—oo, —1) U (1, oo) 




b. 



1 




1 



X 




Observe that 0 = 3£ ± «7T for n = 0, ±1, ±2 
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17. a. 



x — sec 6 
y = tan 0 



x 2 — sec 2 0 
y 2 = tan 2 6 



From the 



identity sec 2 6 — 1 + tan 2 6, we obtain 
x 2 - y 2 = l,x > 1. 



b. 




18. a. 



x = cos 0 
;y = sin 3 6 



cos 0 = x 1 / 
sin0 = y 1 / 3 



(* l/3 ) 2 + (^ 1/3 ) 2 = cos2 0 + sin2 0 = 1 



X 



2/3 + ^2/3 = j 



b. 





21. a. 



x — —e 



y = e 2 ' 



y = {e'f = (-x) 



2 

y = x L 



22. a. 



x = t 3 
y = 3\nt 



In x = In r 3 = 3 \nt => y = \nx 



x < 0 



b. 
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23. a. 



x — In 2t 

y = < 2 



e x = 2t => t= le x 



b. 



5 -4 -3 -2 -1 0 

-1+ 




25. a. 



x = cosh t 
y — sinlu 

x 2 — y 2 = cosh 2 J — sinh 2 f 
x > 1 



= 1 => 



2 2 

* — y 



= 1, 



b. 




27. a. 



x = (t - 1) 
y = (t - 1) 



3 



y 



= x 3 / 2 ,o < x < 1 



2/ 



28. a. 



x = 



J = 



l + t 2 
l-t 2 

1 + ? 2 



24. a. 



x — e 



y — \nt 



\nx = t =3 y = In (lnx), x > 1 



b. 



2-- 



0 
-21 

-4- 



H 1 1 1 1 h 



10 20 30 40* 



26. a. 



x = 3 sinh t 
y = 2 cosh r 

2 



(?y) ~ = cosh2 1 ~ sinh2 ' = 1 



\ y 2 -\ x 2 = \, y > i 



b. 




b. 




x 2 + j 2 = 



4' 2 + (l - 2t 2 + ; 4 ) 1 + 2 ,2 + r 4 (l + r 2 ) 



2 



(l +? 2 ) 



(l + r 2 ) 



(l + r 2 ) 



x 2 + j 2 



= l,y#-l 



b. 



AU = 0, the point is at (0, 1). But lim 



It 



t^oo 1 -f t 2 



= Oand 



lim 



l-t 



= — 1 , so the curve is traced in a clockwise 







— >- 




i 0 


J X 



t^oo 1 + t 2 

direction and approaches but does not get to (0,-1) along 
the unit circle. A similar analysis holds for t < 0. 
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29. 



x = t + 1 



y = y/t 




y = V* - 1 and 0 < t < 4 => 1 < x < 5. At t = 0, the 



particle is located at the point (1, 0). As t increases, the particle moves 
along the parabola toward the point (5,2). 




30. 



X = Sin 7Tt 



y = COS TTt 



x 2 + y 2 = sin 2 7rr + cos 2 7Vt = 1. The particle starts 



out at the point (0, 1) and traverses the circle of radius 1 centered at the 
origin in a clockwise direction, making a total of three circuits. 




31. 



X — 1 + cos t 
y = 2 + sin t 



(x - \y + (y- 2) 2 = cos z t + sin z t = 1. The 



2 



2 



particle starts out at the point (2, 2) (corresponding to ? = 0) and traverses 
the circle of radius 1 centered at the point (1,2) exactly once in the 
counterclockwise direction. 



(t=0) 




32. 



x = 1 + 2 sin 2t 
y = 2 + 4sin2f 



y = 2x and 0 < t < 2tt -1 < x < 3. The 



particle starts out at the point (1,2) and moves along the line y = 2x 
toward the point (3, 6), then reverses direction and moves to the point 
(— 1, — 2), at which it reverses direction again before returning to (1, 2) 



(-1, -2) 




(3, 6) 



3 x 



x = sin t \ 9 
33. 9 [ => y = x L and 0 < t < 37T ^> -1 < x < 1. The particle 

y — sin z r I 

starts out at (0, 0) and moves to the right along the parabola y = x 2 until it 
reaches the point (1, 1). It then reverses direction and moves to (—1, 1), 
then again to (1, 1), and finally back to (0, 0). 



(-1, 1) 




34. x = e 1 , y = e 2t 1 



t 


0 


1 


2 


3 


X 


i 


l/e 


l/e 2 


l/e 3 


y 


\/e 


e 


e 3 


e 5 



The particle starts out at (1, l/e) and moves along the curve y = 
toward its vertical asymptote x — 0 as t — > oo. 



1 



ex 
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35 x — tan (0.0257rf ) 

y = sec (0.02571*) - 1 

( y + l) 2 = sec 2 (0.025ttO = 1 + tan 2 (0.025ttO = 1 + x 2 . In 
rectangular coordinates, the equation is thus (y + l) 2 = x 2 + 1. If t — 0, 

jc = 0andy = 0.ff/ = ^,* = V3andy = l. 0 1 2 




36. x = (dq cos ct)t,y = (vq sin a) t — \gt 2 . 



12 ^ .i . ^ - « sin a 



a. The shell is on the ground when y = (vq sin a) ? — 4,?' = 0; that is, when t — 0 and when t = . The range is 

z 8 

2vo sin a. 2vZ sin ol cos a y2 
x = do cos ol ■ — — = — sin lot ft. 

8 8 8 

vq sin OL 

b. y — vq sin ex. — gt = 0 <^=> t = , so the maximum height is 

8 

. /v 0 smcx\ g /v 0 sma\ 2 v 2 sin 2 ol 

, max = (oo m a) ^ j _ _ ^ j = __ f , 



c. J = 



fQ cos OL 

parabola. 



2 

, so y — (oo sin a) ( ) — -g ( ) — (tan ol)x , ^ — x 2 , which represents a 

Vdocosq:/ 2 \ y ocosa/ 2t»5cos 2 a 



;t — Jtl 

37. a. x — x\ + (x 2 — x\)t and y = y\ + (y2 — y\) t. From the first equation, we find t — . Substituting this 

x 2 —x\ 

• • ♦ ,u a • , / . yi-y\ *\ (y2 - y\) u . u . 

expression into the second equation gives y = y\ + (y2 — yi) I I = yi H x , which is a 

\*2-*l/ *2 _ *1 X2~x\ 

linear equation in x and y. Since (*i , y\) and (*2, V2) both satisfy the equation, we see that P\ (x\ , y\) and P 2 (x 2 , y 2 ) 
both lie on the line. 

b. If t — 0, x — x\ and y = y\, so (jci, yi) is on the line. If f = 1, then x — x 2 and y = y2, so (#2, y 2 ) is on the line. As t 
increases from t — 0 to t — 1, the line segment joining P\ (x\ , y\) and P2 (*2> yi) is traced out. 

x — h y — k 

38. x = a cos £ + h and y = sin t + & => — cos ? and = sin t => 

a b 

( x _ ( _ ^2 

H = — = 1, which is an equation of the ellipse with center (h, k) and axes with lengths la and lb. 




a 2 b 2 

x — h y — k / - i-\ 2 

39. x = asset + h and y = b tan r + k => = sec r and — - — — tan / 

<2 b 



(^) 




^ _ ^ _ ^\2 

= = = 1, which is an equation of the hyperbola with center (h, k) and transverse and conjugate axes 2a 

a 1 b l 

and 2b respectively. 

40. Referring to the first and second diagrams, point C is (rO, r) and point Q is (rO, r + d cos (0 — 7r)) = (r0, r — d cos 6). 
The point P on the trochoid is thus {rO + J sin (0 — 7r) , r — d cos 0) = (r0 — J sin 6, r — d cos 6). Therefore, if P (x, y) 
denotes the point in rectangular coordinates, we have x = rO — d sin 6 and y = r — d cos 6. The second diagram shows the 
trochoid for d < r, and the last shows it for d > r. 
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41. AB — x — 2a cot 6 and PB is perpendicular to the x-axis, so PC is parallel to it. Therefore, 
y — OC sin 6 — (2a sin 6) sin 6 — 2a sin 2 6. 



y = 2a 




42. The point Q is (a cos 0, a sin 0). Since <2P was unwound from the arc 
QA, the length of Q P is aO. Also, a = y - 0. Therefore, 

x = a cos 6 + aO cos a. = a cos 6 + aO cos (y — 0) 



and 



= a cos 6 + aOs'mO — a (cos 6 + 0sin0) 



y = a s'mO — aOs'ma. = <a sin0 — aO s'm (y — 0) 



y=2a 




= a sin0 — aO cos 0 = a (sin0 — OcosO) 
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47. 48. 




-1 0 1 



51. False. The curve with parametric representation x — cos z t, y = sin z t, — oo < t < oo is contained in the line segment 
joining (0, 1) and (1,0). 

52. True. Put x — t and y — f (t), where t lies in the domain of /. 

53. True. If (x\ /) is a point on the curve with parametric equations x = / (t) + a and y — g (t) + b, then x' — f (to) + a and 

y' — g (t G ) + b for some fy- But the point (/ (to) + a, g (to) + b) is obtained from the point (/ (fy) , g (to)) by shifting it a 
units horizontally and b units vertically. 

54. True. If the major axis lies on the x-axis, then the required equations are x — a cos t, y = b sin t, 0 < £ < lit. If the major 
axis lies on the v-axis, the equations are x — b cos t, y = a sin 0 < t < 2ir. 



Concept Questions 



1. m — 



f (t 0 ) 



,f (to)¥=o 



b 



2. L = 



a 



b rb 

3. a. S = 2n I y ds = 2rr I g 

a J a 

b pb 12 2 

b. S = 2irl xds=2irl f(t)J{%) + (%) dt 



a 



a 
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t 2 + 1, y = 


t 2 -t 


. dx 

It z 


= 2? and 


dy/dt 




2t- 1 


1 


t=\ dx/dt 


t=\ 


It 





1. X = 

dx 



2. x = t 3 - t, y = t 2 - 2t + 2 



dy 
It 



— 2t — 1. The slope of the tangent line at t = 1 is 



= 3f z - 



= 2? — 2. The slope of the tangent line at t — 2 is 



dy 
dx 



t=2 



dy/dt 
dx/dt 



t=2 



It -2 



t=2 



11 



r 1 dx 

3. X = ^ = - => -r- 



dx 



t = \ 



dy/dt 
dx/dt 



t = \ 



2yft 

-i/t 2 

1/(2VF) 



1 dy 
and — 
dt 



= — T . The slope of the tangent line at t = 1 is 



= -2. 



/ = l 



4. x = e , y = In? 



= l/t. The slope of the tangent line at t = 1 is 







dy/dt 


i/t 


1 




r=l 


dx/dt 







5. x = 2sin0, y = 3cos0 => || 



= 2cos0 and 4fe 



dy 
dx 



_ dy/dO 

0=7T/4 d*/d0 



—3 sin 0 

0=71-/4 2cos0 



0=7r/4 



— 3 sin0. The slope of the tangent line at 0 = -J is 

3 

"2" 



6. x = 2 (0 - sin 0), y = 2 (1 - cos 0) => ^ =2(1- cos 0) and ^ = 2 sin 0. The slope of the tangent line at 0 



7T • 

= -P- IS 



dy 



dy/d0 

0=7T/6 _ dX / d0 



2sin0 



0=7r/6 2(1 -cos«) 



1 



1 



0=7T/6 2^1 - ^ 



2- V3 



= 2 + V3. 



7. x = 2f - 1, y = - / 2 => ^ = 2 and ^ = 3? 2 - 2/ . , 

dt dt dx 



dy dy/dt 3t 2 - 2t 



is (x(l),y(l)) = (1,0) and the slope of the tangent line is 



dy 



dx 



dx/dt 2 
3t 2 - 2t 



/ = l 



/ = l 



The point of tangency 



i so an equation is 



y — 0 = j (x — I) or y = \x — \- 

8. * = 0cos0, y = 0sin0 => || = cos0 - 0sin0 and ^ = sin0 + 0cos0. The 
point of tangency is (x (y) , y (y)) = (0, y) and the slope of the tangent line is 



dy 
dx 



0=7r/2 



dy/d0 
dx/d0 



sin 0 + 0 cos 0 
q =7Z /2 cos 0 — 0 sin 0 



= , so an equation is y — y 

0=7T/2 7r 



n - -£(*-0) or 



9. x = r 2 + t, y = t 2 - t 3 => — = 2t + 1 and — = 2t - 3t 2 , so 

dt dt 



dy _ dy/dt _ 2t - 3t 2 
dx dx /dt 2t + 1 



. The given point of tangency (0, 2) corresponds to 



2- 



t = — 1 . The slope of the tangent line is 



dy 
dx 



t=-\ 



2t - 3t 2 
2t + \ 



t=-l 



-5 



= 5, 



0 



so an equation is y — 2 = 5 (x — 0) or y = 5x + 2 




-0.5 



0.0 



0.5 
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-in t -i dx t A d y -t 

10. x = e l , y = e = e and —- — —e , so 

dy dy/dt —e~ l 1 

— = - — — = — - — = — The point (1,1) corresponds to t — 0. The slope 

dx dx/dt e e 2t 



dy 

of the tangent line is — 

dx 

y = -x + 2. 



= —1, so an equation is y — 1 = —1 (x — 1) or 

t=0 



11. x = It 2 - 1, y = t 3 => — = At and — = 3t 2 , so — = — — = — = — = 

dt dt dx dx/dt At A 

(x (4) , y (4)) = (31, 64). 

-2 9 „ 9 , dy „ ^ dy dy/dt 2t + 1 

12. x = t\ y = t 2 + t => — = 3t 2 and ~i~ = It + 1, so = -i-— = ~- 

dt dt dx dx/dt 3t 2 

3t 2 - It - 1 = (3t + 1) (t - 1) = 0, giving t = -\ or f = 1. One point is (-3 
other is (jc (1) , y (1)) = (1,2). 

13. x = t 2 - 4, y = t 3 - 3t => ^ = 2r and ^ = 3r 2 - 3. To find the point(s) where 
the tangent line is horizontal, set ^ = 0 => 3t 2 - 3 = 3 (t + 1) (t - 1) = 0 => 

t = ±1. Since ^ ^ 0 at either of these lvalues, the required points are 

(x (-1) , v (-1)) = (-3, 2) and (x (1) , y (1)) = (-3, -2). To find the point(s) 

where the tangent line is vertical, set ^ = 0 => 2t = 0 => ? = 0. Since ^ ^ 0 at 
this value of J, we see that the required point is (x (0) , y (0)) = (—4, 0). 

14. x = r 3 - 3t, y = t 2 => — = 3t 2 - 3 and — = It. To find the point(s) where the 

dt dt 

dy dx 
tangent line is horizontal, set — - = 0 => It — 0 => t — 0. Since — - ^ 0 at this 

dt dt 

r-value, the required point is (x (0) , y (0)) = (0, 0). To find the point(s) where the 

dx o 

tangent line is vertical, set — = 0 => 3t z - 3 = 3 (t + 1) (t - 1) = 0 => t = ±1. 

dt 

dy 

Since — ^ 0 at either of these ? -values, the required points are 
dt 

(x (-1) , y (-1)) = (2, 1) and (* (1) , y (1)) = (-2, 1). 

. dy 

15. x = 1 + 3 cos y = 2 — 2 sin f =» — = —3 sin t and — = — 2 cos ? . To find the 

dt dt 

dy 

point(s) where the tangent line is horizontal, set — - = 0 => — 2 cos t — 0 => 

a? 

_ dx 
f = -j + nir, n an integer. Since — - ^ 0 at these f -values, the required points are 

dx 

(1,0) and (1,4). To find the point(s) where the tangent line is vertical, set — - = 0 

dt 

dy 

=> — 3 sin t = 0 => t = 72 7T, 7T an integer. Since — ^ 0 at these r-values, the 

dt 

required points are (4, 2) and (—2, 2). 
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dx dy 

16. x = sin t, y = sin 2t — - = cos t and — = 2 cos 2t. To find the point(s) where 

dt dt 



dy 



the tangent line is horizontal, set — = 0 => 2 cos 2t — 0 => 2t — 4y + nn ^ 

dt z 

(2n + 1) 7r 

? = , n an integer. Since — - ^ 0 at these r-values, the four points are 

(Fy \ dx 
± ± I J . To find the point(s) where the tangent line is vertical, set — = 0 = 




cos r = 0 => ? = y + hit, 7T an integer. Since ^ 0 at these f -values, the 
required points are (±1,0). 



dy 
dt 



17. x = 3t 2 + 1, y = 2t 3 



dx dy r 9 dy -T7 6t 2 d 2 y 

— = 6t and — = 6t z , so — = ^- = — = t and — - 

dt dt dx dx 6t dx 2 

at 



d 
It 



\ax)_ _ J_ 
~~6t 



dx 
W 



18. x = t 3 - t, y = t^ + 2t 



- ,3 



dx 
dt 



= 3f 2 — 1 and ^ = 3t 2 + At, so 



2 



d 



d L y _ It 



dx 
7ft 



1 d ( 3t 2 + 4t\ 
3t 2 -\' Jt\3t 2 -\ ) 



dt 



1 



d 1= d ± 

dx dx 
TIT 



3t 2 + At 
3t 2 - 1 



and 



(3t 2 - l) (6t + 4) - (3t 2 + 4?) (6?) 2 (6t 2 + 3? + 2) 



3? 2 -l 



19. x = y — - 



l 



f 2V? 



I dy \ dy % 
and — = — — , so — = 



(3*2 - 1) 

-1/f 2 



(3*2 - l) 



dt 



t 2 ' dx *ji 1/(2^/2) 



= _ 2 ,-3/2 = _ 



f3/2 



and 



d 



d L y _ It 
~d^~~ 



(i) 



^77 



777 



(-2f- 3 / 2 ) 
1/ (2fV2) 



= 3f -5/2 . 2 ,l/2 = ° 



20. x = sin 2?, y = cos 2? 



dx t dy - . - dy 777 

— - = 2cos2? and -- = -2sin2?, so -- = ^- 
dt dt dx dx 

dt 



-2 sin 2t 
2 cos 2t 



— — tan 2t and 



d 2 y m($x) 4 (-tan 20 -2sec 2 2? ~ 

V = 1 = — : = — : = - SeC J It. 

dx 1 



dx 

It 



2 cos 2t 



2 cos 2t 



dx dy dy 

21. x = 0 + cos 0, y = 0 — sin 0 => — - = 1 — sin 0 and — — = 1 — cos 0, so — - = 

dO d6 dx 



%_ = 1 ~cos0 

dx 1 - sin 0 
du 



and 



d 2 y 
dx^ 



d (dy\ 



1 



d 



dx 

IB 

sin 0 + cos 0 — 1 



l-sin0 dO 



/1-COS0\_ 1 

\l-sin0/ ~ 1 -sin0 



(1 - sin 0) (sin 0) - (1 - cos 0) (- cos 0) 

(1 -sin0) 2 



(1 -sin0) 3 



22. x = e'*, y = e 2t 



dx _ t dy n 7t dy 

= -e 1 and -— = 2e zt , so 



dy 
It 



2e 



It 



dt 



dt 



dx 4x 



-e-t 



= -2e 3t and 



2- ^(-^) _ 6e * 



~d^~~ 



dx 
dt 



-e-< 



= 6e 4t . 



dy 



23. x = cosh?, y = sinhr 



, dy -T7 cosh? 

— = sinh? and — = cosh?, so — = = = coth? and 

J? J? rfx dx sinh? 



J z y _ It 
7^~~ 



777" 



4 (coth 0 - csch 2 ? 



sinh? 



sinh? 



si 



1 

inh 3 t 
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24. x = yjt 1 + 1, y = t \nt 



dx 



t dy dy § lnf + 1 ^ 2 + 1 (hu + 1) XT 
= ■ and — = In? + 1, so — = ^- = — . = -. Next, 

dt dt dx t /jfT^j t 



d_ 

dt 



(* 2 + l) (ln?+l) 



i (' 2 + 0 



777 



1/2 + 0 

(2/) (inr+l)+-i '- 




1/2 



- (f 2 + l) 1/2 (In/ + 1) 



t 



t 2 - \nt 



so 



d 2 y £{te) t 2 -\nt jt 2 + 1 t 2 -hit 



dx 2 



dx 
Ht 



t 



25. x = t 2 , y = t 3 - 3? => = It and ^ = 3t 2 - 3, so 



dy 
dx 



dy 

dt 

dx 
~dt 



3 - ,) 



and 



0 d 

d 2 y _ It 
dx 2 '^ 



1 d 



dx 
7ft 

d 2 y 



It dt 



3 



(■ 2 - ') 

It 



3 d 



At dt 



B) 



At 



It 

3(t 2 + l 



3 ( l\ * I* 2 + 0 J 2 y 

1 + — j = — i — *—L. We see that -4 < 0 if 



4? 3 



dx 2 



t < 0 and — ^ > 0 if t > 0, and so the curve is concave downward on (-co, 0) for t < 0 and concave upward on (0, oo) 



dx 2 



for t > 0. 



26. x — t 2 , y — t 3 — 3t. Observe that the curve is at the point (3, 0) when t\ — y/3 and ti — y/3, so the curve crosses 



itself at the point (3, 0). 



dx 



dy 



dy 



. = It and — - = 3t 2 - 3, so — - = 

dt dt dx 



It 



. At the first point of intersection, 



m\ — 



dy 
dx 



3 (3 — 1) 

_ = — - — —\f3 and an equation of the tangent line is y — 0 = — \/3 (x — 3) or y — — V5" (x — 3). 

f=-V3 2 (-V3) 



At the second point, rri2 = 
y = V5(*-3). 



3 (3 _ 1) 

= — — = v 3 and an equation of the tangent line is y — 0 = v 3 (x — 3) or 

/=V3 2V3 



21. x — a cos 3 t, y = a sin 3 * =^> cos r = ^-^ 



JC\l/3 



y\l/3 /JC\2/3 /y\2/3 



+ ^-^ = cos 2 f + sin 2 t = 1 



and sin J = ^— ^ , so ^— ^ 

^2/3 _|_ -y2/3 _ a 2/3 an( j so p arame tric equations indeed represent the astroid x 2 / 3 + y 2 / 3 = a 2 / 3 . The slope of the 

... dy % lt( asin3t ) 3a sin 2 1 cost „ . dy 

tangent line to the astroid is — = = —j—^ -~ — = — — tanr. Setting — = — 1 gives tan t = 1 

dx ax a 



t — ^ + nn, n an integer, and setting -j- — 1 gives tan ? = — 1 => ? = ^ + «7r, n an integer. These values of t give the 



<7F It ( a cos3 0 

.....dy 



cos^ r sin ? 



3tt 



points ^ 



^ and ^— ^<3, — ^f-aj where the slope of the tangent line is —1 and the points (—^a, and 



(^^a, — ^-aj where the slope of the tangent line is 1. 



28. x = 



sin w 



1 u 



In/ 



du, y = / Using the Fundamental Theorem of Calculus, Part I, we have 



dx 
dt 



d f* sin u 
— — / du — 

dt J { u 



2 

s'mt 



dy 



_and^ = ± e" du = J»< • 1 In, = 1 = 1, so ^ = f- 
t dt dtj 2 dt t dx <j* 



1 



t 



sin/ 



sinr 



and 
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29. x = t 5 + 5? 3 + 10? + 2, y = 2? 3 - 3t 2 - 12? + 1, -2 < * < 2 => 

^ _ | _ a7 fc 3 - 3f 2 - 12; + l) _ 6 ? 2 -6?-12 _ 6(?-2)(? + l) . dy _ n . _ 
dx~%- ^( r 5 + 5r 3 + 10 , + 2) " 5.4 + 15^ + 10 " 5 + 1) (,2 + 2) • bettin § Jx -Ogives?- lor 

t = 2. Since the domain is -2 < ? < 2, we evaluate (jc (-2) , y (-2)) = (-90, -3), (x (-1) , y (-1)) = (-14, 8), and 
(x (2) , y (2)) = (94, —19), and see that / attains an absolute maximum value of 8 at x = —14 and an absolute minimum 
value of -19 at x = 94. 

o 9 dx 9 dy dy 2? 

30. x = t° — ?, y = ? z => — = 3? z — 1 and — = 2t, so — = — -. The slope of the line with parametric equations 

4r (2? +4) Jy 2? 9 

* = 2/, y = 2t + 4 is m = 4L1 L = 1. Setting — = 1 gives — = 1 <=> 3? 2 - 2t - 1 = (3? + 1) (t - 1) = 0 

j- (2t) dx 3t 2 - 1 

=> t = -\ or t = 1. Thus, the points are (-^j , y (-3)) = ((~l) 3 ~ > (~l) 2 ) = 0 and 

(* (1) , y (1)) = (0, 1). 



31. x = 2? 2 , y = 3? 3 , 0 < ? < 1 => = 4? and ^ = 9? 2 , so = y/(4t) 2 + (9t 2 ) 2 dt. Thus, 

o /-^ 1 

L = Jo 1 ds = /J >/l6f 2 + 81r 4 dt = /J ty/\6 + Mt 2 dt = ^ • § (l6 + 81? 2 ) = (97 3 / 2 - 64) « 3.67. 



32. x = 2? 3 / 2 , y = 3? + 1, 0 < f < 4 => §| = 3? 1 / 2 and ^ = 3, so ds = yj{3t 1 / 2 ) 2 + 9dt = 3</t + Tdt. Thus, 
L — ds — 3 Jq VTTTdt = 3 (§) {f + I) 3 / 2 1^ = 2 (5 V5 - l) . 

33. x = sin 2 ?, y = cos 2?, 0 < t < it => ifc = 2 sin? cos? = sin 2? and ^ = -2 sin 2?, sods = Vsin 2 2t + 4 sin 2 2t dt. Thus, 
L = /J 1 " y/5 sin 2 2? d? = V5 |sin2?|d? = 2 V5 j£ /2 sin 2? d? = 2^5 cos2?|^ /2 = -V5 (-l - 1) = 2^5. 

34. x = e f cost, y = e* sint,0 < t < iz => ^ — e l cos? — sin? = (cos? — sin?) and ^ — e l (sin? + cos?), so 

7T 



ds = Je 2t (cos ? - sin ?) 2 + e 2t (sin ? + cos ?) 2 dt = «j2e l dt. Thus, L = V5 /J 1 " J? = V2e' = V2 (e 71 " - l) . 



0 



7T v Ja: 



35. x = <3 (cos ? + ? sin ?), y = a (sin ? — ? cos ?), 0 < ? < y => ^ = a (— sin ? + sin ? + ? cos ?) = at cos ? 
and ijj = a (cos ? — cos ? + ? sin?) = at sin?, so = yj (at cos ?) 2 + (at sin ?) 2 = a? J?. Thus, 

L = J 0 ds = a ]q 1 t dt — jdt -z | = ^<27r z . 



. * = ^? 2 - 2) sin? + 2?cos?, y = (2 - ? 2 ) cos ? + 2? sin?, 0 < ? < 7r ^> 
^ = 2? sin?+ ^? 2 - 2) cos? + 2 cos? -2? sin? = ? 2 cos? and ^ = -2? cos? - ^2 - ? 2 ) sin ? + 2 sin? + 2? cos? = ? 2 sin?, 



7T 

0 



ITI. x — a (2 cos ? — cos 2?), y = a (2 sin ? — sin 2?) => ^ = a (-2 sin ? + 2 sin 2?) and ^ = a (2 cos ? — 2 cos 2?), so 
J 5 = J a 2 (-2 sin ? + 2 sin 2?) 2 + a 2 (2 cos ? - 2 cos 2?) 2 dt. Thus, 



L = / 0 27r ds = 2^/2a J 0 27r ^ (sin 2? - sin ?) 2 + (cos ? - cos 2?) 2 dt = 2^2a J 0 27r VI — cos ? dt 
— 2\f2a Jq 7 * J 2 sit? jt dt — 4a sin jt — —Sa cos jt — —%a (— 1 — 1) = 16a 
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38. x — a cos 3 t, y = a sin 3 t 

2 /.a2 



^ = — 3*2 cos 2 ? sin ? and = 3a sin 2 ? cos ? dt, 



so + = 9a 2 cos 4 r sin 2 1 + 9a 2 sin 4 f cos 2 1 = 9a 2 sin 2 1 cos 2 f . Thus, 



n ^ 2 sin / cos f = 12<2 ^ j s i n2 * 



7T/2 

0 



— 6a 



39. x = cos 2 1, y = sin 2 t,0 < t <2n ^> ijj — — 2 cos t sin ? and ^ = 2 sin ? cos t, so the distance covered is 



dt 



D 



= J 2ir ds = J 27r y^^ 2 + {^f dt = J 0 27r y (-2 cos f sin r) 2 + (2 sin t cos f) 2 ^ = 2^2 J 0 27r |cos ? sin f | <// 



= 2V2 (4) f* /2 cos f sin t dt = 8^2 sin 2 ^ |^ /2 = 4^2 



40. x = 4^2 sin t, y = sin 2f , 0 < t < 2n => ^ = 4^2 cos * and ^ = 2 cos 2t. The length of the course is 



dy 



L = 



4J^*=4J^V(#) + (&) ^ = 4/ 0 7r/2 y(4V2cos^) + <2eos20** 



= 4 Jo 71 " 72 V32 cos 2 1 + 4 cos 2 2? dt = 4 /J 1 " 72 ^32 cos 2 1 + 4 (2 cos 2 f - l) 2 dt 

= 4 f* /2 ^4 (4cos 4 f + 4cos 2 f+l) <// = 8 J^ /2 y(2cos 2 i + l) 2 dt = 8 J^ /2 (2 cos 2 t + l)dt 



7T/2 



8 Jq /2 (1 + cos2r + \)dt = 8 (2* + \ sin 2^ | ' = 8tt 



41. x = 

Jy 



800 (f 7 / 9 -^ 1 / 9 ), y = 



1600? 



= 800 (7,-2/9 _ n ,2/9) = 



800 (7-m 4 / 9 ) 
97279 



and 



dt 



= 1600. The boat is at A when t = 0 and at 5 when £ = 1, so the distance travelled by the boat is 



D = 



0 



(£)+(£) = 



0 



\ - 



800 



(7 -1k 4 / 9 ) 



-.2 



+ 1600 2 rfr % 1639 ft (using a cas) 



42. x = 



\(eE\ 0 x l/eE\/x\ 2 1 / eE \ 

— v§t, y = — - I — r. Substituting * = — into the expression for y gives y = — -I — II — I = — - I — ~ I 

2\m J v 0 2\mJ\v 0 / 2y m v 2 J 



x 2 



an equation of a parabola. 



43. From the result of Exercise 42, we have y = — I — y . At x = <3, we find y = — - I — y ) ar, so the electron hints 

2 \ m«Q y 2 ymt)Q 



the screen at the point 
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44. From Example 4, we see that the length of the arc of the cycloid from 0 to 

t is L = —4a ^cos jfj — 4a [\ — cos ^tj. We want to determine t that 

will give us the point one-quarter of the way along the arc. Again referring 
to Example 4, the length of this arc is 8a, so we solve 

4a (l - cos jij = | (8a) = 2a => 1 — cos ^t = j <^> cos jt = ^ => 
r = 2 • = 2?. Thus, the x- and y-coordinates of the required point are 



2- 



0 




0 



6 



x = a 0 - sin0l27r/3 = a {jf ~ *r) = \ - a and 

y {jy) = a (1 — cosr)l27r/3 ~ ^ — ( — i)] = i a ' so tne rec l u i re d point is ^ ^47r — 3v^3^ Next, 



dy 
dx 



a smt 



dy 

W_ = = 

4* a (1 — cost) 1 — cost 



sin? . dy 
, so the required slope is — 

ax 



r=2?r/3 1 



YY — Tp- Thus, an equation of the 



-H 



tangent line is y — |a = ^ ^ — ^ ^4-7r — 3\/3^ a J or y = + ^2 — ^j^tt) (In the graph, we have taken a = 1.) 

45. x = C (0 = /q cos (|m 2 ) du,y = S (t) = Jq sin (f w 2 ) 

As ? — > oo, the curve spirals about and converges to the point 

(l» 2/ " ^ st ~ * ~ 00 ' tne curve s pi ra l s about and converges to the 
point 



-1 




b - f = £ Jo cos (f ^ = cos (?' 2 ) and 



^ = ^ioSin(f W 2 )^ = sm(ft 2 ),so 



-1 



0 



1 



a 



L = 



0 



(*) 



2+ (*) 2 - 



0 



COS 2 f2) + sin 2 (f t 2 ) <*/ 



^ = f (t) dx = f (t)dt. If / is increasing on [a,/3], then 



46. x = / (0, y = g(t) 

f (t) > 0 and A = f% y dx = ff?g (t) f (t) dt. If / is decreasing on [a, ff\, then f (t) < 0 and 



A = j°ydx = -jPg (0 /' (f) ^ = g (0 /' (0 dr. 

47. x = a (0 — sin 0), y = a (1 — cos 0). Using the result of Exercise 46, we find 

A = f**ydx = a (I - cos0) a (I - cos0) dO = a 2 (l - IcosO + cos 2 0^) dO 

= a 2 J 2n [l - 2 cos 0 + \ (1 + cos 20)] J0 = a 2 (|0 - 2 sin 0 + \ sin 20) | 27F = 37ra 2 

48. x — a cos 0, y = Z? sin 0 => 

A —4 f®/ 2 ydx — 4 f®/ 2 Q> sin 0) (— a sin 0) J0 [since x (0) is decreasing on (0, f)] 

= 4afc /J^ 2 sin 2 6 d6 = 4aZ> J^ 2 £ (1 - cos 20) J0 = lab (o - \ sin 20) ^ = irab 

49. x — a cos 3 0, y = a sin 3 0 => 

A —4 f®^ ydx — 4 f®/2 (a sm3 #) (—3a cos 2 0 sin 0 J0^ [since x (0) is decreasing on (0, f)] 

= 12a 2 f" /2 sin 4 0 cos 2 0 </0 = 12a 2 Jj^ 2 sin 4 0^1- sin 2 0^ J0 = 12a 2 f* /2 (sin 4 0 - sin 6 0^ dO 
Using Formula 79 from the Table of Integrals repeatedly, we obtain A = |7ra 2 . 
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50. x = a sin t, y = b sin 2? 



4 Jj l 1 * y dx = 4 £ 1 * (b sin 2t) {a cos ? dt) 
— 4ab J^ 2 (2 sin t cos (cos t) dt — Sab J^ 2 sin t cos 2 ? J? 



8 



— —^abcos^ t 



7T/2 

0 



= %ab 




51. * = 4^2 shu, y = s'm2t 
A = 



4 J^ 72 y = 4 J^ 2 (sin 2?) (a^I cos tdt) = 16*/2 f" /2 (2 sin * cos 0 (cos t) dt = 32^2 f* /2 sin t cos 2 ? <fr 



= _32V2 C0S 3, 



0 

77/2 32V2 




53. * = ? 3 , j = r 2 , 0 < t < 1 => ^ = 3t L and ^ = 2t, so 

5 = 2tt /J y^(3t 2 ) 2 + (2t) 2 dt = 2tt /J f V9f 4 + 4r 2 rf/ 
= 27r/ 0 1 r 3 v / 9r 2 + 4^ 

= 2tt J 4 13 £ (i* - 4) w 1/2 rfw) (where w = 9? 2 + 4) 

= f/ 4 13 ( M 3/2_ 4M '/^ M = & (§« 5/2 " I « 3/2 ) | " 
2(247713 + 64) 7T 

= 1213 



dx _ n+2 



dy 




54. x = V3t 2 , y = t-t 3 ,0<t <\^> 4fc = 2^3t and ^ = 1 - 3r 2 , so 



l 



S = 2tt /J y ds = 2tt /J (f - J 3 ) ^ (lyfit} + (l - 3t 2 ) 2 dt 

= 2tt Jq 1 (f - r 3 ) V9r 4 + 6r 2 + 1 J? = 2tt /J (f - ? 3 ) (3f 2 + l) </* 
= 2tt /J ^3f 3 + t - 3t 5 - f 3 ) dt = 2tt /J (2t 3 - 3t 5 + ij dt 
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55. x = 



S = 



l t 3 v 



= 4- U 2 , 0 < t < 2V2 



^ = f 2and^ = -r,so 



2tt J 0 2VI y ds = 2tt / 2V2 (4 - ^ 2 ) V^TT 2 <ft 



= 2n Jo 



= 8tt 





2 VI 



-7r/ 0 2v/2 r 3 v / 7 2 TTrff 



= / 2 + l) 



= ^ (27 - 1) - 7T jf (« - 1) (^) u 1 / 2 (where u = t 
= _ » j-9 ^3/2 _ H l/2j dM = 208^ _ ^ (2 M 5/2 _ 2„3/2)]9 = 

56. x = <? ? sin f , y = e r cos t, 0 < r < y => ^ = (sin f + cos t) and 
— e l (cos ? — sin f ), so 

2 2 

(If) + (^) =^ [(sin? + cos0 2 + (cosr-sin0 2 ] =2^. Thus, 

S = 2tt J^ /2 3; = 2tt /J 1 " 72 (e t cos f ) >/2e' = 2V27r f" /2 e 2t cos t dt. 
Using Formula 99 from the Table of Integrals, we obtain 




1487T 

~5~ 



S = 2V2tt 



It 



-ITT/2 



4+1 



(2 cos r + sin t) 



_ 0 



= ^r(^-2). 



dy 



57. x = ^ — sin t, y = 1 — cos £ => ~jj = 1 — cos t and ^ = sin t . Thus, 



5 = 



2tt J 0 27r y = 2tt J 0 Z7r (1 - cos t)y/(l- cos f)' 2 + sin 2 t dt 
= 2tt J 27r (1 - cos t) V2V1 -costdt = 2V27T J 27r (1 - cos 0 3/2 ^ 
= 8tt J 0 27r sin 3 £f = 8tt / Q 27r (l - cos 2 ±/) sin 

= 167T COS 5* + 7T COS 3 ^) 

= 8tt (-2cosIr+ §cos 3 ^)|^ 7r = 

58. x = t, y = 2t, 0 < t < 4 => 

S = 2tt J 0 4 x = 2tt J q 4 ?Vl 2 + 2 2 = 2^77 J Q 4 * <fr 

4 

= V57T? 2 = 16V57T 

0 



2-7T 



59. x = 3t 2 , y = 2t 3 ,0 <t<\^ 



S = 2tt /J jc = 2tt /J 3t 2 y]{6t) 2 + (6r 2 ) 2 rff = 36tt /J *Vl + t 2 dt 
= 36tt J 2 (w - 1) u x < 2 du (where u = 1 + t 2 ) 

= IStt/ 2 ( M 3 / 2 - «V2) J M = 187T (§ M 5 /2 _ 2 M 3/2j| 2 



24 V2+1 7T 



187r (8V2_4V2_2 + 2 ) = 



) 




-1 0 





I — >• 

5 x 




4 ^ 
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60. x — a cos t, y = b sin t, — y < t < y 



5 = 47r /J 1 " 72 xds = 4ix f™ /2 a cos (-a sin r) 2 + (b cos r) 2 
= 47r /J^ 2 a cos t\l a 2 sin 2 f + b 2 cos 2 f a7 

= 47r /J 1 "/ 2 a cos ? la 2 sin 2 f + & 2 (l - sin 2 dt 




= 4tt f" /2 a cos ty/(a 2 -b 2 ) sin 2 f + Z? 2 </f 
= 47r /J 1 "^ 2 a cos £ 2 + c 2 sin 2 1 dt (where c 2 — a 2 — b 2 ) — J^ 2 c cos tyj b 2 + (c sin t) 2 



dt 



4na 



H" TV CI / r\ 

Let u — c sin t. Then S = Jq v Z? 2 + w 2 dw, and we can use Formula 37 from the Table of Integrals to get 



S = 



27172 

C 



[ujti^u 2 + b 2 \n\u + V^T^ 2 ^ = — [{c^Tc 2 + £ 2 In |c + v^T^ 2 1) - (o + b 2 In | V^ 2 1)] 



r / x ,1 27ray/a 2 - b 2 i-t. -j o / a + ^a 2 - b 2 \ 

yea + b 1 In (c + a) - £ 2 lnZ?J = ^ — p a ^ a ~ b + b ln ( £ I 



61. * = <?' - t, y = 4e*/ 2 , 0 < t < 1 



5 = 2tt /J x ds = 2tt Jo 1 - 1) ^(e' - l) 2 + (2^/ 2 ) 2 <** 
= 2tt /J - t) (e f + l)dt = 2tt Jq 1 (e 2 ' - te' H- e* — dt 

= 2lT {^e 2t — (t - l)e t +6* - jt 2 ^j | [since fte*dt = (t-l)e' +C] 

= n(e 2 + 2e - 6^ 



-l 



8 ■ 



0 



(1.7,6.6) 



(1,4) 



1 



■< " — > 



2 x 



62. x = a (2 cos ? — cos 2t), y = a (2 sin ? — sin 2?) => 

^ = a (-2sinr + 2sin2f) and ^7 = a (2cosJ - 2cos2?), so 

2 2 

(If) + (^) =4fl 2 (sin 2 ?-2sinrsin2r + sin 2 2r 

+ cos 2 1 — 2 cos t cos 2? + cos 2 2t^ 
— 8<3 2 (1 — cos t) using cos ? = cos (2t — t) 



and ds = 2\[2a+J\ — cost dt. Thus, 

S = 2tt yds= 4V271Y* 2 J* (1 - cos tfl 2 sin f 



16V2 




77 a 



(1 -cos0 5/2 



7T 



1287Tfl 2 



0 



63. x = a cos 3 t,y = a sin 3 £ => 



= 3<2 sin t cos £ for 0 < t < y 



Thus, 



5 = 2 (2tt) /J 1 " 72 y = 4tt f£ /2 (a sin 3 f ) (3a sin r cos t) dt 

7T/2 



7T/2 



= 127ra 2 J^ 2 sin 4 r cos t dt — 



\2ixa 



sin 5 ? 



127T<3 




n 
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64. x — a (6 — sin0), y — a (1 — cos0) j@ — a{\ — cos 6) and ^ — as'mO, so 



2 / j . . x 2 



($0 + (^) =^ 2 ( 1 -cos^) 2 +^ 2 sin 2 ^ = a 2 (l-2cos0 + cos 2 0 + sin 2 ^ = 2a 2 (1 - cos 0). Thus, 

(jk) i^w) ^® ~ V^Vl — cos0 d0. The area of the surface obtained by revolving about the x-axis is 
S = 2tt J 0 27r y ds = 2tt / 27r a (1 - cos 0) VWl -cos 0^0 = 2V2na 2 j 27r (1 - cos 0) 3 / 2 </0 

= 2V2t™ 2 J 27r (2 sin 2 £0) d0 = 87ra 2 / 27r sin 3 ±0 </0 = 8tt« 2 / Q 27r (l - cos 2 sin ^0 J0 

t r 1 001 I^tt 647Ta 2 

= 87m 2 y-2 cos ^0 + f cos 3 £0j = — - — 

The area of the surface obtained by revolving about the v-axis is 

S = 2tt J 0 27r x ds = 2tt J 27r a (0 - sin 0) VWl - cos OdO = 2<s/2ita 2 J 0 27r (0V1 -cos0 - VI - cos 0 sin 0) dO 

= 2V2na 2 j 2ir O^/l- cos OdO - 2V2t™ 2 / 27r Jl - cos 0 sin0 dO 
We use parts for the first integral: u — 0 and dv = VI— cos 0 dO ^ du — dO and 

1 /2 

0 = J Vl — cos OdO — f (2 sin 2 ^0) ^0 = V2 J sin ^0^0 = — 2V2cos jO (omitting the constant of integration). 
Thus, S = 2V27iyz 2 [-2V20cos \0 + 4^2 sin \0 - \ (1 - cosOfl 2 ^ = 16ttV 



65. x 2 -\- (y — b) 2 = r 2 ,0 < r <b. The circle can be written in the parametric form 
x — r cos t, y = b + r sin f , 0 < t < 2n, so ijj — — r sin t and ^ = r cos r . Thus, 

5 = 2tt J 27r yds = 2n J 27T (b + r sin 0 yj {-r sint) 2 + (r cos t) 2 dt 



2tt 



= 2tit J 0 Z7r (6 + r sin 0 dt = 2irr (bt - r cos t)\ 2lz = 4n z rb 




66. Since /' (t) ^ 0 for a < t < b, we see that f (t) > 0 for all t in (a, fc) or /' (?) < 0 for all t in (a, b). 

Therefore, / is monotonic and f~ { exists. This means there exists an inverse function / such that t — f~ l (x), so 

y = g (t) = g (f~ l (x)). Define F = g o Then F is the desired function. 



67. a. 



0.4 - 



0.2 " 



0.0 




b. x = 2? 2 , y = r - t 3 , 0 < ? < 1 



- /o 1 y (It) 

= Jo 1 7(40 2 + (l-3r2) 2 ^ 

= /J V9r 4 + 10r 2 + \dt % 2.2469 (using a CAS) 



0 



1 
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68. a. 



1 -- 



0 



-1 " 




-1 



0 



1 



dx 



(b) x = sin (0.5f + 0.4tt) => 2ft = 0.5 cos (0.5f + 0.4tt) and y = sin t 

=> ijt = cos t, so 

L — 2 J 0 27r V0.25 cos 2 (0.5/ + 0.4tt) + cos 2 1 dt 



9.3948 (using a CAS) 



69. a. 



1 -- 



0 



-1 -- 




-1 



0 



1 



b. x — 0.2 (6 cos t — cos 6/) 

4fc = 0.2 (-6 sin t + 6 sin 6?) = - 1 .2 (sin ? - sin 6/) and 

y = 0.2 (6 sin t — sin 6t) => ^ = 1 .2 (cos f — cos 6t), so 

2 2 

(w) + =(l-2) 2 [(sin/-sin60 2 + (cos?-cos60 2 ] 



= (1 .2) 2 (sin 2 1 - 2 sin t sin 6/ + sin : 



6t 



+ cos 2 r — 2 cos r cos 6t + cos 2 6/^ 



= 2 (1.2) 2 (1 — sin t sin 6/ — cos t cos 6?) 



/ 2 2 

L = 2f£j(4jf) +{jft) dt = (2.4) V2 /J 1 " VI - sin f sin 6f - cos t cos 6f <fr « 9.6000 (using a CAS). 



70. a. 



20 



10 



0 




-10 



0 



10 



b. x = 2f (l - f 2 ) => §f = 2 (l - 3r 2 ) and y = -t 2 (l - |r 2 ) 



77T 



- = -2r (l-3/ 2 ), 



so 



+ (^) 2 =4(l-3 ? 2 ) 2 + 4^(l-3^) 2 
= 4 (l — 3? 2 ) 2 (l +f 2 ) => 



^ = 2 Jo 2 v/(^) 2 + ( * = 2 Jo 2 v /(l-3,2) 2 (l+^ f 



49.5553 (using a CAS) 



71. x = 4sin2f, y = 2cos3r, 0 < t < £ 



5 = 27r /J 1 "^ 6 y ds — 2tt 



2 



4tt /J 1 "/ 6 cos 3^ (8 cos 2r) 2 + (-6 sin 3?) 2 dt 

4tt /J 1 "/ 6 cos 3^64 cos 2 2? + 36 sin 2 3? dt » 33.66 (using a CAS) 
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72. a. x = f" (f ) cos t + /' (f) sin t => ^ = /"' (t) cos r - /" (t) sin f + /" (f) sin t + /' (f) cos / = [/'" (r) + /' (f )] cos t 
and y = — /" (f ) sin t + f (?) cos t => 

% = -/"' (t) sin t - f" (t) cos t + f" (f) cos t - f (0 sin t = - [/"' (f ) + f (t )] sin f , so 

= /a ^f+W d ' = £ P'" «) + f (Of (cos* t + sinh) d, = /* [/'" (,) + /' (,)] A 
= /a [/'" (0 + /' (0] * = [/" (0 + / {t)t 
b. Here / (t) = t\ so L = [/" (f) + / = (& + f 3 ) |* = 7. 



73. x z + y A = 




a (i-t 2 y 2 

l + t 2 



4a 2 t 2 + a 2 - 2a 2 t 2 + a 2 t 4 a * ( f4 + 2f2 + ! ) « 2 + ! ) 



2 



(l+r 2 ) z (l + *T (1 + ? 2 ) 

an equation of the circle with radius a centered at the origin. 

2a t dx (\+t 2 )(2a)-2at(2t) 2a (l - A a (l - t 2 ) 

74. x = T => — = ^ ^ , = f- and y = —- ^- => 

l + t 2 dt {l + t 2 ) 2 (! + ' 2 ) 1 + ? 

rfy (l + J 2 ) (-2*0 - « (l - * 2 ) (20 4ar /rfx\ 2 /rfA 2 4« 2 (l-r 2 ) + 16a V 



= a 2 , 



av 




so 




L = 


/ 




4a 


r = 


y _ 



4a 



{i + t 2 y 0 + ' 2 ) ^ dt ' ^ dt ' (! + r2 ) (! + ' 2 ) 



2' 



00 //<fr\ 2 /<ty\ 2 2a j f b 2a J A v / _ x 
— + -r dt = 2 ?r aV = 2 lim / =■ aV = 4a hm tan 1 M 

= 4a lim (tan - 1 b ) = 4a • £ = 2-7ra 

/,_»no V / z 



0 



a / o\ o 9 3af 3a? z 
<=> x J 1 + r ) = 3ax z r => x = -5 , so y = = 



t 3 + i 



3at dx 0 3 + 0 ^) " (3«0 (3^ 2 ) 3a (l - 2; 3 ) 3 ^2 
76. x = — =^> — = ^ = ^- and y = 



t 3 + l ^ (^ 3 + l) 2 ( ?3 + 1 ) 2 ?3 + 1 

dy (t 3 + l) (6at) - (3at 2 ^ (3r 2 ) 3at (2 - r 3 ) /^n2 , dy ,2 9a 2 (l - 4f 3 + 4t 6 + 4? 2 - 4t 5 + r 8 ) 

( f 3 + 1) 2 ( f 3 + 1) 2 ^ \dt) + \dl) ~ ( f 3 + 1) 4 " 

3at 3at 2 

Next, setting y = x gives ^ 3 — ^ = 3 — - <=^> 3<2^ (/ — 1) = 0 => r = 0 or t — 1. Thus, by symmetry, 

„ //Jjc\ 2 /Jy\ 2 , „ ^ f 1 V? 8 + 4r 6 - 4t 5 - 4r 3 + 4t 2 + 1 , , _ , . 

L = 2/ J I — ) +( — I dt = 2 3a 5 « 4.917a (using a cas). 

JoV\dtJ \dt) Jo (* 3 + l) 

77. x = acosr ^> ^y- = — asinr and y = Z?sku ^> £jL — bcost, so 

yj{w) 2 + (^) 2 = V / a 2 sin 2 ? + /? 2 cos 2 ? = ^a 2 (l - cos 2 f) + /? 2 cos 2 f = ^a 2 - (a 2 - b 2 ) cos 2 t = aj\-e 2 cos 2 t 

since e = — — . Therefore, by symmetry, L = So* + {w) dt = 4a lo^ ^ l ~ e 2 cos 2 tdt. 



Now we substitute t — y — u, so dt — —du, t — 0 ^ u — y, and t — y u — 0, and so 

L = 4a 1 — el [ cos (y — u )] 2 (~du) = 4a J^ 2 \l 1 — e 2 sin 2 udu. The desired result follows by replacing u with 
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78. Here a = 10 and b = 6, so e 1 = 



10 2 - 6 2 



79. False. In fact, 



dy 
dx 



g'(t) 

f (0 ' 



io 2 



so 



= 0.64, so the circumference is L = 4 • 10 f* /2 Vl -0.64 sin 2 1 dt « 51.054 









d 




J 2 y 


d 


r «' (o i 


dt 


L /' (o J 


dx 2 


dx 






dx 



f (0 g" (0 - g' (0 /" (0 
/'(') 



f'(t)g"(t)-g'(t)f"(t) 

[/' (0] 3 



80. False. Let C : / (?) = t 3 + 1, g (t) = r 3 , — oo < f < oo. Then upon eliminating t, we have y — x — 1, which is an 
equation of a line. Yet / and g are nonlinear functions. 




1. Besides P (r, 6), we have P (r, 6 + 2&7r) and P (— r, 0 + &7r), where k is an integer. 



2. a. x = r cos 0, y = r sin 0 



b. r 2 = + y 2 , tan 0 = y/x (x ^ 0) 



3. a. The graph of r = / (0) is symmetric with respect to the polar axis if and only if / (— 6) — f (6). 

b. The graph of r — f (6) is symmetric with respect to the vertical line 6 = y if and only if / (n — 6) — f (6). 

c. The graph of r — f (0) is symmetric with respect to the pole if and only if (— r, 0) — (r, 0). 



4. a. See page 874 (870 in ET). 



b. Seepage 874 (870 in ET). 



c. See pages 874 and 875 (870 and 
871 inET). 



D.4 Polar Coordinates 



1. x = 4cosf = 4(^=272 and 

y = 4 sin ^ = 4 (^p) = 2^2, so the point is 
(V2, 2 V5) . 




ET9.4 



2. x = 2cos£ = 2^) = v/3 and 

y = 2 sin ^ = 2 ^) = 1, so the point is ^V3, 1^ . 




3. x — 4 cos ^ = 0 and y 
the point is (0, —4). 

3tt 



= 4sin^ =4(-l) = -4, so 




4 (4, f ) 



4. x = 6 cos 3-7T = 6 (— 1) = —6 and 

y = 6 sin 37T = 6 (0) = 0, so the point is (—6, 0) 

6 

(6, 377") 




O 
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5. x = -V2cosf = = -1 and 

= -V2 sin f = -V2 = -1, so the point is 



y = -vzsin T 
(-1,-1). 




< 7T 

4l 



0 



6. a = (-l)cosf = (-1) (±) = and 



>■ = (-l)sinf = = so the point is 



/ 1 _V3\ 

V 2' ~2~;- 



o 



HI) 



7. x = (-4) cos (-^) = (-4) (-^) = 2V2 and 
y = (-4) sin = (-4) (-^) = 2^2, so the 



point is 




3jt 



8. x 



y 



= 5cos(-£) 



5 W) 



V3\ 5V3 



and 



= 5 sin (— — ^ ( — i) — — i' so tne P°i nt is 




9. r = V2 2 + 2 2 = 2V2 and tan0 = \ = 1 => 
0 = tan -1 1 = ^, so the point is {ijl, 



2-- 



0 



(2,2) 



10. r = + (— l) 2 = V2andtan0 = ^ => 

0 = tan" 1 (-1) + 2tt = 2jL, so the point is (>/2, 2f ) 



0 



-1- 



(i,-i) 



11. r = y/0 2 + 5 2 = 5 and tan 0 is undefined, so 0 = f . The 



point is (5, y). 



y* 



(0,5) 



r = ^3 2 + (-4) 2 = 5 and tan0 = ^ 
0 = tan -1 ( — + 27r, so the point is 
(5,tan- 1 (-^)+27r). 



y* 
"0 



0 



-4 



(3, -4) 
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/ 2 2 

13. r = y + (-V3) = V6 and tan0 = 

0 = 7T + tan" 1 1 = 3jL, so the point is (V6, ^f) . 



=> 14. r = 



-x/3 



0 



-V3, -V3 



-x/3 ■■ 



A' 



(2^3) + (-2) 2 = 4 and tan 0 = 0= 



0 = tan" 1 (^=|) + 2tt = so the point is (4, 



0 

2 + 



2\/3 



(2V3, -2) 



15. r = J5 2 + (-12) 2 = 13 and tan0 = 



0 



-12 



= tan 1 ( — "T ) ^ 7r ' so tne P°i nt * s 
(l3, tan" 1 (-^)+2ttV 



0 
12 



.V 



(5, -12) 



16. r = A /3 2 + (-l) 2 = ViOandtan0 = 



0 = tan 1 ^— ^ j + 2-7T, so the point is 
(vT^tan- 1 (-±) +2tt). 



-1 



0 



3 



A" 



(3,-1) 



17. 




21. 





6» = tt/4 y 

/ 




^- > 







25. r cos 0 = 2 => a = 2 



18 




22. 


/e= 7T 


f 0 


1 — * 




3 


26. r sin 6 = — 




-. 4x <^> x 2 -\- y 2 


-4x = 0 



19. 




) i 


\ 0 


2 



23, 



6= 7T-/6 




6 = -7r/6 



27. 2r cos 0 + 3r sin 0 = 6 

2jc + 3y = 6 



20. 



24. 



/ 




/ 



\ 0 



0=77-/2 



"27 ^4 



28. r sin 0 — 2r cos 0 

y — 2x 



29. r z = 4r cos 0 => x 

30. r 2 = sin 20 = 2 sin 0 cos 0 => r 4 = r 2 (2 sin 0 cos 0) = 2 (r sin 0) (r cos 0) => (x 2 + y 2 ^ = 2xy <=> 

x 4 + 2x 2 ;y 2 + / - 2xy = 0 
1 



31. r = 



x 2 - 2v - 1 = 0 



1 -sin0 



r — r sin 0 = 1 ^> ^/x 2 ^y 2 — y = 1 <^> x/x^+y 2 = y + 1 => x 2 + j 2 = y 2 + 2_y + 1 <^ 
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32. r = 



4 - 5 cos 0 
9x 2 - I6y 2 + 30x + 9 = 0 

33. x = 4 => r cos 0 = 4 => r = 4 sec 0 



4r - 5r cos 0 = 3 => 4y/x 2 + y 2 - 5x = 3 => 16 (* 2 + y 2 ) = 25x 2 + 30* + 9 <=> 



34. x + 2y = 3 => r cos 0 + 2r sin0 = 3 



r — 



cos 0 + 2 sin 0 



35. + = 9 => r 2 = 9 => r = 3 



36. - j 2 = 1 



(rcos0) 2 -(rsin0) 2 = 1 => r 2 (cos 2 0 - sin 2 = l=>r 2 cos20 = l=>r 2 = sec20 



37. x y = 4 => (r cos 0) (r sin 0) = 4 



r 2 cos 0 sin 0 = 4 => r 2 = 



cos 0 sin 0 1 sin 20 



r 2 = 8 esc 20 



38. j 2 - x 2 = 4y/x 2 + j 2 => (r sin 0) 2 - (r cos 0) 2 = 4r => r 2 (sin 2 0 - cos 2 0^ = 4r => -r cos 20 = 4 
=> r = — 4 sec 20 



cos 20 



39. 




40. 



41 




0= 77-/3 



42, 



O 



e = -77-/6 



43. r = 3 cos 0 <=> r 2 = 3r cos 0 => x 2 + y 2 = 3x <=> 

(* — §) J 2 ~ \' ^ e curve * s a circle w i tn radius ^ 



and center 



(}••) 




44. r — — 4 sin 0 <^> r 2 = — 4r sin 0 x 2 + y 2 — —Ay <=> 

a: 2 + (j + 2) 2 = 4. The curve is a circle with radius 2 and 
center (0, -2). 




45. r = 3 cos 0 - 2 sin 0 <^> r 2 = 3r cos 0 - 2r sin 0 => 
x 2 + y 2 = 3x - 2y o (x - |) 2 + (y + l) 2 = ^. The 

curve is a circle with radius and center — 1^. 



46. 




r = 2 sin 0 + 4 cos 0 <^> r 2 = 2r sin 0 + 4r cos 0 => 
x 2 + y 2 = 2y + 4* ^ (* - 2) 2 + (y - l) 2 = 5. The 

curve is a circle with radius \/5 and center (2, 1). 
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47. r — 1 + cos 0. The curve is a cardioid. 



48. r = 1 + sin 0. The curve is a cardioid. 





49. r = 4 (1 — sin 0). The curve is a cardioid. 



50. r — 3 — 3 cos 0. The curve is a cardioid. 





2 3 
51. r = 2csc0 = - — - or sin0 = 2o y = 2. The curve is 52. r = -3 sec# = <o r cos 0 = -3 <^> x = -3. The 



sin0 



cos 0 




a horizontal line. 


curve is a vertical line. 




> 






0 

53. r = 0, 6 > 0 


1 > 

2 -3 

54. r = 1/6 55. r = e°,0>0 


0 

56. ; 


* 2 = = ±^ 





57. r 2 = 4 sin 20 



58. r = 1 -2cos0 



59. r = 3 + 2sin0 



60. r = sin20 
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61. r — sin 30 



62. r = 2 cos 40 



63. r = 4sin40 



64. r = 2sin50 







65. r — 4 cos 6 => m = 



dy 
dx 



_ /' sin 0 + / cos 0 
0 =7r/3 /' cos 0 - / sin 0 



7T/3 



-4 sin 2 0 + 4 cos 2 0 
—4 sin 0 cos 0 — 4 sin 0 cos 0 



V3 



7T/3 



66. r = 3 sin 6 => m — 



dy 
dx 



/'sin0 + /cos0 
0 =7r/4 f cos 0 - / sin 0 



7T/4 



3 cos 0 sin 0 + 3 sin 0 cos 0 
3 cos 2 0-3 sin 2 0 



but at 0 = 



7T/4 



f the 



numerator is nonzero while the denominator is zero. Thus, m is undefined and the tangent line is vertical. 



67. r = sin0 + cos0 



m — 



dy 
dx 



/' sin 0 + / cos 0 
0 =7r/4 f cos 0 - / sin 0 



(cos 0 — sin 0) sin 0 + (sin 0 + cos 0) cos 0 
(cos 0 — sin 0) cos 0 — (sin 0 + cos 0) sin 0 



= -1 



7T/4 



68. r = 1 + 3 cos 0 => m = 



_ /'sin0 + /cos0 
0=tt/2 /'cos0- /sin0 



_ -3 sin 2 0 + ( 1 + 3 cos 0) cos 0 
.^2 — 3 sin 0 cos 0 — (1 + 3 cos 0) sin 0 



= 3 



7T/2 



69. r = 0 => m = 



dx 



_ / / sin0 + /cos0 
0=tt /' cos 0 ~ f sin 0 



7T 



sin 0 + 0 cos 0 
cos 0 — 0 sin 0 



= 7T 



7T 



70. r = sin 30 => m = 



dy 
dx 



_ /'sin0 + /cos0 
0=7r/ 3 ~ / / cos0-/sin0 



7T/3 



3 cos 30 sin 0 + sin 30 cos 0 
3 cos 30 cos 0 — sin 30 sin 0 



= V3 



7T/3 



71. r 2 = 4 cos 20. If - 



m — 



dy 
dx 



% < 6 < ^, then cos 20 > 0, so we may write r = V4 cos 20 = 2Vcos20 

2 sin 20 

/' sin 0 + / cos 0 



0=7v/6 f cos 0 - / sin 0 



Vcos 20 



sin 0 + 2 Vcos 20 cos 0 



< A 2 sin 20 „ / 

*/ 6 -= cos 0 - 2 Vcos20 sin 0 

V cos 20 



= 0 



7T/6 



72. r = 2 sec 0 = 



2 



cos 0 



r cos 0 = 2 or, in rectangular coordinates, x — 2. So the curve r = 2 sec 0 is a vertical line, and 



therefore the slope of the tangent line is undefined. 



73. r — 4 cos 0 => x = r cos 0 = 4 cos 2 0 and y — r sin 0 = 4 cos 0 sin 0 = 2 sin 20, so ^ = — 8 cos 0 sin 0 — —4 sin 20 and 



^=4cos20. 



For horizontal tangents, =fi 0 and ^ = 0 => cos 20 = 0 => 0 = ^, ^p, or so the points with horizontal 
tangent lines are (2V2, and (-2V5, ^p). (Note that 0 = ^ and 0 = ^ yield the same points.) 



dy 



dx 



3tt 



For vertical tangents, ^ ^ 0 and ^ = 0 => sin 20 = 0 => 0 = 0, y, 7T, or so there are vertical tangent lines at 
(0, 5) and (4, 0). Note that (0, 5) is the pole. 
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74. r — sin 0 + cos 0 => x — r cos 0 — sin 0 cos 0 + cos 2 0 = j sin 20 + cos 2 0 and 

y = r sin 0 = sin 2 0 + sin 0 cos 0 = sin 2 0 + ^ sin 20, so ^ = cos 20 — 2 cos 0 sin 0 = cos 20 — sin 20 and 

= 2 sin 0 cos 0 + cos 20 = sin 20 + cos 20. 

For horizontal tangents, ^ = 0 => sin 20 + cos 20 = 0 => tan 20 = -1 => 0 = ^ or || / 0 for these values, so 

the points are (sin ^ + cos ^) and (sin ^ + cos 2*L, 

For vertical tangents, ^ = 0 => tan 20 = 1 => 0 = ^ or Because ^ / 0 at these values of 0, we see that the points 
where the tangent line is horizontal are (sin ^ + cos ^ , and (sin ^ + cos 



75. r — sin 20 => x = r cos 0 = sin 20 cos 0 = 2 sin 0 cos 2 0 and y = r sin 0 = sin 20 sin 0 = 2 sin 2 0 cos 0, 
so || = 2 cos 3 0 - 4 sin 2 0 cos 0 = 2 cos 0 (cos 2 0 - 2 sin 2 0^ = 2cos 0 (l - 3 sin 2 0^ and 

^ = -2 sin 3 0 + 4 sin 0 cos 2 0 = 2 sin 0 (2 cos 2 0 - sin 2 0) . Now ^ = 0^0 = 0, 

tan -1 V2, 7T + tan -1 ("V?), tt, tt + tan -1 V3, or 2tt + tan -1 (-V2); and ^ = 0 => 

0 = sin" 1 ^, f ,tt + sin" 1 (-^), tt + sin" 1 ^, 2*L, or 2tt + sin" 1 (~^)- The lists 

are mutually exclusive, so the tangent line is horizontal at (0, 0), (sin (2 tan" 1 V5) , tan" 1 Vl), 

(sin2 (tt + tan -1 (~^)) , + tan" 1 ("V^)) = (sin (2 tan" 1 (-V2)) , tt + tan -1 

(0, tt), (sin (2 (tt + tan -1 y/l^ , tt + tan -1 V2) = (sin (2 tan -1 V2) , tt + tan -1 V2), and 

(sin (2 (2tt + tan" 1 (-V2))) , 2tt + tan" 1 (-V2)) = (sin (2 tan" 1 (-V 2 )) , 2tt + tan" 1 (-V2)); 

and the tangent line is vertical at (sin (2 sin -1 , sin -1 (0, y), 

(sin (2 (tt + sin" 1 (-f ))) , tt + sin" 1 (-f )) = (sin (2 sin"* (-f )) , tt + sin"* (-f )), 

(sin (2 (tt + sin" 1 ^J) , tt + sin" 1 = (sin (25m- 1 ^ , tt + sin" 1 (0, 3f ), and 

(sin (2 (2tt + sin" 1 (-#))) , 2tt + sin" 1 (-^)) = (sin (2 sin" 1 (-^)) , 2tt + sin" 1 ("#))• 



76. r 2 = 4 cos 20 



=> r = 



2Vcos20 if 0 lies in [0, ^] U [^p,^]. 2rr' = -8 sin 20 



4 sin 20 



, so 



dx , . „ 4sin20cos0 . ^ -4 sin 20 cos 0 - 4 cos 20 sin 0 4sin30 , 
— r cos 0 — r sin 0 — r sin 0 = = and 



d6 

dy 

dO 



, . n n 4sin20sin0 
= r sin 0 + r cos 0 = h r cos 0 = 



r r 
-4 sin 20 sin 0 + 4 cos 20 cos 0 4 cos 30 



^ — 0 



0 = 



7T 

"6 



or and since ^ 0 at these values of 0, the tangent line is horizontal at (±V2, ^ and (±V2, = 0 



dy 



0 = 0, and since ^ 7^ 0, we see that the points where the tangent line is vertical are (±2, 0). 
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77. r — 1 + 2 cos 0 => x — r cos 0 — cos 0 + 2 cos 2 0 and y — r sin 0 — sin 0 + 2 sin 0 cos 0 — sin 0 + sin 20, 
so ^ = — sin0 — 4 cos 0 sin 0 = — sin0 (4 cos 0 + 1) and 

^ = cos0 + 2cos20 = cos0 + 2(2cos 2 0- l) = 4cos 2 0 + cos 0 - 2. ^ = 0 => 0 = cos" 1 

cos" 1 ( ~ 1 ~ 8 V ^ ), 2tt - cos" 1 ( ~ 1 ~ 8 V ^ ), or 2tt - cos" 1 ^f=±, and |f = 0 => 0 = 0, cos" 1 (-|), tt, or 

27T — cos -1 (— From this, we see that the points where the tangent line is horizontal are (l + v ^~ 1 , cos -1 v ^|~ 1 ^, 



(l - , cos" 1 (=f=i)), (l - ^ftl, 2tt - cos" 1 (=^)), and (l + ^=1, 2n - cos" 1 ^i); 

the points where the tangent line is vertical are (3, 0), cos -1 (— (— 1, 7r), and (j, 2n — cos -1 (— 



and 



78. r = 1 + sin 0 => x = r cos 0 = cos 0 + sin 0 cos 0 and y = r sin 0 = sin 0 + sin 2 0, so 

^| = - sin 0 + cos 2 0 - sin 2 0 = -2 sin 2 0 - sin 0 + 1 and ^ = cos 0 + 2 sin 0 cos 0 = cos 0 ( 1 + 2 sin 0). ^ = 0 ^ 

0 = f ' IT' ¥' or i V L ' and || = 0 ^=> 0 = f , or 3f . The tangent line is horizontal at (2, f ), ^r), and 
(1, i^L), and vertical at (§, f ), (^ , ^),and (o, 

79. — 2x 3 + 2x 2 y 2 — 2xy 2 — y 2 + y 4 = 0. Letting * = r cos0 and y = r sin0, we find 
r 4 cos 4 0 - 2r 3 cos 3 0 + 2r 4 cos 2 0 sin 2 0 - 2r 3 cos 0 sin 2 0 - r 2 sin 2 0 + r 4 sin 4 0 = 0 

(cos 4 0 + 2 cos 2 0 sin 2 0 + sin 4 0) - 2r 3 cos 0 (cos 2 0 + sin 2 0) - r 2 sin 2 0 = 0^ 

2 

r 4 (cos 2 0 + sin 2 0) - 2r 3 cos0 - r 2 sin 2 0 = 0 r 2 [r 2 -2rcos0- (l - cos 2 0^)j = 0 o r = 0 or 

r 2 — 2r cos 0 + cos 2 0—1 = 0 <^=> r — 0 or (r — cos 0) 2 = 1 <^=> r — 0 or r = cos 0 ± 1 . This shows that r — 1 + cos 0 has 
the given equation as its rectangular equation. 



4 



80. r — a sin 0 + b cos 0 => r 2 = sin 0 + Z?r cos 0 => * 2 + y 2 = ay + <^> x 2 — bx + y 2 — ay = 0o 

2 2 

x 2 - + (-|) + y 2 - ay + (-|) 2 = + ^ o (x - I) + (y - |) = \ (a 2 + fr 2 ). This is an equation of the 



circle with center (|> an d radius 'a 2 + fr 2 . 



81. a. J 2 = (^2 — x{) 2 + (y2 — yi) 2 . Herexj = ri cos0j, y\ — r\ sin0i,X2 = r2cos02, and y2 = r2sin02, so 
d 2 — (r2 cos 02 — r\ cos0j) 2 + (r2 sin 02 — r\ sin0i) 2 

= r 2 cos 2 02 — 2r^2 cos 6\ cos 02 + r 2 cos 2 Q\+r 2 sin 2 02 — 2r^2 sin 6\ sin 02 + r 2 sin 2 6\ 

— r 2 (cos 2 02 + sin 2 02^ — 2r^2 (cos0i cos 02 + sin0i sin 02) + r 2 (cos 2 6\ + sin 2 0^ 

= r 2 + r 2 -2r 1 r 2 cos(0 1 - 0 2 ) 

so d = yjr 2 + 2r^2 cos (0j - 02). 

b. Letting — A, 6\ — r2 — 2, and 02 = y, we find the distance between (4, ^j-^j and (2, to be 

d = J A 2 + 2 2 - 2 (4) (2) cos (^ - f ) = ^20- 16 cos f = 2V3. 
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82. Let C\ : r\ — a sin 0 and C2' ?2 — a cos 0. To find the slope of the tangent 
line to C\ , we compute 

r' sin 0 + r\ cos 0 ^ cos 0 sin 0 + a sin 0 cos 0 

m l — ~7 7> 7: = 5 — tan 20. 

r' x cos 0 - r\ sin 0 a cos 2 0 - a sin z 0 

The slope of the tangent line to C2 is 

rL sin 0 + r 2 cos 0 -a sin 2 0 + a cos 2 0 

m 2 = - 





— — ) 5 


0 





cos 0 — r2 sin 0 —a sin 0 cos 0 — a sin 0 cos 0 
Since m\m% — —1, the curves intersect at right angles. 



= - cot 20. 



83. a. 



-rH 1 

—2a 


G 


1 1 1 

e 


1 \-y 

2a 


— 1 1 


1 1 


1 1 


1 f-- 



b. Let C\ : r\ — a (1 + cos 0) and C 2 : r2 = a (1 — cos 0). To find the 
points of intersection of C\ and we solve 



a (1 + cos 0) = a (1 - cos 0) <=> cos 0 = 0 => 0 = f or 2*L. They 



also intersect at the pole. The slope of the tangent line to C\ is 



r{ sin0 + r\ cos0 
mi = - 



and the slope of the tangent line to C2 is mi — — 



—a sin 2 0 + a cos 2 0 + <3 cos 0 
r J cos 0 — r\ sin 0 —a sin 0 cos 0 — a sin 0 — a sin 0 cos 0 

2cos 2 0 + cos0- 1 
sin 0(2 cos 0+ 1) 
r' 2 sin 0 + r2 cos 0 2 cos 2 0 - cos 0 - 1 



cos 0 — r2 sin 0 



sin 0(2 cos 0- 1) 



, so at 0 = y , the slope 



2cos z 0 + cos 0—1 

of the tangent line to C\ is m 1 = : — — 

6 1 1 sin0(2cos0+ 1) 



= 1 and the slope of the tangent line to C2 is 



7T/2 



m 2 = - 



2 cos 2 0 - cos 0 - 1 
sin 0(2 cos 0- 1) 



= — 1. Therefore, C\ and C2 intersect at right angles at (a, y). Similarly, at 



7T/2 



, we find m\ = — 1 and m2 = 1, so C\ and C2 intersect at right angles at {a, ^j-^j- 



84. We find 



tan i/j — tan (0 — 0) = 



tan 0 - tan 0 j£ - tan 0 
l+tan0tan0 " 1 + ^Z t an0 



dx 

de 



- tan0 



d y _ dx f a 



dy 

1 + 4^tan0 



dx 



dy 



dx 

de 



rcos0 + r^# r 

COS 0 ' 



85. 



(r f sin 0 + r cos 0) — (r' cos 0 — r sin 0) tan 0 

(V cos 0 — v sin 0) + (V sin 0 + r cos 0) tan 0 r / cos q , r / sin 2 0 

cos 0 

86. 



— r 



de 



1 -- 



0 



-1 -- 





-1 



0 



1 



-1 



0 



1 
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88. 



5 -- 



0 



-1 



0 



1 



-5 " 



-1 




0 



1 




90. 



2 " 



0 



-2 " 



-4 




-1 



0 



1 



-1 



0 



1 



92. 



0.5 



0.0 



-0.5 




-0.5 



0.0 



0.5 



1 



0 



-1 




0 



93. False. P (2, £) and P (-2, 7 -^j represent the same point in polar coordinates, but r\ — 

94. False. P (2, f ) and P (-2, ^) represent the same point in polar coordinates, but 0\ — 

95. False. Take r = 1 + sin 0. Then ^ = 0 at 6 = but the graph has a 
vertical tangent line at the point ^0, (see the figure). Note that 



1 



= 2 ? -2 = r 2 . 
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1. a. A = f@ £ [/ (P)Y dO = f£ ±r 2 dO. See Figure 2a. 

b - A = fi i {[/ w] 2 - [* w] 2 } de - See R g ure 6 - 

j£ yj[f (0)f + [/ (0)] 2 40 = j* y /(rf + r2d0 



_ r/3 l ,2 



2. L — 



3. a. S = 2irfPrsmOJ(r') z + r 2 dO 



b. 5 = 2ttJ^ r cos OJ(r'y + r 2 dQ 



I ID. 5 Areas and Arc Length in Polar Coordinates 



ET9.5 



1. a. r = 4 cos 0 => r 2 = 4r cos 0 => x 2 + y 2 = 4.x => x 2 — 4.x + y 2 = 0 => (x — 2) 2 + y 2 = 4, an equation of the circle 
with center (2, 0) and radius 2. Its area is 7r (2) 2 = 4tt. 

b. A = \$P [/(0)] 2 dO = i/ o 7r (4cos0) 2 d0 = 8/ o 7r cos 2 0d0 = 4j o 7r (l + cos 20) J0 = 4 ^0 + \ sin 20^ = 4tt 



2. a. r = 2 cos 0 — 2 sin 0 => r 2 = 2r cos 6 — 2r sin 0 



2 



+ y 2 = 2x - 2y => x 2 - 2x + y 2 + 2y = 0 



(x — l) 2 + (y + l) 2 = 2, an equation of the circle with center (1,-1) and radius \f2. Its area is 7r (^2) = 27T. 
b. A = £ j£ [/ (0)] 2 </0 = \ Jq (2 cos 0 - 2 sin 0) 2 dO = 2 $ (cos 2 0 - 2 cos 0 sin 0 + sin 2 0) dO 
= 2/ 0 7r (l - sin 20) dO = 2 (o + \ cos 20^ = 2tt 



3. A = \$0 2 dO = ^0 3 



7T 

0 



1 r 71 "/ 3 / 1 



4. A = - 

2 v-tt/6 




dO = - 





1 


7T/3 


20 


7T/6 



1 1 

+ 



2(f) ■ 2(f) 

0 

-7T/2 



2tt 



1 - 



— 7T 



7T 



- 1 



4e* 



6. A = 



i /<T /4 (*- 2 *) 



</0 = 1 f^ 4 ,"40 = 



7. A = 



\ Jo 71 " 72 (V3o¥0) 



cos 0 1 </0 = ^ J^ 72 cos 0 J0 



8 e 



2 sin0 



7T/4 

0 

7T/2 

0 



= -\(e-«-l) = 



7r - 1 



8^ 



1 

2 



8. A = £ J^ 716 (cos 20) 2 rf0 = \ / 0 W/16 cos 2 20 J0 = J /* /16 (1 + cos 40) <*0 = J (0 + \ sin 40) 



7T/16 
0 



1 (ir ,V2\ 



7T+2V2 

64 



9.^ = ^/ 2 ^= 



0 



9tt 3 



10. By symmetry, A = 2 J^ /4 ± (aVcos20) Z dO = a 2 f* /4 cos 20 dO = \ a 2 sin 20 



7T/4 

0 



= \a 2 



11. A = I/q 71 " (1 - cos0) 2 dO = iJo 71 " (l - 2cos0 + cos 2 0) dO = \$ [l - 2 cos 0 + \ (1 + cos 20)] J0 



= 2/0* (I -2cos0+ ^cos20)d0 = i (§0-2sin0+ |sin20)| = ^ 
12. By symmetry, 

A = 2 • \ f* /6 (2 cos 30) 2 dO = 4 Jj^ 6 cos 2 30 J0 = 2 /J 1 " 76 (1 + cos 60) </0 = 2 (0 + \ sin 60) 



7T/6 

n 



7T 

T 
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\ Jq (3 sin 0) 2 dO = l /J 1 " sin 2 0 dO 

I (1 - cos20)dO = \ (0-\ sin26>) 



14. A = J Jo 27r t 2 C 1 - cos J6 > 

= 2 J 0 27r ( 1 - 2 cos 0 + cos 2 6>) 



7T 



0 



9tt 

~4~ 




</0 



= 2/ 0 27r [l -2cos0 + ^(l + cos20)]< 
= 2 (§0 - 2sin0 + \ sin 2^1^ = 6tt 




sin 0 => r = Vsin0 for 0 < 0 < 7r, so 
2f£ %r 2 dO = J£sm9d0 = -cos0|J =2 




16. r 2 = 3 sin 20 => r = V3 sin 20 for 0 < 0 < f, so 

A — 2 f* /2 \r 2 dO = f£ /2 3 sin 20 dO 

/ 1 \ itt/2 

= 3(-±cos20jl =3 



0=77/4 




2 sin 20 => 

4 Jo 71 " 72 ^r 2 </0 = 2 / 0 W/2 (2 sin 20) 2 dO 



8 / 0 W/2 sin 2 20 dO = 4 / 0 ' 4 7 " ( 1 - cos 40) dO 



A r^/2 



18. r = 2sin30=> 

A = 3 / 0 W/3 ^r 2 </0 = I / 0 W/3 (2 sin 30) 2 J0 

= 6 / 0 W/3 sin 2 30 J0 = 3 J^ 3 (1 - cos 60) dO 



4(0- J sin 40j| o = 2tt 



= 3^0- \ sin 60^ 



7T/3 

0 



= 7T 
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19. r 

A 



= cos 20 => 

= 2 g /A ±r 2 dO = £ /4 (cos 20) 2 dO 
= ^ f* /4 (\+ cos 40) d6 



= ±(0 + ^ sin 40) 



7T/4 

0 



77 

8 



,'0=ir/4 




20. r = 



A = 



2 cos 30 => 
= 2 / 0 W/6 ^r 2 </0 = f* /6 (2 cos 30) 2 J0 



= 4 J^ 76 cos z 30 dO = 2 JT 1 u (1 + cos 60) dO 



2 



_ 0 rTT/6 



0 



0 



= 2(0+ £ sin 60) 



77/6 

0 



77 

3 



6= 77/6 , 




21. r 

A 



= sin 40 => 

= 2 JiT 7 * r2 de = h Io /4 ( sin4 ^) 2 de 



\(0-\ sin 80) 



7T/4 

0 



77 

T6 



0 = 7T/4 




22. r 

A 



= 2 cos 40 

= 2/; /8 ir 2 d0 = F /% (2cos40) 2 J0 



= 4 C /% cos 2 40 J0 = 2 /J 778 (1 + cos 80) dO 



= 2 



( 1 \ itt/8 

(0+£sin80j| = 



77 

T 



0 = tt/8 




23. r = 1 + 2cos0 



0 = 



A=2/^ r/ 3^ 2 ^ = ^ r/ 3(H-2cos0) 
= / 2 ^ /3 (l + 4cos0 + 4cos 2 0) dO 



de 



= J 2 7 ^ r/3 [l+4cos0 + 2(l+cos20)]J0 
= (30 + 4 sin 0 + sin 20) ^3 = tt - h^- 



2tt/3 








j 
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24. 



r — 1 + 2 sin 0. Let A \ be the area of the region enclosed by the outer 
loop: 

* =21-1% h^dO = f*l% (1 + 2sin0) 2 cW 
= f-l% ( 1 + 4 sin 0 + 4 sin 2 6>) </0 
= J-^sO + 4sin0 + 2-2cos20)d0 



= (30-4cos0-sin20)|_ 



7T/2 



7T/6 



2tt + 



3V3 




3^3 



6> = -77-/6 



The area of the region enclosed by the inner loop is A 2 — tt — (see Exercise 23), so the area of the region between the 
loops is A r -A 2 = (lit + - (tt - h^j = tt + 3^3. 



25. The two circles intersect along the line 0 — -J because setting sin0 = cos0 gives tan0 = 1 or 0 — Therefore, 

7T/4 _ TT - 2 

o ~~T~' 



A — 2 Jq /4 \r 2 dO = f* /4 (sin 0) 2 dO = \ f* /4 (1 - cos 20) dO = \ (o - \ sin 20) 



26. A = \ Jq /2 [(1 + sin 0) 2 - l 2 ] dO = \ j£ /2 (2 sin 0 + sin 2 0} dO = \ f* /2 (2 sin 0 + ± - ^ cos 20) d0 



= ^ (-2cos0 + ^0- ^sin20) 



7T/2 

0 



7T + 8 

8 



27. The area of the region under the outer curve and above the polar axis is 

Ai = \ $ r 2 dQ=\ £ (1 + cos0) 2 dO = \ £ (\ + 2cos0 + cos 2 0) dO = \ $ (l + 2cos0 + \ + \ cos 20) dO 

= I ^0 + 2sin0+ ^sin20)|^ = 2jL 



The area of the region under the inner curve and above the polar axis is 

2 



A 2 = \ Jq /4 r 2 dO= \ Jq /4 ( VSol20) A dO = \ f* /4 cos 20 dO = \ sin 20 = \ . Therefore, the area of the 



shaded region is A — A \ — A 2 = 



3tt 



1 

4 



3tt- 1 



28. The area of the region under the outer curve (which is a semicircle with radius 1) is A\ — y. 
The area of the region under the curve r — 2 cos 30 and above the polar axis from 0 to 2 is 

A 2 = \ Jq /6 r 2 dQ=\ f" /6 (2 cos 30) 2 dO = 2 f" /6 cos 2 30 dO = f£ /6 (1 + cos 60) dO = (o + ^ sin 60) ^'^ 



0 



7T 

6" 



Therefore, the area of the shaded region is A = Ai — A 2 — y — ^ — y . 



29. r = 1 and r = 1 + cos 0. Equating the two, we find 1 + cos 0 = 1 => 
cos 0 = 0, so 0 = yory and the points of intersection are (l, y) and 
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30. r — 3 and r — 2 + 2 cos 0. Equating, we find 2 + 2 cos 0 = 3 => 

cos 0 = y so 0 = jory and the points of intersection are (3, y) and 



31. r = 2 and r = 4 cos 20. Equating, we find 4 cos 26 = 2 => cos 20 = y so 
26 = f , ^, 3f , or i^, implying 0 = £ , ^, ^, or By 

symmetry, the points of intersection are (2, y), (2, y), ^2, 2yj, 
(2,^,(2, 2-), (2,^), (2,^), and (2,1^). 



32. r = 1 and r 2 = 2 cos 26. Equating, we find 2 cos 26 = 1 => cos 20 = y 
so 20 = f , ^L, ^, or ±±f 0 = ^, ^, or and the points 

of intersection are (l, £), (l, (l, ^),and (l, 1^). 



33. r = sin 6 and r = sin 20. Equating, we find 2 sin 0 cos 0 = sin 0 => 

sin0 (1 - 2cos0) = 0 => sin0 = 0 or cos0 = \ => 0 = 0, f , tt, or ^L, 

and so the points of intersection are ^^y, y), ^— ^ , an d me P°l e - 



34. r = cos 0 and r = cos 20. Equating, we find 

cos 20 — cos 2 0 — sin 2 0 = cos 0 => 2 cos 2 0 — cos 0 — 1 = 0 <=> 
(2cos0+ l)(cos0- 1) = 0=> cos0 = -\ orcos0 = 1 => 0 = 0, ^f, 

or ^y, so the points of intersection are (1, 0), ^— y y^, ^— y ^y), and 
the pole. 
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35. r = 1 + cos 0 and r = 3 cos 0. Equating, we find 1 + cos 0 — 3 cos 0 <=> 
cos 0 — ^ => 0 = y or y, and so the points of intersection are 

and (§, 3jpV Thus, 

A — 2 Jq /3 \ [(3 cos 0) 2 - (1 + cos 0) 2 ] </0 
= /J 1 " 73 (8 cos 2 0 - 2 cos 0 - l) d0 



•7T/3 



= J 0 7 (3 + 4 cos 20-2 cos 0) dO 



tt/3 



= (30 + 2sin20-2sin0)|Q /J = tt 



/ 0=77/3 



r = 3 cos 6 



r = 1 + cos 0 




36. r 
0 



A = 



1 — sin 0 and r = 1 . Equating, we find 1 — sin 6 — 1 <=> sin 0 = 0 
0 or 7r, and so the points of intersection are (1,0) and (1, tt). Thus, 

7T/2 



2 £ 1 " ^ [l 2 - (1 - sin 0) 2 ] dO = f* /2 (l sin 0 - sin 2 0) dO 
= Jq /2 (l sin 0 - i + i cos 20) d0 



= (-2 cos 0 - ±0 + \ sin 20^ 



7T/2 

0 



8-7T 





/ = 1 






/I 0 


^ ** 

r = 1 — sin 6 


-2 





37. r — 4 cos 0 and r = 2. Equating, we find 4 cos 0 = 2 <=> cos Q — \ 
0 = * or ^L. The points are (2, f ) and (2, Thus, 



0= tt/3 



A =2 



/"/3H 22 )^-A3 2 ^ 4COS ^ 2 

40\Z /3 - 8 1^3 tt+ cos 20) dO 




- 0=5tt/3 



38. r = 3 sin 0 and r = 2 — sin 0. Equating, we find 3 sin 0 = 2 — sin 0 <=> 
sin0 = j => 0 = ^- or so the points of intersection are (jj, and 

(|,^). Thus, 

* = 2 2 ( 2 " sin <** " Isn/6 \ $ sin ^ d0 ] 

= S£/l (4 - 4 sin 0 + sin 2 o) dB - 9 j£ /6 sin 2 0 dO 

= & (I " 4 sin 0 - \ cos 20) </0 - | j£ /6 (1 - cos 20) d0 



r = 3 sin 0 



= [|0 + 4cos0 - 1 sin20]^ - [| (e - \ sin20)l 



\17T _ 12V3 + 97T 
5tt/6 4 



e=5iT/6 



8= tt/6 




r = 2 — sin 6 
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39. r = 1 — cos 0 and r = 4 • Equating, we find 1 — cos 0 = <=> cos 0 — — 



2 



1 

2 



0 = 



27T 47T 



A = 2 g"* 



C27T/3 

- Jo 



, so the points are y^, and r|, Thus, 
l (I) 2 - 1(1- cos 0) 2 



[| + 2 cos 0 - 1 (1 + cos 20) ] </0 

/a i \ |27t/3 47t + 9a/3 

= (|0 + 2sin0- 'sin20)| o = 47r + * 




0=4tt/3 ■ 



r=3/2 



40. r — 1 and r = 2 cos 30. From the figure, we see that by symmetry the 
required area is three times the area of the region inside the loop between 

0 = — 5 and 0 = ? and outside the circle. To find the points M and N of 
intersection, we solve 2 cos 30=1 



cos 30 = ^ 



30 = ±f 



0 = ± 7r 



-g-, SO 



A = 3 [j /_T/9 (2 cos 30) 2 d* - 1 d*] 




= 3[/^ 9 (l+cos60)d0- ^] = 3 (0+ ^sin60) 



7T/9 
-7T/9 



7T 

9 



2tt + 3V3 



41. r = 1 and r = 2 sin 0. To find the points of intersection, we solve 

2 sin 0 = 1 sin 0 = ^ => 0 = ^ or giving the points (l, ^) and 



^1, The area of the required region is 



A = 



2 [1 ^(2 sin 0)2 de + \fi%l*d9] 

7T/2 
7T/6 



( 2 j^ 6 sin 2 0d0 + [ 1 = 2 [j^ 6 (1 - cos 20) dO + f ] 

2 sin 20)|^ 



+ f 1 = 



47T-3VI 



7* = 2 sin # 



0= 577-/6 




6»= 77/6 



42. r = cos 0 and r = V3 sin 0. Equating, we find cos 0 = V5 sin 0 



r = J3 sin 0 



tan0 = 



_ V3 



3 



0 = £ , so the points of intersection are (f , £ ) and the 



pole, since both equations are satisfied there. Thus, 
A = j (cos6>) 2 d0 + ^ £ /6 (V3sin6>) 2 d<? 
= I In/6 (1 + cos 20) d0+| J* /6 (1 - cos 20) d0 



0= 77/6 



17T/6 57T-6V3 




r = cos 6 



?4 
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43. r = sin 0 and r = 1 — sin 0. Equating, we find sin 0 — 1 — sin 0 
sin0 = j => 0 = ^ or so the points of intersection are \ %, 



(z' 1t)' ^ e P°^ e " Thus, 



A = 2 J^ 6 £ (sin 0) 2 dO + 2 J^jj \ (1 - sin 0) 2 <20 

= I /J 1 " 76 (1 - cos 20) dO + J^ 72 (l - 2 sin 0 + sin 2 6>) d0 

71-/6 " 7r / 2 / 3 _ 2 sin 0 - 1 cos 20) J0 
V3 - - - ~ 1 • ..M^ 7tt- 12V3 



= \(e-\ sin20)| o ' H-/^ 



7T 

T2 



8 



+ (§0 + 2cos0- |sin20^ 



7T/2 
7T/6 



12 



44. r = cos 0 and r = 1 — cos 0. Equating, we find cos 0=1— cos 0 
cos 0 = 1=>0 = y or so the points of intersection are y\, y), 

(l' 3/' anc ^ ^ e P°^ e - Thus, 

A = 2 J^ 2 \ (cos 0) 2 </0 + 2 /J 1 " 73 \ (1 - cos 0) 2 d0 
= cos 2 0 d0 + /J 1 " 73 (l - 2 cos 0 + cos 2 0) dO 

= \ f£f* (1 + cos 20) dO + Jq /3 (| - 2 cos 0 + i cos 20) dO 

= ^0 + ^sin20^| 7r ^ + (§0-2sin0+ ±sin20)|^ /3 

_ 7tt - 1273 
~ 12 

45. r 2 = 4 cos 20 and r = \/2. To find the points of intersection, we solve 
4cos20 = 2 => cos 20 = \ => 0 = £ , ^, or so the points of 

intersection are £ V (V2, and ±^Y Thus, 



A — A 



= [2 (20)] 7 ; 76 + 



46. 



[8( . staM)]: ; := -±i|zWi. 

r = a/3 sin 0 and r = 1 + cos 0. To find the points of intersection, we 
solve V3 sin0 = 1 + cos0 => 3 sin 2 0 = (1 + cos0) 2 => 



3 (l - cos 2 0^ = 1 + 2cos0 + cos 2 0 



or 



2cos 2 0 + cos0- 1 = (2cos0- l)(cos0+ 1) = 0 => 0 = ^, tt, 
t, the last value being extraneous. Thus, the points of intersection are 



(?•?) 



j , ^- ) and the pole, and 

2 



0= 5 77/6 



0= 77-/6 




0= 77-/3 







fl) \ 
/// \ 






*x ) 

\\ / /* = cos 6 



r = 1 — cos 0 



0= 577-/3 



0= 77-/4 



0= 77-/6 



r 2 — 4cos20 




r = J3 sin 0 



0= 77-/3 




r = 1 + cos 0 



A = Jq /3 \ (^3 sin 0^ J0 + /* /3 \ (1 + cos 0) 2 d0 = \ f£ /3 (1 - cos 20) dO + J^ /3 (± + cos 0 + i cos 2 0) dO 
= 1(0-1 sin20) I" 73 + (f 0 + sin0 + J sin20) |" = 3 ^ 
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7T I, i \ 2 

0 



47. r = 5 sin 0 => L = /J 1 " J (r') z + r 2 d0 = $ J (5 cos 0) 2 + (5 sin 0) 2 dO = 5 J™ J0 = 5tt 



48. r = 



L = 



20, 0 < 0 < 2tt => 

Jo 27 " y/(rf + r 2 d0 = + (20) 2 </0 = 2 / 27r y/l + 0 2 dO = (oVl + O 2 + In |* + Vl + 0 2 |) 



2tt 

0 



= 27TV 7 1 + 4tt 2 + In (2tt + v 7 1 + 4tt 2 ) 



49. r = 0 < 0 < 4tt 



L = J 0 47r J (rf + r 2 dO = J(-e-°) 2 + (e"*) 2 dO = V5 J 0 47r J0 = -J2e~ 0 



47T 

0 



= V2 (l - e" 4 ^) 



50. r = 1 + sin 0,0 < 0 < 2ir 



r = 1 + sin 0 



L = 



/o 2 VM z + ^ 2 ^ = /o 

= J 0 27r V2 + 2sin OdO = 2y/2f^ 2 Vl + sin0</0 

37T/2 
7T/2 



2tt 



(cos0) 2 + (l + sin0) 2 d0 



= 2-^2 f 

J7\ 



I*/ 2 - cos 0dO 



tt/2 VI — sin 0 



= 4^V1 -sin0 



= 8 




51. r = sin- 3 f , 0 < 0 < tt 



L = 



2 



= /o" vV) 2 + ^ 2 = So i](™ 2 1 cos !) 2 + H f ) rf0 



£ sin 2 f rffl 



2 Jo 1 " ( ! - cos T 



7T 4tt - 3V3 



) = 

/lo 



8 



2 0 



52. r = cos z j. The curve is traced once around as 0 increases from 0 to 27T 
By symmetry, 



r = cos 2 (0/2) 



(- cos I sin |) +(cos 2 f) J0 



= 2/ 0 7r cos %dO= 4sin|| o =4 



0 



7T 




C1 -40 
53. r = a sir ^ 



r — a sin" ^ cos 



3 0 



0 

4 



/- = asin 4 (0/4) 



8 0 _ 



(r') 2 + r 2 = a 1 sin 6 f cos 2 f + 2 sin" J 

L = Jq 77 a 2 sin 6 ^ d0 = 4a sin 3 w du 
— 4a ^1 — cos 2 uj sin w du 



a 2 sin 6 ^, so 



= 4a (- 



1 3 

COS U + cos J 



/lo 



16 /7 

- T 




54. r = sec0, 0 < 0 < ^ => V = sec0tan0 => 
(r') 2 + r 2 = sec 2 0 tan 2 0 + sec 2 0 = sec 4 0, 



so 



v/3- 



L = J^/ 3 J (r') 2 + r 2 J0 = f£ /3 sec 2 0 J0 = tan 0|^ /3 = V5. 



l 
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57 



55. r — 4 cos 0 => r' — -4 sin 0 



S = 



2tt J^ /2 r sin Oy/ (r') 2 + r 2 dO 

2tt /J 1 " 72 4 cos 0 sin 0Vl6sin 2 0 + 16 cos 2 0 dO 

7T/2 

0 



= 32tt / q w/2 sin 0 cos 0 d0 = 16tt sin 2 0 




= 16tt 



56. r = 2cos0 => r' = -2sin0 



5 = 



2tt J^r cos 0^(r'f + r 2 dO 
= 2tt /J 1 " 2 cos 2 0^4 sin 2 0 + 4 cos 2 0 </0 
= 8tt /q 71 " cos 2 0 dO = 4tt /J 1 " (1 + cos 20) d0 
= 4tt ^0 + i sin 20)|^ = 4tt 2 



cl 

—J 


a- 







57. r = 2 + 2 cos 6 => r' = -2sin0 



S = 2tt Jo 77 r sin 0 V (r') 2 + r 2 d0 



= 2tt (2 + 2 cos 0) sin 0^/ (-2 sin 0) z + (2 + 2 cos 0) z J0 
= 8 V2tt /J 1 " (1 + cos 0) 3 / 2 sin 0 dO = -8 V2tt • § (1 + cos 0) 5 / 2 

_ 16V27T ^2 5 / 2 ^ = 128-rr 



7T 

0 




58. r 2 = cos 20. The graph of r 2 = cos 20 is shown in the solution to Exercise 59. We can take r — Vcos 20 for 



-f < ^ < f ,sor' = - 



sin 20 _ , <x 2 . 2 _ sin2 2 # 

cos 20 



Vcos 20 



.Thus, (r'y + r 2 = 



+ cos 20 = 



1 



cos 20 



. By symmetry, 



S = 2 ■ 2tt C ,A r sin oJ(r') 2 + r 2 J0 = 4tt f^ 74 V3ol20 (sin 0) , 1 d0 = 4tt f, 71 " 74 sin 0 J0 = -4tt cos 0|^ /4 

ju v v / ju Vcos 20 u u 

= 2tt ^2 - V2) 



59. r 2 = cos 20. We can take r = Vcos 20 for - ^ < 0 < J , so 

sin 20 



C_3 



7 . Thus, (r') 2 + r 2 = 



Vcos 20 



sin 2 20 ^ 1 

+ cos 20 = — , and so 



cos 20 



cos 20 



S = 



2tt £l 4 /4 r cos Oy/(r') 2 + r 2 dO 
= 2tt f^ 4 /4 Vc^s~20 (cos 0) 1 




dO 



Vcos 20 

= 2tt f^ 74 cos 6 dO = 2tt sin 0|^ 74 /4 = 2V2tt 
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60. r = e a0 , 0 < 0 < f => r' = ae a0 => (r'f + r 2 = (a 2 + l) e 2a0 , so 
S = 2ir C 12 r cos oJ(r') 2 + r 2 dr = 2n C /2 e a0 cos Oy/a 2 + \e a0 dO 



= iTTy/a 2 + 1 



2^0 



-|7T/2 



1 +4a 2 



(2a cos 0 + sin 0) 



_ o 



(by parts or using the Table of Integrals) 



4«2 + i V Za > 




61. (x 2 + y 2 ) = 16* 2 ;y 2 . The polar equation is 
(r 2 ) 3 = 16(rcos0) 2 (rsin0) 2 ^ 



r 6 = 16r 4 sin 2 0cos 2 0 = 16r 4 



sin 20 \ 2 



4r 4 sin 2 26 o 



r 2 = 4 sin 2 26. Using symmetry, we find 

A — A f£ /2 ±r 2 d6 = 2 ft 12 4 sin 2 26d6 = 4 f£ /2 (1 - cos 40) </0 



= 4(0- ^sin40)|^ /2 = 27r 




62. + = 4 (x 2 + y 2 ). The polar equation is 

(r cos 0) 4 + (r sin 0) 4 = 4r 2 <^> r 4 (cos 4 0 + sin 4 0) = 4r 

4 



r 2 = 



. By symmetry, 



A = 8 



Now 



cos 4 0 + sin 4 0 

7T/4 ,7T/4 

^ " = 4 /o 



4d6 



d6 



cos 4 0 + sin 4 0 



J0 cos 4 0 + sin 4 0 




2 

cos 4 0 + sin 4 0 = cos 4 0 + 2 cos 2 0 sin 2 0 + sin 4 0-2 cos 2 0 sin 2 0 = (cos 2 0 + sin 2 0) - 2 cos 2 0 sin 2 0 



so A = 64 j^ 4 
(6.3 in ET). 



= 1 - 2cos 2 0 sin 2 0 = 1 - 2 sin 20) = \ (2 - sin 2 20) = \ [2 - £ (1 - cos 40)] = \ (3 + cos 40) 
J0 



3 + cos 40 



using the techniques of Section 7.3 



63. a. r = e m6) => j£ = me m0 , so tan t/> = 



,m 



0 



1 



j — = 7T = — , showing that ib is constant. 



^/0 



m e 



r 1 
b. Suppose that if> = k, where /: is a constant. Then, by part a, tani/> = tank = -j^, and this means that, if m = 



</0 



tan A:' 



d6 



dr 



— mr 



= / m d0 => In |r| = m0 + Q => |r | = C 2 e m0 , where C 2 = e Cl => r = CV 1 * where C = ±C 2 . 
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64. 



r = ae m0 => ^ = ame m 



e 



(r'f + r 2 = a 2 m 2 e 2m0 + a 2 * 2 "* = a 2 (m 2 + l) e 2m0 , so 



^ = fe 0 V ( r ') 2 + - 2 ^ = J* 0 « V^+T^ rf« = 



a 



yjm 1 + 1 



,m 



0 



0 



ay/ + 1 



0 



m 



(e'nO _ e m0 Q y Since 



o 



a\/m 2 + 1 . 



m 



is a constant, the desired result follows. 



1 JC 

65. For the parabola y = —x , y' = — , and so its length is 



2p 



For the spiral r — pO, 0 < r < a, we find 0 < /?0<<2OO<0< ^, and its length is 



L 2 = 



a/p 



^{r'f + r 2 dO = J /P yJp 2 + p 2 0 2 d6 = pJ y/\ + 0 2 dO. If we put 9 = i, then d0 



0 



^2= / />,/! + 



2 



p 2 p 



\p\Jo 



x 2 dx = L\. 



dx 
— — and 

P 



66. 




0.0 0.5 



A — 2 f£ /2 \r 2 dO = f* /2 sin 2 (3 cos 0) dO 
Using a CAS to integrate, we obtain 

f* /2 sin 2 (3 cos 0) dO % 0.6671. 



67. a. 



0 



-5 




-5 



0 



b. r = Vl + 0 2 



0 



r = 



V0 2 + 1 



M 2 +' 2 -^T + (^) 2 - 

Using a CAS to integrate, we find 



2 0 4 + 30 2 + 1 



0 2 + 1 



L = 



27r 0 4 + 30 2 + l 



0 2 + 1 



d0 % 22.01 



68. a. 



2 -- 



0 



-2 




-2 



0 



b. r = O.20 1 / 2 + 1 => r' = O.10" 1 / 2 => 

(r,)2 + r2 = (^) 2 + ( a2 " 1/2 + 1 ) 2 

_ O.Ol+O.O40 2 +O.40 3 / 2 + 0 
~ 0 



67T 



L = 



0 



(r'f + r 2 d0 



0 



67r / O.Ol + O.O40 2 + O.40 3 / 2 + 0 



d0 « 29.80 (using a CAS) 
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69. 



1.0" 




-1 



0 



1 



b. r — 3 sin 0 cos 2 0 



r' = 3 cos 3 0-6 sin 2 0 cos 0 = 3 cos 0 (cos 2 0-2 sin 2 6>) 



(r ') 2 + r 2 = 9 cos 2 0 (cos 2 0-2 sin 2 0^+9 sin 2 0 cos 4 0 

= 9 cos 2 0 (cos 4 0-3 sin 2 0 cos 2 0 + 4 sin 4 = 

= 2 • 3f? /2 cos 0>/cos 4 0-3 sin 2 0 cos 2 0 + 4 sin 4 0 dO 



5.37 (using a CAS) 



70. a. Using the definition given in Section 5.7 and the facts that x = r cos 0 and ds = y] (r'f + r 2 dO , we write 



x = 



tfxds fg r cos 0J(rf + r 2 dd & y ds fg r smOJ {r'f + r 2 d0 
^ = t£L LU . Similarly, y = — = — i-^— ' 



lads 



OL 




r'y + r 2 dO 



J* a cos 0^0 + a 2 dO a 2 f£ cos OdO 



b. x = 



7ra 



tfasmOjo + aZdO a 2 J* sin OdO ~a 2 cos0 



— 0 by symmetry, and 

7T 



y = 



7TCI 



0 



-tf 2 (-1-1) 



7T<2 



7Ta 



2a 



7T 



71. a. 



1 



0 



-1 




0 



1 



b. The area of the region is 

A = 2 f£ /2 \r 2 dO = f* /2 (2 cos 3 ofdO = 4 f£ /2 cos 6 0 dO. 

Using a CAS or Formula 70 from the table of integrals, we find 

A = ^ . Next, we superimpose a Cartesian coordinate system so that 
the origin coincides with the pole and the x-axis lies along the polar 

axis. Then we have x — r cos 0 = 2 cos 4 0 and 

y — r sin 0 = 2 cos 3 0 sin 0. By symmetry with respect to the x-axis, 

we see that y = 0. Next, we calculate 



x = 1 (2) J 2 xy = 2 (5^) Jq /2 (2 cos 4 0) (2 cos 3 0 sin 0) (-8 cos 3 0 sin 0) J0 = |p J^ 2 cos 10 0 sin 2 0 d0 



512 r7r/2 

5tt Jo 



(• 



cos lo 0-cos lz 0)</0 



12 



and using a CAS or Formula 70 again, we find x = ^5. Thus, the centroid is 0^ . 



72. a. 



0 



-2- 




0 



b. The points of intersection are found by solving 1 + cos 0 = 3 cos 0 
<=> 2 cos 0 = 1 <=>cos0 = £ => 0 = f or ^ on [0, 2tt]. So, 
treating r and 0 as rectangular coordinates, the points of intersection 

of the graphs are and Viewed as polar equations, 

the pole is also a point of intersection of the graphs, as we saw on 
page 884 (880 in ET). But (0, 0) is not a point of intersection of the 
polar curves. 
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73. a. Put x — r cos 0, y = r sin 0. Then 

(r cos 0) 3 + (r sin 0) 3 = 3 (r cos 0) (r sin 0) <=> 



b. 



r 3 (cos 3 0 + sin 3 = 3r 2 cos 0 sin 0 

3cos0sin0 _tt ~ 3tt 
cos 3 0 + sin 3 0' 4 T " 

c. Using symmetry and a CAS, we find 



<=> 



0 



-2- 




-2 



ir/A r 2 rir/4 
0 2 Jo 



3 sin 0 cos 0 I 2 f*/ 4 sin 2 0 cos 2 0 3 

d0 = 9/ = -. 



. cos 3 0 + sin 3 0 _ 



0 



(cos 3 0 + sin 3 0) 



2 



0 



/ 9 \l/2 

74. a. Put* = r cos 0, y = r sin 0. Then (r z l -cos40 = Oo 
r = cos 40, 0 < 0 < 2tt. 

c. Using symmetry, we find 

A = 16f£ /S \r 2 dO = 8 / 0 W/8 cos 2 40 </0 

= 8 JiT 78 Z + cos 86r) J6 > = 4 ( 0 + i sin w ) |^ /8 

_ /I 7T _ 7T 

— "8 — T 



b. 



l -- 



0 



-1 -- 




-1 



0 



1 



75. True. If / (0q) = g (0q) for some 0q, then the points (0q, / (0q)) and (0q, g (0q)) are the same, 



76. False. See the example on page 885 (881 in ET). 




1. The number d gives the distance between the pole and the directrix and e gives the ratio of the distance between a point P 
on the conic and its focus and the distance between P and its directrix. See pages 888 and 890 (884 and 886 in ET). 



2. The conic is an ellipse if its eccentricity e satisfies 0 < e < 1 , it is a parabola if e — 1 , and it is a hyperbola if e > 1 . See 
Figure 1. 



3. a. Since e — 2 > 1, the conic is a hyperbola. The transverse axis is vertical. 

6 £(6) 



b. r = 



3 + cos0 1 + 1 cos ^ 



, so e = ^ < 1 and the conic is an ellipse. The major axis is horizontal. 



c. r — 



2 
3 



d. r = 



3(l+cos0) l+cos0 



5 

3 



3-2sin0 1 2 sin 0 1 -| s in0 



, so e = 1 and the conic is a parabola. The axis of symmetry is horizontal. 

§(§) 

. Since e = | < 1, the conic is an ellipse. The major axis is vertical. 
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1. Here d — 2 and e — 1, so an equation of the conic is 

2 

r — . Since e — 1 , the conic is a parabola. 



1 — cos 6 




2. Here d — 3 and e — ^ , so an equation of the conic is 



t(3) 



r — 



1 + ± cos 0 
conic is an ellipse. 



or r — 



3 + cos 0 



. Since e = ^ < 1, the 




3. Here J = 2 and <? = ^, so an equation of the conic is 



r — 



7(2) 



1 - ^sin0 
conic is an ellipse. 



2 i 

or r — -. Since e — i < 1, the 

2-sin0 2 




4. Here J = 3 and e — 1 , so an equation of the conic is 
r — - — . Since e— 1 , the conic is a parabola. 



l-sin0 




5. Here J = 1 and e — |, so an equation of the conic is 



3 
2 



- — -. Since e = i > 1, 

2 + 3 cos 6 2 



or r = 



1 + | cos 0 
the conic is a hyperbola. 



6. Here d — 2 and e = | , so an equation of the conic is 



r — 



| (2) 



10 



1 - |sin0 



or r = — — -. Since e — 4 > 1, the 

4 — 5 sin 0 4 



conic is a hyperbola. 
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7. Here d = 0.4 = | and e = 0.4 = |, so an equation of the 8. Since r — — 2 sec 0 is equivalent to r cos 6 — x — —2, we 

see that J = 2 and e = j, so an equation of the conic is 



2 
5 



conic is r = 



i) 



1 + § sin0 



or r = 



25 + 10 sin 6 



. Since 



£ = | < 1, the conic is an ellipse. 




r = 



(0 



1 - ± COS 0 



or r = 



2 - cos 0 



. Since e — ^ < 1, the 



conic is an ellipse. 



1 

x = — 2 J 

2 / 
3/ 




) i 


\ ° 


2 


-1 





9. r = 



8 4 (4) 1 

- — — ; — = — —. , sod — A and e = -. 

6 + 2sin0 i + ^ sin 6» 3 



a. The eccentricity is ^ and an equation of the directrix 
is j = 4. 

b. The conic is an ellipse because e = ^ < 1 . 



c. 




10. r = 



8 



6-2sin0 i_^si n 0 



t(4) 1 
, so d — 4 and e — -. 



a. The eccentricity is ^ and an equation of the directrix 
is y — —4. 

b. The conic is an ellipse because e = ^ < 1 . 



c. 




11. r = 



10 



3 
2 



(fl 



4 + 6cos0 



1 + \ cos 0 



, so d = | and e — | 



a. The eccentricity is | and an equation of the directrix 



is x = 



b. The conic is a hyperbola because e = | > 1 . 



c. 




(9 



x = 



\ / 
\ / 
\ / 
\ / 



7\ 

/ \ 
/ \ 



12. r = 



10 



4-6cos0 l-|cos0 



, so J = 



I and <? = j 



a. The eccentricity is | and an equation of the directrix 

5 



is x = — 



3- 



b. The conic is a hyperbola because e = | > 1 . 



c. 



A' = — 



\ / 
\ / 
\ / 
\ / 
* 



/ \ 
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13. r = 



2 + 2cos0 l + cos0 



5 

, so d = ^ and e = 1. 



a. The eccentricity is 1 and an equation of the directrix 

_ 5 
is x — 2 • 

b. The conic is a parabola because e = 1 . 
c. 





1 x 

— ) — 1 — 3 


0 





14. r = 



2-2sin0 l-sin0 



5 

, so d = ^ and e = 1. 



a. The eccentricity is 1 and an equation of the directrix 

is >> = -§. 

b. The conic is a parabola because e = 1 . 




15. r = 



1 



2 
3 



i) 



3 - 2cos0 



1 — | cos 0 



, so d = 



^ and e = | 



2 



a. The eccentricity is ^ and an equation of the directrix 



is x = — 



1 

T 



b. The conic is an ellipse because e = | < 1 . 



c. 



1 1 




) 3 


I 0 


yi 



16. r = 



12 



3 + cos 0 



— ^-j , so d 

1 + £ cos 0 



= 12 and <? = 



1 

3 



a. The eccentricity is ^ and an equation of the directrix 
is x — 12. 

b. The conic is an ellipse because e = j . 



c. 




17. r = 



1 



l-sin0 



; — -, so d = 1 and ^ = 1. 



a. The eccentricity is 1 and an equation of the directrix 
is y = —1. 



18. r = 



1 



1 + cos 0 



, so d = 1 and e — \. 



a. The eccentricity is 1 and an equation of the directrix 
is x = 1. 



b. The conic is a parabola because e — 1 . 



b. The conic is a parabola because e = 1 . 
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19. r = - 



6 



t(6) 



sin0-2 



1 - ^sin0 



1 - ^sin0 



, so d = 6 20. r = — 



2 



2 
3 



and e — j. 

a. The eccentricity is j and an equation of the directrix 
is y = —6. 

b. The conic is an ellipse because e = ^ < 1 . 



c. 




cos0-3 l-l C os0 



so d = 2 and <? = 



1 

3 



a. The eccentricity is ^ and an equation of the directrix 
is x — —2. 

b. The conic is an ellipse because e= \ < 1. 



c. 




;t 2 y 2 . c 

21. — + — = 1. Here a — A and Z? = 3, so c = V 16 — 9 = v7. Therefore, e = - = — — 
9 16 <3 4 



y 2 _ _ . ^ c 2V2 2^10 

22. — - V- = 1. Here a = V5 and Z? = V3, so c = V5 + 3 = 2V2. Therefore, e? = - = —=- = 

5 3 a V5 5 



23. * 2 - y 2 = 1. Here a = 1 and & = 1, so e = Vl 2 + l 2 = \fl. Therefore, e = - = — = «Jl. 

a 1 



24. 9x 2 + 25y 2 = 225 



x 2 y 2 



c 4 

+ 4r = 1. Here a = 5 and Z? = 3, so c = V25 - 9 = 4. Therefore, e = - = - 



25 9 



a 5 



25. x 2 -9y 2 + 2x-54y = 105. Completing the squares in x and y gives (x 2 + 2x + l) -9 (y 2 + 6y + 9) = 105+1-81 = 25 



<=> 



(x + l) 2 (y + 3) 



25 



25 
T 



— 1. Here a — 5 and Z? = |, so e = ^5 2 + ~ 



5V10 



. Therefore, 



_ c _ 5VT0 1 _ v^TO 
6 ~ a ~ 3 * 5 ~ ~T~ 



26. 2x 2 + y 2 + 4x - 6y + 7 = 0. Completing the squares gives 2 (x 2 + 2* + l) + (y 2 - 6y + 9) =-7 + 2 + 9 = 4^ 



(x + 1) 2 (y-3) 2 

1 = 1. Here a — 2 and b — V2, 

1 A 



. n c 42 

soc = V4 — 2 = V 2. Therefore, e = - = — — 
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c d 

27. Let C\ : r = : — - and Co : r = : — -. Using Equation 10.4.3 (9.4.3 in ET), we find the slope of the tangent line 

1 + sin 0 1 — sin 0 

to C\ at (r, 0): 

—c cos 6 . c 

dr • n r. T Sin 0 H COS 0 

dy j#sm0 + rcos0 (1 + S in0) 2 l + sin0 -ccos0sin0 + ccos0 + ccos0sin0 cos0 



dx -^cos0-rsin0 -c cos 0 c -ccos 2 0 - c sin0 - c sin 2 0 l + sin6 

atf r- COS U — ; — Sill (7 

(l + sin0) 2 l + sin0 

Similarly, the slope of the tangent line to C^ at (r, 0) is 

dcos0 d 

• sin 0 H ■ — - • cos 0 



dy (1 — sin0) 2 1 — sin0 d cos 0 sin0 + d cos 0 — J cos 0 sin0 cos0 

— = -^-3 77^ j = r ~ = i : — 7: • So at a point of 

dcos0 d dcos 2 0- dsin0 + </sin 2 0 l-sin0 

* COS (7 — ■ — - * sin u 



(l-sin0) 2 l-sin0 



COS 01 . cos 0 1 



intersection (n, 0i), we find the slope of the tangent lines to C\ and Co to be mi = — and mo = 

1 + sin 0i 1— sin 0i 

. , ^ cos 0i cos 0i cos 2 0i cos 2 0i 

respectively. Because mi m? = — : — • : — — = ~ — = ~ = —1, we see that the two curves 

1 + sin 0i 1- sin 0i 1- sin 2 0i cos 2 0i 

do intersect at right angles. 



28. We are given that the eccentricity is e, the directrix is x = d, and the focus 

d (P, F) r 



is at the origin. Thus, e — 



d(P,€) d-rcos0 



<=> ed = er cos 0 + r — r (1 + e cos 0) <^=> r = 



<=> — er cos 0 = r 



1 + e cos 0 




29. We are given that the eccentricity is e, the directrix is y — d, and the focus 

d(P,F) r 



is at the origin. Thus, e — 



<=> ed — r (1 + e sin 0) <^> r — 



d(PJ) d-rsin0 
ed 



<^=> ed — er sin 0 = r 



1 + <? sin 0 




30. We are given that the eccentricity is e, the directrix is y — —d, and the 

d (P, F) r 



focus is at the origin. Thus, e — 



d(PJ) d-r sin (-0) 

ed 



ed + sin 0 = r <=> = r (1 — e sin 0) o r = 



1 — e sin 0 ' 



\ y 1 


F / 


\ 0 

I 




/ * 
fp 

y = -d 
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31 



a. By the definition of eccentricity, = e k = . Also, 

k e 

c 

d — k + a — c and, by Equation 5, — = e <=> c — ea. Thus, 

a 



ed 



r — 



e (k + a — c) 




a — c 



^ +a-c 



1 — e cos 0 1 — e cos 6 



1 — e cos 6 



a — c + ea — ec a — ea + ea — e A a 



a (l - e 2 ) 




1 — e cos 0 1 — e cos 6 1 — e cos 6 

b. Using the result of part a, we find that r is minimized when 6 = 7r, so the perihelion distance is 



r(ir) = 



1 — e COS 7T 



1 + e 



= a (1 — e). 



32. c = 0.017 and a = 92.957 x 10 6 , so r = 



<3 



( ! _ el ) 92.93 x 10 6 



1 -ecos0 1 -0.017 cos 0 



. The perihelion distance is obtained by 



92 93 x 10^ 

setting 6 — 7r, giving — « 91.377 x 10 6 miles. The aphelion distance is obtained by setting 0 = 0, giving 



92.93 x 10 6 
1-0.017 



1+0.017 
94.537 x 10 6 miles. 



33. e = 0.056 and a = 1. 427 x 10 9 , so r = 



a 



( 1_ * 2 ) 1.423 x 10 9 



1 -ecosO 1 -O.O56cos0 



. The perihelion distance is obtained by 



1.423 x 10 9 

setting 6 = tt, giving ^ 1.347 x 10 9 km. The aphelion distance is obtained by setting 0 = 0, giving 



1.423 x 10 9 
1 - 0.056 



1 + 0.056 
1.507 x 10 9 km. 



34. e = 0.249 and the perihelion distance is 4.43 x 10 9 . Using the result of Exercise 31, we find a (1 - 0.249) = 4.43 x 10' 



<=> <a = 5.899 x 10 9 . Therefore, r = 



a 



(l - e 2 ) 5.899 x 10 9 - 0.249 2 ) 



1 -ecosO 1 -O.249cos0 

a (1 + e) = 5.899 x 10 9 (1 + 0.249) « 7.37 x 10 9 km. 



. The aphelion distance is thus 



35. We are given that a (1 — e) = 4.6 x 10 7 and a (1 + e) = 1 x 10 7 , so 



,7 



\+e 1 



l-e 4.6 



4.6 + 4.6e = 7 - le => e « 0.207 





Chapter ID 



Concept Review 



1. a. equidistant; point; line; point; focus; line; directrix 

2. a. jc = 4/ry 





b. vertex; focus; directrix 
b. F 0, 0); x = -p 



3. a. sum; foci; constant 

2 2 

4. a. — + f- = l;^ 2 -/? 2 

5. a. difference; foci; constant 



b 

— ^ = \; a L + b A ; y = ±-x 
b z a 



b. foci; major axis; center; minor axis 



b. (0, ±c); (0, ±a) 

b. vertices; transverse; transverse; center; two separate 



b. (0, ±c); (0, ±a); a 2 + b 2 ; y = ±~-x 



a 
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7. x — f (t), y — g (t); parameter 



8. a. 



# _ 8 (0 
dx ~ 
W 



fit) 



b. 



d 
It 



dx 
eft 



9. a. f (t); g f (t); simultaneously zero; endpoints 



10. f = a, ft; 2tt /* Vl/'Wf + U' W] 2 ^; 2tt J* ^[/' (*)] 2 + jV (r)] 2 dr 



11. a. r cos#; r sin# 



b. x 2 + y 2 ;-(x/0) 



x 



12. = 0; ^ 0; = 0; ^ 0; zero 



13. *.A = \sPr*de = \£[fm?de 

14. once; L = fg J[f> (O)] 2 + [/ (6)f dO 



j (/>, F) 

15. = c; 0 < e < 1; e = 1; e > 1 



16. r = 



ed 



ed 



;r = 



1 ± e cos 0 1 ± e sin # 



;0<e<l;e=l:e>l 



eview Exercises 



l. 



+ — = 1 . Here a = 3 and b = 2, so 



4 9 

c = V^ 2 — Z? 2 = \/3 2 — 2 2 = • The center of the 
ellipse is (0, 0), so the vertices are (0, ±3) and the foci are 



(o, ±75) . 



y + 




(x-1) 2 , (y+1) 2 /- 

2. 1 = 1. Here « = 2 and b — V2, so 

2 4 

c = Va 2 - b 2 = J 2 2 - (Vfj 2 = \/2. The center of the 
ellipse is (1, —1), so the vertices are (1, —3) and (1,1) and 
the foci are ^ 1 , — 1 ± \/2^ . 
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3. x 2 - 9y 2 = 9 => — - y = 1. Here a = 3 and b = 1, so 

c = yja 1 + b 2 = V"3 2 + 1 = Via The center of the 
hyperbola is (0, 0), so the vertices are (±3, 0) and the foci 

are (±a/I0, 0). The asymptotes are y = ±|* = ±jjt. 



y 1 








\- 2 




*• 


y y 
y / 
y / 
' S 


N 

\ ^ 1 

\ S 

\ V 
\ \ 


✓ 

y 

y 

y 

y 

y 


y 

y j 
y X 




— ' — •-)— < — > 

-6 -4/ -2.' 


: 1 

X2 

s 


1 

V 4 


i > 

6 x 


-1 


\ 


N V 
N \ 

\ 




y 




\ 


\ \ 

N 



4. y 2 - 2y - 8x - 15 = 0 => y 2 - 2y + 1 = 8* + 16 => 

(y - l) 2 = 8 (x + 2). Thus, 4/; = 8 => p = 2. The vertex 
of the parabola is (—2, 1) and the focus is (0, 1). The 
directrix is x — —4. 




5. y 2 - 9x 2 + 8y + 7 = 0 => y 2 + 8y + 16 - 9x 2 = 9 
(y + 4) 2 

= 1, so <3 = 3, £ = 1, and 

9 1 

c = vV + b 2 = \/3 2 + 1 = VTO. The center of the 
hyperbola is (0, —4), the vertices are (0,-1) and (0, 

the foci are (0, -4 ± yio) , and the asymptotes are 

y = ±3x - 4. 



2 



6. Ax L + 25y 2 - \6x + 50y - 59 = 0 

4 [* 2 - 4* + (-2) 2 J + 25 [y 2 + 2y+ l] =59+16 + 25 

=> 4 (x - 2) 2 + 25 (y + l) 2 = 100 => 
(x-2) 2 (y + 1) 2 

— — 1 = 1, so a = 5, 0 = 2, and 

c = vV - /? 2 = V5 2 - 2 2 = V2T. The center of the 
ellipse is (2, —1), the vertices are (—3, —1) and (7, —1), 



-V), 




and the foci are (2± V2T,-l). 



1 — >■ 




8 x 



-4- 



7. If the focus of a parabola is (—2, 0) and its directrix is x = 2, then its equation can be written (y — k) 2 — 4p (x — h). 
Because its vertex is (0, 0) and p — —2, an equation is y 2 = — Sx. 

8. If the parabola's vertex is (—2, 2) and its directrix is y = 4, then its equation can be written (x — h) 2 = 4p (y — k). 
Because h — —2, k = 2, and p — —2, an equation is (x + 2) 2 = — 8 (y — 2). 



9. An equation of the ellipse with vertices (±7, 0) and foci (±2, 0) has the form 



(x-h) 



+ 



a 



(.2 - 



= 1 . Its center is 



(0, 0), a = 7, and c = 2 => Z? z = a 2 — c 2 — 7 Z — 2 Z = 45. Thus, an equation is — + 



2 o2 



2 2 

x y 



49 45 



= 1. 



(x - h) 2 (y - k) 2 

10. An equation of the ellipse with foci (±2, 3) and major axis of length 8 has the form ^ 1 = — = 1 with 

a 1 b z 

2a = 8 => a = 4. Its center is (0, 3), and because c = 2, we have & 2 = a 2 — c 2 = 4 2 — 2 2 = 12. Thus, an equation is 

* 2 + o^ = 1 . 



1 a 



19 
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(y - k) 2 (x - h) 



2 
2 



b 2 



11. An equation of the hyperbola with foci ^0, ±| and vertices (0, ±3) has the form 

is (0, 0), and so h = k = 0. Since a = 3 and c = |V5, we have b 2 = c 2 — a 2 = ^| — 3 2 = |, 



= 1 . Its center 



= t, so = 4. An 



2 2 
V X 

equation is thus — ^- — 1 or y 2 — Ax 2 — 9. 

4 



12. An equation of the hyperbola with vertices (±2,0) and asymptotes y = ± |x has the form 



- /z) 2 (y - *) 



<2 



b 2 



= 1. Here 



3 b b x 2 y 2 

h — k = 0 and a = 2, so - = - = - => Z? = 3. Therefore, a required equation is — — = 1. 

2 a 2 4 9 



13. Let m be a real number and let (xq, yo) be a point on the parabola x 2 = 4/?y. Differentiating, we find 2x = 4/ry' 

* -^O -*0 

=> y = — , so the slope of the tangent line to the parabola at (xo, yo) is tt~ • This is equal to m, so — = m. 

2p 2p 2p 

An equation of the tangent line is thus y — yo — m(x — xq) => y = yo + mx — mxQ. But Xq = 4/ryo, so 



x 



0 



2_2 



Ap L m 

y — — + — mxQ = 

4p 4p 



+ mx — m (2pm) — pm 2 + mx — 2pm 2 => y = — pm 2 . 



2 2 

x z y L 



14. Let m be a real number and let (xq, yo) be a point on the ellipse H — T = 1. Differentiating, we find + 



2x 2yy' 



a- b 2 



a 



b 2 



= 0 



b X b Xq b Xq 
y = =— , so the slope of the tangent line to the ellipse at (xq, yo) is = — = m => yo = ~ — 

a z y ' a yo am 



x 



y 

Thus, an equation of the tangent line is y — yo = m(x — xq) => y = yo + mx — mxQ. But -4r + -4r = 1 



b 2 



.2 



0 



= i-i = i-.- 



a 



b 2 



( b 2 x 0 \ 1 
\ a 2 m I b- 



h 2 x 2 

- 1 _ 0 r 2 

~~ 13 0 



Z? 2 arm 

b 2 



(- + — 

\a 2 a^m 2 



= 1 => XQ = ± 



am 



a 2 m 2 + & 2 



. Finally, 



£ 2 Z? 2 a 2 m 2 , a 2 m 2 + b 2 , r^— r 

yo = =F y => y = T / + mx =p y ^ ^ — - — mx ± — - => y = mx ± \J a L m L + # z 



y/a 2 m 2 + Z? 2 



V 1 a 2 m 2 + Z? 2 



y/a 2 m 2 + Z? 2 



y/a 2 m 2 + Z? 2 



15. a. x = 1 + 2f =^> r = j (* — 1), so 

y = 3 - 2r= 3 - 2 (x - 1) = 4 - jc y = 4 - x. 
b. As ? increases, x increases and y decreases, as shown in the diagram. 




16. a. x = e t , y = e 2t — (e*) 2 — x 2 => y = 



1 



x 



b. As ^ increases, x increases and y decreases, as shown in the diagram. 
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17. a. 



x — 1 + 2 sin t 
y = 3 + 2 cos? 



sin? = j (x — 1) 
cos ? = \(y — 3) 



Thus, by the identity 



• 2 #J _ 2 t i (*~1) 2 , (>'~3) 2 , 
sin t + cos ? = 1, 1 = 1 =^> 



(jc - l) z + (y - 3) 2 = 4. 

b. If t = 0, then x = 1 and y = 5. A small increase in t results in a small 
increase in x, but a decrease in y. This gives the direction of the path. 




18. a. 



x = cos 3 ? 



cos r = x 



= r l/3 



sin? = 



-(*>) 



1/3 Thus, the identity 



y = 4 sin ? 

cos 2 ? + sin 2 ? = 1 gives the rectangular equation 



x 



2/3 



/I \ 2/3 i 



b. 



If t — 0, then x = 1 and y = 0. As t increases, x decreases and y 
increases (for 0 < t < y ). This gives the direction shown. Similar 

analyses show that the orientation is counterclockwise in all 
quadrants. 




x = t 3 + 1 
y = It 2 - 1 



J ^ At 4 d 

Thus, — — — — an d the required slope is — 

4jL 3t 2 3t M F dx 

at 



t=\ 



4 
3 



X = y/t + 1 

y = V16 - ? 



dy 
dx 



1 



dy 



1 



2v^TT 



2^16^7 



f=0 



VT6 



l 

4 



Thus, 



dy 
dx 



Jy 
777 

It 



VFTT 

V16-? 



and the required slope is 



21. 



x —te 1 
1 

y = 



dy 
dx 



r=0 



? 2 + 1 

Jy 
_ 77F 

dx 
dt 



dx 

dt 

dy 

dt 



e -t _ te -t = Q_ t } e -t 
It 



{t 2 + 1) 



2? 



1 



t=0 



(?2 + i) 2 (l-t)e-t 



= 0. 



r=0 



Thus, the required slope is 



22. 



x = 1 — sin 2 ? 



y — COS 3 ? 



dy 
dx 



t=7T/4 



dy 
Ht 

dx 

w 



dx 



V£r — — 2 sin t cos t 
^ = 3 cos 2 ? (— sin t) — —3 cos 2 1 sin ? 



/=7r/4 



3 cos 2 1 sin ? 
2 sin t cos ? 



3V2 



t=lz/4 



2^2 



Thus, the required slope is 
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23. « 



x 

y 



= * 3 + i 

= t 4 + 2; 2 



24. 



d 2 y 
^2 



d /dy\ £. 



dty__dt_ 
dx 2 ~ 



\dx) 



dx _ <y t 2 

^ = 4/3+4/ 



4 (f 2 + l) 



dy 
777 

dx 
77T 



4/ (r 2 + l) 4 (f 2 + l) 



3t 2 



3f 



<7r 




9r 2 



4 (l - f" 2 ) 4 (; 2 - l) 



9t 2 



9r 4 



x = e sin r 
y — e l cos ? 



^ = (sin t + cos r) 
^ = (cos r — sin t) e* 



dy 
dx 



dy 

H 

dx 

It 



cos t — sin t 
cos t + sin r 



d 
It 



(i) 



i 



dx 
777 



(sin ? + cos r) e l 



(cos r + sin t) (— sin r — cos t) — (cos r — sin t) (— sin t + cos 

(cos t + sin r) 2 



(sinr + cos f) 3 



25. « 



x = ? 3 - At 
y = t 2 + 2 



dx 

dy 
777 



3; 2 -4 
2r 



If the tangent line is vertical, then £jL = Q and ^ ^ 0. Since 3r 2 - 4 = 0 <=^> 



f = ± 



and ^ ^ 0 for these values of t, the curve has vertical tangent lines at ^± , 



If the tangent line is horizontal, then ^ = 0 and ^ # 0. Now % = 0 => t = 0 and ^ 



777 



777 



777 



f=0 



= —4^0. Thus, the curve 



has a horizontal tangent line at (0, 2). 



26. 



= 2 sin r 



x = 1 — 2 cos ? 
v = 1 — 2 sin ? 

t = A7T (n an integer) and ^ 0 for these values of the curve has vertical tangent lines at (—1, 1) and (3, 1). 



W 1 If the tangent line is vertical, then — 0 and ^ ^ 0. Since 2 sin r = 0 

Z7 - ~ zcost 



If the tangent line is horizontal, then ^ = 0 and ^ # 0. Now -2 cos f = 0 => f = ( 2w + 1 > 7r ( n an integer) and ^ ^ 0 for 
these values of t. Thus, the curve has horizontal tangent lines at (1,-1) and (1, 3). 



27. 



x 

y 



= U 6 



2-Jl 4 



dx 
IF 

dy 

TIT 



= t 5 



Thus, 



1 



2 
3 



(< 4 + ■) 



3/2 



^8 



0 



13 

T 



28. « 



= V3/ 2 



y = t-t 



dx 
It 
dy 

It 



2^3t 
l-3t 2 



Thus, 



t-/.V(*) +(*) <*-/-n/( 275 ') +(i-3< 2 ) 2 *-/-n/(3' 2 +') 2 '"-/l l (3' 2 + i) 

= (,3 + ,)|' =4 



29. 



X = ^ f cos t 
y — e~ l sin? 



£fc = -e~ l (cos t + sin f) 
^ = e ~ f {cost - sin?) 



Thus, 



= la J(wf + (wf dt = Io /2 A~ e ~' ( cosf + sin ')] 2 + \ e ~' ( cos? - sin/)] 2 ^ = Jo" 72 ^ =2? dt 
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30. 



x = V3(f - l) 2 

y = (f - 1) _ (t ~ l) 3 



dx 
IT 

dy 

dt 



2V5(*-i) 

l-3(?-l) 2 



Thus, 



i - 



L = 



- Jo y (If) 



= / 0 2 y[2V3(^-l)] +[l-3(f-l) 2 ] 



= J 2 ^[3 (?-l) 2 + l] 2 J? = J 2 (3? 2 - 6? + 4) J? = 4 




31. 



dx 



= 2t 



It 

d y — 1 _ t 2 



Thus, 



y = ^(3-r 2 ) 

S = 2tt tfyds = 2tt j/ 3 \t (3 - ? 2 ) ^(2r) 2 + (l - t 2 f dt = \ j/ 3 ? (3 - ? 2 ) (? 2 + l) dt 



32. « 



x = In (sec ? + tan ?) — sin t 
y = cos t 



dx sec ? tan t + sec 2 J 



d? 
dt 



sec ? + tan t 



— cost = 



sin 2 1 
cost 



Thus, 



= — sin t 



b 



7T/3 



7T/3 



= 2tt/ yds = 2ir\ cost J {^j" + (^) 2 27r ' cos ' 



0 



0 



. 9 

sin^ ? 
cos? 



+ (- sin?) 2 d? 



""V 3 sin? Z 171 "/ 3 tt/3 

= 2-7T / cos? dt = 2n sin?d? = — 27rcos?L = 

0 cos? Jo 



7T 



33. The graph of r — 2 sin 6 is the circle with radius 1 and 
center (0, 1). 



(2, tt/2) 



34. r = 3-4cos0 




(3, tt/2) 




(7, 77) 



(3, 3 tt/2) 



35. r = 2 cos 50 



(2, 277-/5) 




36. r = e & . As 0 increases, r decreases. The curve spirals 
toward the pole. 
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37. r 2 = cos 20 



38. r = 2sin0cos 2 0 





39. r = f (0) = e 16 => f (0) = 2e w 



dy 

so the required slope is — 

dx 



dy _ / (0) cos 0 + /' (0) sin 0 _ g 20 cos 0 + 2e 20 sin 0 _2sin0 + cos0 

51 ~ -/(0) sin0 + /' (0) cos0 ~ - e 2 ° sin 0 + 2e 20 cos 0 ~ 2cos0-sin0' 
2 sin 0 + cos 0 



6 =7r /2 2 cos 0 — sin 0 



= -2. 



0=7r/2 



40. 



41. 



dy 

e=7T/2 

r — sin 0 



= 2 — sin 0 => /' (0) = — cos 0, so the required slope is 



dx 



f (0) cos 0 + f (0) sin 0 
-/(0) sin0 + /' (0) cos0 



(2 — sin 0) cos 0 — cos 0 sin 0 
q =7Z /2 ( snl 0 — 2) sin 0 — cos 2 0 



= 0. 



0=7T/2 



r = 1 — sin 0 



sin0 = 1 - sin 0 ^ sin 0 = £ => 0 = £ or ^. If 0 = £,thenr = \\ if 0 = ^,thenr = ± 



Thus, the points of intersection are and the pole. 



42. 



cos0 = cos 20 = 2cos 2 0 - 1 => 2cos 2 0- cos0- 1 = 0=> (2cos 0 + 1) (cos 0 - 1) = 0 ^> 



r — cos 0 
r — cos 20 

— ^ or cos 0 = 1 => 0 = 0, or 4^, and the points of intersection are (1, 0), (-j, ( — 2» 3^)' and tne 



COS0 = 

pole. 



43. A — - 



1 /*27T J /*27T 

r 2 d0 = - / (2 + cos0) 2 J0 
2 Jo 2 J0 

1 r2n 

2 Jo 



I r27r , v 

= - J [4 + 4 cos 0 + cos 2 0 j d0 



4 + 4cos0 + 



1 + cos 20 



dO 



= \ ^40 + 4 sin 0 + ±0 + ^ sin 20)1^ = 



9tt 




44. A = - 



1 /*27T 1 /*27T 

1 ' r 2 d6=- f « ■ ^- 2 



2 Jo 
27o 



2 Jo 



(l + sin0) z J0 



+2 sin 0 + sin 2 0) d0 



l + 2sin0 + 



1 -cos20\ 



- U ( 

= \ (0-2cos0+ ±0- J sin 20)1^ = 



2tt 



3tt 





(2, tt/2) 











(1,0) 
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45. The required area is 8 times the area of the shaded region R. By symmetry, 
R = f* /B 1 (2sin20) 2 dO + ]£f* \ (2cos20) 2 </0 



= 2sin20 



= 2 (2) Jo" 78 ( 2 sin 26 >) 2 ^ = 4 Jo 1 " 78 sin2 26 d0 
= 2 Jo 71 " 78 (1 - cos 40) dO =l(0-\ sin 40) 



(V2, 77/8) 



7T/8 

0 



= 2(f-l)=l(7r-2) 
so the required area is 8 • ^ (7r — 2) = 2 (7r — 2) . 




/• = 2 cos 20 



46. The required area is twice the area of the shaded region R. 

R = k W p£ - f ) + k ( 3 + 2sin *) 2 de 

= 4tt + 1 j37T/2 ^ + 12sin ^ + 4sin 2 ^ 

= ^ + ^/ 7 3 ^ / / 6 2 (9+ 12sin^ + 2-2cos20)^ 



-|3tt/2 
7tt/6 



19-7T 

~6~ 



= ^ + T| (110- 12cos0-sin20)] 
so the required area is ^ - 1^ = \ (38tt - 33^3) . 



llx/3 




/• = 3 + 2 sin 6 



(2, 777/6) 



47. r = 0 2 => ^ = 20, so 



Wo 



(l&) 2 «» = /o 27r yM 2 + ( 2 ^) 2 ^ = JpoVPTido = i • § (0 2 + 4) 



3/2 



2tt 



0 



8 
3 



( 



2 i^ 3/2 

7T 2 + 1 



1 



48. r = 2 (sin 0 + cos 0) 



dr 
dO 



= 2 (cos 0 — sin0), so 



L = 



J 0 27r yf^r{^f dO = J 0 2?r 7 [2 (sin 0 + cos 0)] 2 + [2 (cos 0 - sin 0)] 2 dO = V8 / Q 27r d0 = 4V2tt 



49. r = f (0) = 2 sin 0 =^> /' (0) = 2cos0, so 

S=2izjPf (0) sin 0^ [/ (0)] 2 + [/' (0)] 2 J0 

2tt Jq 71 " 2 sin 2 0^/(2 sin 0) 2 + (2 cos 0) 2 J0 



(2, 77/2) 



8tt /J 1 " sin 2 0 dG = 4tt (1 - 
4tt (0- 



cos 



20) dO 



i 

2 



sin 20) I ^ = 4tt 2 

/ lo 




50. r = / (0) = Vcos20 /' (0) = - 



sin 20 
Vcos 20 



, so 



C3 



S = 27rfPf (0) cos (0)] 2 + [/' (0)] 2 J0 



= 2tt 



7T/4 



Vcos 20 cos 0 (Vcos 20) 2 + ( - 



sin 20 \ 2 



J0 




0 V v 7 V Vcos 20 

2tt f* /4 cos OdO = 27r(sin0)| ( ?' /4 = V2tt 
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51. r = 



1 



. Here e = 1 and the curve is a parabola. 52. 



16 



5 

3 



1 + sin 0 
d — 1 , so the directrix is y = 1 . 



r — 





y=l 






^ 0 





3 — 5 cos 0 



(t) 

. Here e = | > 1 and the 



1 - | cos 0 



curve is a hyperbola, d — ^ , so the directrix is x = — ^ 



\ \ 

\ \ 

\ \ / 

\ N / 
I x ' 

1 1 


/ / 
/ / 
/ / 

/ 1 
/ 1 


3 


1 / \ 
I / N 

/ 7 N 
/ / \ 

/ '' 

/ / 

/ / 

/ / 
/ / 


^ \ 
\ \ 

\ \ 
\ \ 
\ \ 
\ \ 
\ \ 


0 



x — 



16 



53. 



1 



0 



-1 




-1 



0 



1 



54 




-1 



0 



1 



55. 



1 -- 



0 



-1 -- 




-1 



0 



1 56. 



1 



0.5 



0.0 



-0.5 




-0.5 



0.0 



0.5 



57. 



0.5 



0.0 




-0.5 



0.0 



0.5 



58. x — 



^ =fandy= l( 2f + l)3/2^^ = (2f + 1) l/2, so (^) +($) =f 2 + 2f + 1 = (f + 1) 
When t — 0, the ant is at ^0, ^j, and when t — 1, the ant is at y^, so the distance covered by the ant is 

t = Jo J( d 7§) 2 + (%f dt = /o 1 (t + l)dt= + 1) I' = \ ft 
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59. 



x 2 -\-2y 2 = 2 => y = ±^\/2 — x 2 , so the upper half of the ellipse has equation y = — x 2 . If y = 0, then x = ±>/2, 

! „ 1 he,ur ( ,ce» re ,is S ,2,/_^ y yr ( ^) I ^.B„,*,^ -"" 2 



( 2 " * 2 ) 



(-2x) = - 



1 + 



= 1 + 



2 



4- jc 



2(2-x 2 ) 2(2-x 2 ) 



, and therefore, 



L = 2tt / ^ ^,/?~? ^ 4 * 2 = 7t jy 2 J4^x2 dx = 2tz jf 2 Ja^x 2 dx 



-Jl 2 



V5V2 - x 2 

V2 



= 27r|^|v / 4-x 2 + 2sin- 1 |J = 2tt ^ • v / 2 + 2sin" 1 ^) = 2tt (l + f ) = tt (tt + 2) 



60. By the Law of Cosines, L 2 = r 2 + x 2 — 2rx cos 0 <^> 
x 2 - (2r cos 0) x + r 2 - L 2 = 0 <=> 

2r cos 0 ± ^4r 2 cos 2 



x = 



2 



= r cos 0 ± y L 2 — r 2 (l — cos 2 0) = r cos 0 ±\J L 2 — r 2 sin 2 0 
If 0 = 0, x = r + L, suggesting that suitable parametric equations are 
x — r cos 0 + V / L 2 — r 2 sin 2 0, y = 0. 





— ^ 






0 1 


• ► 

A" 


< -V > 



Challenge Problems 



1. a. x = ON -MN = OK cos0 ~ JK = x'cosO- / sin0 and 



«*, = P(x', y) 



y = MJ + JP = NK + JP = OKsinO+ KPcos6 = x'sin0 + 

y cos 0. 



j 




M N 



b. Using the result of part a, we require that 

Ax 2 + Bxy + Cy 2 + F 

= A [x' cos 0 — y' sin cos 0 — y' sin 0) (x' sin 0 + y' cos 0) + C [x' sin 0 + y' cos 0) 2 + F 

= (a cos 2 0 + 5 sin 0 cos 0 + C sin 2 0) (*') 2 + (cos 2 0 - sin 2 0^ + 2 (C — A) sin 0 cos 0] x'y' 



+ (a sin 2 0 - B sin 0 cos 0 + C cos 2 0J (/) 



= 0 



Let us choose 0 such that the cross term x'y' — 0. To do this, we set B ^cos 2 0 — sin 2 0^ + 2 (C — A) sin 0 cos 0 = 0 

A-C 



<=> 5 cos 20 + (C - A) sin 20 = 0 <=> cot 20 = 



5 



. Finally, writing A' — A cos 2 0 + 5 sin 0 cos 0 + C sin 2 0 and 



C' = A sin 2 0 — B sin 0 cos 0 + C cos 2 0, we can write the given equation in the form A' (x') + C' (y') + F — 0. 
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c. 2x 2 + *j3xy + y 2 - 20 = 0. Here A = 2, B = >/3, C = 1, and 



F = -20, so cot 20 = 



2- 1 V3 



20 = cot 



7T 

6" 



Thus, A' = 2 cos 2 £ + V3 sin £ cos £ + sin 2 £ = § and 

C' = 2 sin 2 ^ — V3 sin ^ cos ^ + cos 2 ^ = j, so in the *y -plane, 



an 



equation is § (;t') z + \ {y'f - 20 = 0 4=> + 



8 



40 



= 1 <=> 



(*') 



+ 



= 1. 



(2V2) (2VT0) 




2. 



a. Ax 2 + Z?xy + Cy 2 + F = 0. Referring to Exercise lb, we see that the cross term 
can be eliminated by rotating the xy-axis counterclockwise by 0, where 
A — C 

cot 26 = . From the diagram, we see that using the result of Exercise lb, 



sjA 2 + B 2 + C 2 -2AC 



B 




B 



we can write 



A-C 



1 r. ~ r. 9 r. / 1 + cos 26 \ ( sin 26 \ /l-cos20\ 
A' = Acos 2 0 + £cos0sin0 + Csin 2 0 = A I — — \ + B l — \ + cl J ^> 

B 



2 A! = A I 1 + 



A-C 



+ B 



= A + C + 



VA 2 + B 2 + C 2 - 2AC / W A 2 + £ 2 + C 2 - 2AC 
A 2 - 2AC + £ 2 + C 2 
VA 2 + 5 2 + C 2 - 2AC 



+ C 1- 



A-C 



VA 2 + £ 2 + C 2 - 2AC 



= A + C + VA 2 + B 2 + C 2 - 2AC 



Similarly, we find 2C' = 2 (a sin 2 0 - 5 sin 6 cos 0 + C cos 2 0^ = A + C — ^A 2 + B 2 + C 2 - 2AC, 



so in 



the *'/ -plane, the equation becomes A' (x'Y + C (y f ) 2 + F = 0 <^> A! {x') L + C {y') L = — F <=> 



2 



(*') 



+ 



(/) 



= i. 



The area of the ellipse is 



IVA'C' = 7T 



-F 



-.1/2 



± (a + C + VA 2 + £ 2 + C 2 - 2Ac) ± (a + C - VA 2 + B 2 + C 2 - 2Ac) 



-F 



nV2 



= 7T 



(-F) 



1 



(A + C) 2 - (7a 2 + £ 2 + C 2 - 2Ac) 



1/2 



— 7T 



4(~F) 2 

A 2 + 2AC + C 2 - (A 2 + B 2 + C 2 - 2 AC) 



1/2 



= 7T 



4(~F) 2 
4AC - B 2 



-|i/ 2 



2ttF 



74 AC - B 2 



b. For the ellipse 2x 2 + + y 

-2ttF -2tt (-20) 



V4AC - B 2 V4 (2) (1) - 3 V5 



= 20, we have A = 2, 5 = V3, C = 1, and F = —20, so the area of the ellipse is 

407T o _ 
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[* cos u f sin u dx cos t dy sin t 

3. x = / a u and y — I du. — - — and — - = . At the point where 

J I u Ji u dt t dt t 

the tangent is vertical, ifc — 0 and ^ / 0. We see that this is the case when t — y. 

f ^ cos u f ^ sin w 

Also, the origin corresponds to t = 1, since / du = 0 = / dw. Therefore, 

Jl w Ji u 



4. 



0=77/4 




r = tf\/cos20 



P2 = rsin(f -0) = aV^20sin("J -0). Also, r' = 



— a sin 20 
Vcos 20 



, and so 



-) ~) cr sin 2 20 0 </- 

+ a z cos20 = — , so 



cos 20 



2 

cos20 



7T/4 

S = 2tt I rsin(f - 0) 

-7T/4 



cos 20 
7r\i7r/4 _ 0 2 



a 2 /^/4 

dO = lira / Vcos 20 sin ( 
J-n/4 



7T 

T 



a J0 



V cos 20 



= lira 1 [cos (0 - f )]_^ /4 = 2™ 2 (1-0) = 2™ 



5. + v 3 = 3«xy 

a. x — r cos 0 and y = r sin 0, so we have (r cos 0) 3 + (r sin 0) 3 = 3a (r cos 0) (r sin 0) <=> 

3a cos 0 sin 0 

o / ~ . o \ „ 9 ^ . _ 3a cos 0 sin 0 cos 3 a 3a sec 0 tan 0 
r 3 (cos 3 0 + sin 3 0) = 3ar 2 cos 0 sin 0 <^> r = — ^— = cos p = . 

V / cos 3 0 + sin 3 0 cos 3 0 + sin 3 0 1 + tan 3 0 

cos 3 0 

7r/2 r 2 j r n/2 /3^sec0tan0\ 2 _ 9a 2 Z^/ 2 sec 2 0 tan 2 0 



r ' r ^ 1 /' 7r/z /3asec0tan0V ^ 9a z / ,7r / z sec z 0tan z 0 f/1 T i ~ 

). A — I —d0 = - ( ^ ) dO = / - J0. Let w = 1 + tan 3 0. 

70 2 2,/o V l+tan 3 0 / 2 J 0 (l+tan 3 0) 2 

sec 2 0 tan 2 0 
(1 + tan 3 0) 



o o sec 2 0 tan 2 0 I f du 1 
Then = 3 tan 2 0 sec 2 0 J0, so / T d0 = - / — = + C. Therefore, 

^ fl+tan 3 0) 2 37 M 2 3a 
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r — 3 cos 3 0. By symmetry, y = 0. Next, 

A = \ S% r 2d( >=7 f-l% (3 cos 3 ef dO = \ J% 2 /2 cos* 0 dO 

*' 2 +^ 2 /2 cos4^0 

7T/2 



9 
2 



— ^ cos 5 0 sin 0 



-7T/2 

15 r ?r/2 4 /i j/i 15 



(using the Table of Integrals) 



^ cos 3 0 sin 0 



-7T/2 



+ I f*l /2 cos 2 0 dO 

^ 2 457T 



= £ I-Sl cos 2 



= i 1-1% (1 + «» 20) rf0 = 45 (e + • sin 20) | _ w/2 = «J 



7T/2 



Now Mj = J_^/2 x y dx, but x = r cos 0 = 3 cos 4 0 and y = r sin 0 — 3 cos 3 0 sin 0, so 
M-y = f*l 2 /2 (3 cos 4 0) (3 cos 3 0 sin 0) (l2 cos 3 6>) (- sin 0) dO = 216 /J 1 " 72 cos 10 0 sin 2 0 </0 

= 216 f* /2 (cos 10 0} (\ - cos 2 0) dO = 216 f* /2 (cos 10 0 - cos 12 0) dO = ^ (using a CAS) 
M v 567tt 32 



and x — 



63 



= — . Thus, the centroid 
256 45tt 40 



ldis U' 0 )- 



a. Let us find a polar equation describing the path taken by the ant that starts 
out at the northeast corner. Let P (r, 0) denote the position of that ant and 
let Q denote the position of the ant toward which it is crawling. Since the 

ants are the same distance from the pole, Q — (r, 0 + y) . In terms of 

rectangular coordinates, P — (r cos 0, r sin 0) and 

Q — (r cos (0 + y) , r sin (0 + y)) = (— r sin 0, r cos 0). So the slope 

of the line passing through P and Q is 

r cos 0 — r sin 0 sin 0 — cos 0 




—r sin 0 — r cos 0 



curve at P, which is given by — 



sin 0 + cos 0 

r' sin 0 + r cos 0 



. But this slope must be equal to the tangent line to the 



. Thus, - 



r' sin 0 + r cos 0 sin 0 — cos 0 



<=> 



r' cos 0 — r sin 0 r' cos 0 — r sin 0 sin 0 + cos 0 

r' sin 2 0 + / sin 0 cos 0 + r cos 0 sin 0 + r cos 2 0 — r' cos 0 sin 0 — r' cos 2 0 — r sin 2 0 + r cos 0 sin 0 <=> 

r' (cos 2 0 + sin 2 0^ + r (cos 2 0 + sin 2 0^ = 0 <=> r' + r — 0. The equation ^ = — r is separable, and we find 

r = - I dO => lnr = -0 + Ci => r = Ce~° , where C = ±e C[ . To find C, we note that r ) = ^-a (remember 

that the ant starts at the northeast corner), giving r (^) = Ce -71 "/ 4 = => C = -^ae 71 "/ 4 . Therefore, the required 
equation is r = ^ae^^e' 0 = ^ae^^- 0 . 



b . r > = _ ^(t/4) - 0, so r 2 + ( r /)2 = l ^(tt/2) - 20 + 1 ^2^(7r/2) - 20 = a 2 e (ir/2) - 20 Therefore9 the distance 
traveled by the ant is 



L = /~ 4 V*- 2 + ('"O 2 de = In/4 ae(7r/4) ~°d0 = ae^ 4 hrn^ /* /4 = ae^ 4 hm^ (-e~ d ) 

= ae^l 4 lim {-e~ b + e"^/ 4 ) = ae^^e-"' 4 = a 



7T/4 



n Vectors and the Geometry of 
Space ET D 



111 Concept Questions 



ET10.1 



a. See page 902 (898 in ET). Force and velocity are vectors 

b. See page 902 (898 in ET). 

c. See page 903 (899 in ET). 

d. See page 903 (899 in ET). 

a. See pages 903 and 904 (899 and 900 in ET). 

b. See page 904 (900 in ET). 

c. See page 905 (901 in ET). 
See page 905 (901 in ET). 



a. See page 906 (902 in ET). 

b. See page 906 (902 in ET). 

c. See page 907 (903 in ET). 

d. |a| — 3 and 0 — so a\ — 



a| cos 2j- = 3 



(_l) = _3 and 

a 2 = |a| sin ?f = 3 (^) = h^-. Thus, a = (-§, 




111 Vectors in the Plane ET10.1 

a. The amount of water in a swimming pool is a scalar. It has no direction. 

b. It is a vector because it has both magnitude and direction. 

c. It is a scalar because it has magnitude but no direction. 

d. It is a vector because it has both magnitude and direction. 

a. Scalar b. Vector c. Scalar d. Vector e. Scalar f. Scalar 

a. No. A vector and a scalar cannot be added. 

b. Yes. Since |a| is a scalar, |a| b is obtained by taking the scalar product of the vector b and the scalar |a|. 

c. No. 2a + b is a vector and 0 is a scalar, and the two cannot be added. 

d. No. Division of one vector by another is not defined. 

1 . a 1 

e. Yes. — is a scalar, so — is obtained by taking the scalar product of the vector a and the scalar — . 

|b| |b| |b| 

Wb-|b|a (IV (M 



SI'" 



al 2 V lal 7 Vial 2 




a = (6 - 1, 4 - 2) = (5, 2) = b 5. a = (-2 - 3, 4 - 1) = (-5, 3} = b 

a = (4 - 4, 1 - 4} = (0, -3) = b 7. a = (2 - (-2) , -3 - 1} = (4, -4} = b 
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8. AB — (4 — 0, 2 — (-2)) = (4, 4) 




9. AB = (-3-2,3-3) = (-5, 0) 



6 






6 




4 


\ = ABy 


(4, 4) 


*(-3,3^ 4 


A(2, 3) 


z • 

1 1 1 1 1 1 — ( 


/ / 


— i i i — 


z • 

v = A6 
1 — «< i i — i — i— i 


» 1 1 1 I— 


-6 -4 -2 


A(K) 9 I) 


4 6 x 


-6 -4 -2 

-2 


2 4 


-4 






-4- 




-6 






-6- 






10. AB = (5 — 2, -2 - 1) = (3, -3} 




11. AB = (0 — (-3) , 0 - 4) = (3, -4} 



y t 

6 
4 

2 ■ 



A(2, 1) 




-6 



(3,-3) 



A(-3,4) 




12. a + 2b 




13. 2a -3b 



2a -3b 



14. ±a + b 




a + b 



15. (a + 2b) + c 



a 




(a + 2b) + c 



a + 2b 



16. v = a — b 



17. b + a = -v or v = - (a + b) 



18. v = (a + 2b) - c = a + 2b - c 



l 



19. ^v + a = borv = 3(b-a) 
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20. AB = (3-1,4-3) = (2, 1) 




21. AB = (1 - 3, 3 - 4) = (-2, -1) 



y i 

6 
4 
2 




-6 -4 -2 



-2 
-4 
-6 



AB 




B 



y i 

6 

4]- A£ 

2 ,a 



v = A£ 



-2 

■J 1— 



2 4 6 



x 



-6 




-4 
v = AB -2 

-4 

-6 




A 



-J 1 1- 



2 4 6 



x 



22. A%=[2- (-1),! -(-3) 




23. AB = (-0.2 - 0.1, 0.4 - 0.5) = (-0.3, -0.1) 



3 




2 


v=a3 >^ 


1 

1 1 1 1 1 1 1 


C— 1 1 S] 1 1 1 3 


-3 -2 -1 


. yc 2 3 


-1 

aS 

-2 


' AB 


-3 





X 



0.6 


■^A 




AB 


0.2 

1 1 1 1 1 l> 


1 1 1 1 1 1 1 >• 


-0.6 . 

\ = AB -0.2 
A 

-0.4 


0.2 0.4 0.6 x 


-0.6 




— 1 = 3, so b\ - 


= 1 and £ 2 — 4. Thus, the 



24. Let £ (/?!, 6 2 ). Then AJ? = {b\ + 1, & 2 - 1} = (2, 3> => b x + 1 = 2 and Z; 
point is £ (1,4). 

25. Let A (a\,ci2). Then AJ? = (0 — «i, 2 — a 2 ) — (—a\, 2 — <z 2 ) = (—1, 4) => — a\ — —1 and 2 — a 2 = 4, so a\ — 1 and 
a 2 = —2. Thus, the point is A (1, —2). 

26. 2a = 2(1,3) = (2,6>,a + b = (1,3) + (-2,1) = (-1,4), a -b = (1,3) -(-2,1) = (3,2), 
2a + b = 2 (1, 3} + (-2, 1) = (0, 7), and |2a + b| = |(0, 7>| = 7. 

27. 2a = 2 (-1,2) = (-2,4), a + b = (-1,2) + (3,1) = (2,3), a-b = (-1,2) - (3, 1) = (-4,1), 

2a + b = 2(-l,2) + (3, 1) = (1, 5), and |2a + b| = |(1, 5>| = Vl 2 + 5 2 = V26. 

28. 2a = 2(2i - j) = 4i - 2j, a + b = (2i - j) + (3i + j) = 5i, a - b = (2i - j) - (3i + j) = -i - 2j, 

2a + b = 2(2i-j) + (3i+j) = 7i-j,and|2a + b| = |7i - j| = y/l 2 + l 2 = 5 VI 

29. 2a = 2 (3i - 2j) = 6i - 4j, a + b = (3i - 2j) + 2i = 5i - 2j, a - b = (3i — 2j) — 2i = i — 2j, 

2a + b = 2 (3i - 2j) + 2i = 8i - 4j, and |2a + b| = |8i - 4j| = ^8 2 + 4 2 = 4^5. 

30. 2a = 2(1,2.4) = (2,4.8), a + b = (1,2.4) + (-1,0.4) = (0,2.8), a-b = (1,2.4) - (-1,0.4) = (2,2), 

2a + b = 2 (1, 2.4) + (-1, 0.4) = (1, 5.2), and |2a + b| = |(1, 5.2>| = Vl 2 + 5.2 2 = ^28^4 % 5.3. 

31. 2a = 2 ( 1 i + |j) = i + 3j, a + b = ( ^ i + |j) + (|i - | j) = |i + |j, a - b = ( ^ i + |j) - (|i - ^ j) = - + |j, 

2a + b = 2 ( \ i + fj) + (§i - J j) = Ji + J, and |2a + b| = | Ji + Jfj | = ] (ff + = . 

32. a - b = (ai,a 2 ) - (b\,b 2 ) = (a\ - b\, a 2 - Z? 2 ), 

c(a + 2b) = c[{a\,a2) +2(£i,Z? 2 >] = c (a\ + 2b \ , a 2 + 2Z? 2 ) = (c («i + 2b\) , c (a 2 + 2Z? 2 )) 

33. 2a - 3b = 2 (2i) - 3 (-6j) = 4i + 18j, I a + ib = i (2i) + ± (-6j) = i - 2j 

34. 2a-3b = 2(2i-4j)-3(2i-j) = -2i-5j, ia + lb = A (2i - 4j) + i (2i - j) = fi - Zj 
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35. au + by = w => a (-1, 3} + b (2, 4) = (6, 4) ^ {-a + 2b, 3a + 4b) = (6, 4) <=> 



b = 2.2. 



-a + 2b = 6 
3a + 4b = 4 



2a - 3b = 4 

36. an - by = 2w => a (2, 1) - (3, -1} = 2 (2, 4) o (2a - 3/?, a + b) = (4, 8) <^> > 

a + 6 = 8 

37. b = 9i — 6j = 3 (3i — 2j) = 3a and so b is parallel to a. 

38. b = — |i + j = — ^ (3i — 2j) = — ^a and so b is parallel to a. 

39. If b is parallel to a, then there exists a constant c such that b = ca; that is, i — j = c (3i — 2j) = 3d - 



c = 



1 



which is impossible. So no such c exists, and b is not parallel to a. 



40. If b is parallel to a, then there exists a constant c such that b = ca; that is, 6i — 5j = c (3i — 2j) = 



c = 2 



which is impossible. So no such c exists, and b is not parallel to a. 



3c = 6 
-2c = -5 

41. b = (-1, 2) + 4 (1, -1) = (3, -2) = a and so b is parallel to a. 

42. b = 6 (-1, 2) + 4 (3, -4) = (6, -4} = 2 (3, -2) = 2a and so b is parallel to a. 

43. Since a and b are parallel, there exists a constant k such that b = &a; that is, k (ci — 2j) = — 4i + 3j 



kc = -4 
-2k = 3 



^ k — — ^ and c = | 



44. If = ^2 — 0, then the result follows immediately, so suppose a2 ^ 0 
and Z?2 # 0- Observe that the lines L \ and containing a and b 

ay bo 

respectively have slopes m\ — — and = — and are parallel if and 

a\ ~ b\ 



®2 £>2 

only if mi —rri2\ that is, if and only if — = — 

a\ b\ 



a\b2 — ci2b\ — 0. The 



result follows from this observation. 



a 

45. a. The required vector is u = — ■ = 

a 



b. The required vector is v = — u = ( — 

a 

46. a. The required vector is u = — - = 



< 2 >!) _/2V5 vS 

V2^ v^' 5 /' 

2V5 V5 



5 ' 5 

-3i + 4j 



a 



(-3) 2 + 4 2 



3« 4« 



b. The required vector is v = — u = |i — |j 



a 



-V3,l 



47. a. The required vector is u = — = 



a 



(-V3) 2 + l 



VI l 

T"» 2 



/V3 _1 
\^~' 2 

(0,3) 

b. The required vector isv = — u = (0, — 1). 



b. The required vector is v = — u = 

a 

48. a. The required vector is u = — - = 



= (0, 1) 
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49. A unit vector in the direction of b is u = ^ = ^ j, and so a = 5u = 

50. A unit vector in the direction of b is u = — |— |, and so a = 2u = j— |, |j. 

b 3i 

51. A unit vector in the direction of b is u = — - = — = i, and so a = \/3u = V3i. 

|b| 3 

52. A unit vector in the direction of b is u = = (^-, — ^j, and so a = 4u = ^2->/3, — 2^. 

53. 2a — 3b = 2 (—3, 4> — 3 (1, 2) = (—9, 2) and a unit vector in the direction of this vector is 

2a -3b (-9,2) 



u — 



|2«-3b| A / ( I 9) 2 + 2 2 



= (-^p , ^p). Thus, the required vector is 3u = (-^p, ^p 



54. a — 3b = (1, —2) — 3 (—1, 3) = (4,-11), and so a unit vector in the direction opposite this vector is 

(4,-11) 



u = — 



4 2 + (-11) 2 



= (_4vp ? !U/B7| Thus? the required vector is 4u = j_ WB7 5 



55. |F| = y/3 2 + l 2 = VTO. A unit vector in the same direction as F is u = ^ = = |^0, ^j, so 

F = |F| u = VTo/^p, ^(^)- The horizontal and vertical components of F are F\ = 3 and F2 = 1, respectively. 



F (-3,4) / 3 4 



56. |F| = y (— 3) 2 + 4 2 = 5. A unit vector in the same direction as F is u = — = — j — = |— |, |J, so 



3 4 



F = |F| u = 5(— 5 ) = (—3, 4). The horizontal and vertical components of F are F\ — —3 and F2 = 4, respectively. 



57. |F| = yj (V3J + 6 2 = V39. A unit vector in the same direction as F is u = — = ^ ( V5i + 6j) = + ^f^j, 
F = |F| u = V39 (^j^-i + nfj^j)- The horizontal and vertical components of F are F\ — V3 and F2 = 6, respectively. 

58. |F| = ^0 + (— 5) 2 = 5. A unit vector in the same direction as F is u = = — — — = (0, —1), so 

I J; I J 

F = |F| u = 5 (0, — 1) = (0, —5). The horizontal and vertical components of F are F\ = 0 and F2 = —5, respectively. 

59. a= |a|cos0i + |a|sin0j = 2 (cosO) i + 2 (sinO) j = 2i 

60. a = |a| cos 6 i + |a| sin 6 j = 5 cos y i + 5 sin y j = |i + 

61. a = |a| cos 6 i + |a| sin 0 j = 3 cos i + 3 sin j = |i - 

62. a = |a| cos 0 i + |a| sin 0 j = 1 cos y i + 1 sin y j = j 

63. a. vi + V2 = (fli, ^1) + (ci2, b2) — (a\ + ^2, &i + ^2)- The company produced a\ + <?2 model A systems and b\ + Z?2 

model Z? systems last year. 

b. The required vector is v = 1.1 (aj + a2,b\ + Z?2) — (1-1 ( a l + ^2) > 1-1 (^1 + ^2))- 

64. Fj = (|F|cos30°)i = 10 (^p) i = 5^3i lb and F 2 = (|F| sin 30°) j = l()(±)j = 5jlb. 

65. The horizontal component of v is vi = (|v| cos 45°) i = 800 (^) i = ft/s and its vertical component is 
v 2 = (|v| sin 45°) j = 800 j = 400V2j ft/s. 

66. a. Fj = (3000 cos 0) i + (3000 sin 0)j andF 2 = (2400 cos 30°) i - (2400 sin 30°) j = 1200V3i - 1200j. 
b. F = ¥ 1 + F 2 = (3000 cos 0 + 1200V3) i + (3000 sin 0 - 1200) j 
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c. If F acts along the positive axis, then 3000 sin 6 — 1200 = 0 <=> 



0 = sin -l 1200 =sin -l 2 



3000" - 3111 5 ~ 23 - 8 °' so 



F = [3000 cos (sin -1 §) + 1200V3] i + [3000 (I) - 1200] j 

= [3000 (^f±) + 1200V3] i 
Thus, |F| = 600V5T+ 1200V3 « 4828 lb. 




67. F = Fi + F 2 + F 3 = (30 cos 45° i + 30 sin 45° j) + (- 15 cos 30° i + 15 sin 30° j) - (|F 3 1 cos 0 i+ |F 3 1 sin 6 j) 



= [ 30 ) " 15 (t) " l F 3 1 C0S °] [ + [ 30 ) + 15 (2) " l F 3 1 Sin °] J 

15V2- - |F 3 | cos 0 = 0 
If the object is in equilibrium, then F = 0, so , 

15V2+ -y - |F 3 | sin 0 = 0 



|F 3 |cos0 = 
|F 3 |sin0 = 



3072-15 VI 



30yg+15 
2 



30V2+15 n 30V2+15 1 

Therefore, tan0 = 7Z - P = : => 0 ^ 74°. Also, |F 3 | » ^ 30 lb. 



30V2- 15V3 



sin 74 



68. The resultant force acting on the model airplane is 

F = Tl +T 2 -2j 

= [(- |Ti I cos 60°) i + (|Ti I sin 60°) j] 

+ [(|T 2 | cos 30°) i + (|T 2 | sin 30°) j] - 2 j = 0 
because the model airplane is in equilibrium. This implies that 

-|Ti|cos60° + |T 2 |cos30° = -|Til (2) + |T 2 | = 0 and 



y * 


i 


T, 








60°A 


^30° 


0 


\ > 




w x 



|T 1 |sin60° + |T 2 |sin30° = |Ti| (^f) + |T 2 | = 2. Solving the system of equations, we find IT^ = V3 and 
|T 2 | = 1, so Ti = (-^i + §j) lb and T 2 = (^i + ij) lb. 



69. 



Let v = a} be the required velocity of the boat and let w = 5i be the 

velocity of the river. Referring to the figure, we see that 

(- 10 cos 0) i + (10 sin 0) j + 5i = a}. This implies that - 10 cos 0 + 5 = 0 

and a = lOsin0. We find cos0 = ^ => 0 = 60°, so 

a = 10 (^p) = 5V3. Thus, it takes = & hr or about 3.5 minutes to 
cross the river. 




v = a] 



w = 5i 



70. Let v be the velocity vector giving the true course of the airplane. From the 
figure, we see that 

v = a + w = (300 sin 30°, 300 cos 30° > + (-60, 0) = ^90, 150^3 j, so 

|v| = ^90 2 + ( 150^3) 2 % 275 mi/h, the true speed. 

0 = tan -1 % 70.9°, so the true course is N 19.1° E. 
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71. 



Let |v| denote the airspeed of the airplane. Then v = |v| (cos 6, sin 6) 
From the figure, we see that 

(|v|cos0, |v|sin0) + (-40,0) = (240 sin 60°, 240 cos 60°), so 



v| cos 6 - 40 = 120^3 and Ivl sin 6 = 1 20 ^ tan 6 = 



120 



72. 



12073+40 

6 « 25.8°, and |v| « 275.4. Thus, the airspeed is approximately 
275.4 mi/h and the heading is E 25.8° N. 

Consider the triangle ABC as shown in the figure. Let D and E be the 
midpoints of A B and AC, respectively. Then = Xk — aA But 
~A% = and Xt) = ±AJ?, so 

Z>^ = ^Xt - ^A% = I (Xt - X&J = \~b£, so D~k is parallel to ~b£ 
and half its length. This proves the result. 

73. Let E be the point of intersection of the diagonals AC and BD. Now 
Xt = X% + b£ = X% + Xf) and D^ = A^ - so 



(-40,0) 0 






A£ = aAC = tf 



A^ + AZ)) f 



for some constant a and 



= = b (~Al3 - Xt^j for some constant b. But then 
= A% - D% = a (Xl3 + - b (X% - Xt^j = (a - b)X% + (a + b) Xt). Therefore, 
a — b — j, and the desired result follows. 




a-b = 0 
a + b=l 



D 



C 



74. In the quadrilateral ABCD, AB is parallel to DC and both sides have the 

same length. Since A? = Z^ + Z^ and A(? = Z5 + D^, we have 

X% + l$i — Xt) + T)i. But X% = E)£ by assumption, so = 
that is, side BC is parallel to side AD and both sides have the same length. 

75. (a + b) + c = ({a u a 2 } + {b[,b 2 )) + {c\,c 2 ) = {a\ +b u a 2 + b 2 } + (c\,c 2 ) = {(a { + b { ) + c u (a 2 +b 2 ) + c 2 ) 




= (a\ + b\ + c\,a 2 + b 2 + c 2 ) 



and 



a + (b + c) = (ai,a 2 ) + ({b u b 2 } + (c 1 ,c 2 » = (01,02) + ( b \ +c\ 9 b 2 + c 2 ) = (a\ + (Z?i + ci) ,a 2 + (£ 2 + c 2 )> 

= (a\ +b\ +ci,a 2 + b 2 + c 2 ) 
so (a + b) + c = a + (b + c). 

76. a + 0 = (a\ , « 2 ) + (0, 0) = (a\ + 0, a 2 + 0) = (ai , a 2 ) = a 

77. a + (-a) = {a\ , a 2 > + (— (a\ 9 a 2 )) = (a\ , a 2 > - (a\ , a 2 > = (a\ - a\ , a 2 - a 2 ) = (0, 0) = 0 

78. c (a + b) = c ((«!, a 2 ) + (£1 , fr 2 )) = c (a\ + b\,a 2 + b 2 ) — (c (a\ + b\) , c (a 2 + Z? 2 )) = (ca\ + cfci , ca 2 + cb 2 ) and 
ca + cb = c {a\, a 2 ) + c {b\, b 2 ) — {ca\, ca 2 ) + {cb\, cb 2 ) — (ca\ + cb\, ca 2 + cb 2 ), so c (a + b) = ca + cb. 

79. c (Ja) — c(d {a\,a 2 }) = c (da\,da 2 ) — (cda\, cda 2 ) and (cd)a = cd (a\, a 2 ) — (cda\, cda 2 ), so c (da) = (cd)a. 

80. (c + d)a = (c + d)(ai,a 2 ) = ((c + d) a\, (c + d) a 2 ) — (ca\ + da\ i ca 2 + da 2 ) and 

ca + da = c (a\,a 2 ) + d (aj , <2 2 > = (cai, ca 2 > + (rffli, <^« 2 > = (caj + Jaj, ca 2 + da 2 ), so (c + d) a = ca + da. 

81. la = 1 (a\ , a 2 ) = (1 • au 1 • ^2) — ( a l> a l) — a 
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82. ca = 0 o c (a\,a 2 ) = (0, 0) <=> (ca\, ca 2 ) = (0, 0) <^=> 



ca\ — 0 
cci2 — 0 



a 1 = 0 and ci2 = 0; that is, if and only if either c = 0 or a = 0. 



83. False, v — v = 0, the zero vector. 



84. False. Let v = i and w — — i. Then |v| = |w| = 1, but v ^ w. 



85. True, v = — |v| = |v| u provided 



This is true if and only if either c = 0 or both 



86. True, v = w <=> ai + bj = bi - aj <^> (a - b) i + (b + a) j = Oi + Oj <=> 



a-b = 0 
a + b = 0 



<=> a — b = 0. 



87. False, u and — u point in opposite directions. 



88. True. P\P 2 = (x2 — x\ , y 2 — y\ ) — c ( 1, 2) = (c, 2c) for some c ^ 0, so 



X2 — x\ — c 

y 2 -y\= 2c 



<=> 



x 2 — x l + c 
y 2 = y x + 2c 




1. a. See page 914 (910 in ET). 



Z A 



b. d (Pi, P 2 ) = yj(a 2 - ai) 2 + (b 2 - b { ) 2 + (c 2 - ci) 2 

fll + <32 ^1 + ^2 c l + c 2\ 

~^T~ ,— 2~~ ,— T" / 



(-2, 3, 4) 




2. (x — /?) 2 + (y — k) 2 + (z — I) 2 = r 2 . The equation does not represent a sphere if r < 0. If r — 0, the equation represents 
the point (h,k,l). 



3. a. a + b = {a\,a 2 , a 3 ) + &2> ^3> — (#1 + b\ 9 a 2 + b 2 , a 3 + C3), ca = c {a\, (22, a 3 ) — (ca\, ca2, ca 3 ), and 



a 



a 2 + a 2 + a 2 



-> 



b. PiP 2 = (h -aub 2 -a 2 ,b 3 - a 3 ) and P 2 ^l = ("1 -b\,a 2 ~b 2 ,a 3 -b 3 ), so P X P 2 = -P 2 P\. 



4. a. The three standard basis vectors are i = (1, 0, 0), j = (0, 1,0), and 
k= (0,0,1). 



b. P X P 2 = {b\ -a\,b 2 -a 2 ,b 3 - a 3 ) 

= Ol - a\) i + (b 2 - a 2 ) j + (b 3 - a 3 ) k 
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i. 



Z A 



4-: 



2- \ (3,2,4) 





3. 



(3,-1,4) 



2- 




4---- 



--f(0, 2,4) 




5. 



-3, -2, 4) 




6. 



f (-2, 0, 4) 




7. A (2, 5, 5), 5(3,-3,-3) 



8. A (-2, 4, 3), B (-2, -4, 0), C (1, -4, 0), Z) (3, 3, -2) 



9. 



2 A 



10. 
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11. 



z k 




12 




13. 
14. 
15. 
16. 
17. 



The subspace of three-dimensional space that lies on or in front of the plane x = 3 
The subspace of three-dimensional space that lies on or to the left of the plane y = 
The subspace of three-dimensional space that lies strictly above the plane z = 3 
The subspace of three-dimensional space that lies strictly to the left of the plane y 

a. A (2, -1, 3) and B (—1,4, 1), in units of 1000 ft. 



= -4 



= 4 



b. d (A, B) = J (—1 - 2) z + [4 - (-l)] z + (1 - 3) 2 = V38 or approximately 6164 feet. 



18. In units of 1000 feet, Jack's position is A (—2, 1, 0.3) and Jill's position is 



The distance between Jack and Jill is 



i ('000) 



s(i,-i,o). 

d (A, B) = M - (-2)] 2 + (-§ - l) 2 + (- 3,) 



4.172 or 



approximately 4172 ft. 




v ('000) 



x ('000) 



19 



For A (0, 1, 2), B (4, 3, 3), and C (3, 4, 5): d (A, B) = y/4 2 + 2 2 + l 2 = ^21, d (B, C) = J(-l) 2 + l 2 + 2 2 = >/6, and 



J (A, C) = V3 2 + 3 2 + 3 2 = V^7. Since J 2 (A, C) = J 2 (£, C) + J 2 (A, B), the triangle is a right triangle. 

20. For A (3, 4,1), 5(4,4,6), and C (3, 1,2): (A, 5) = Vl 2 + 0 2 + 5 2 = V26, 

J (5, C) = 7(-l) 2 + (-3) 2 + (-4) 2 = V26, and J (A, C) = ^0 2 + (-3) 2 + l 2 = VT0. The triangle is an isosceles 
triangle. 

21. For A (-1, 0, 1), B (1, 1, -1), and C (1, 1, 1): d (A, 5) = ^2 2 + l 2 + (-2) 2 = 3, d (£, C) = Vo 2 + 0 2 + 2 2 = 2, and 
J (A, C) = V2 2 + l 2 + 0 2 = V5. Since J 2 (A, B) — d 2 (£, C) + d 2 (A, C), the triangle is a right triangle. 



22. For A (-1, 5, 2), £ (1, -1, 2), and C (-3, 1, -2): d (A, 5) = ^2 2 + (-6) 2 + 0 2 = V40 = 2^10, 



d (B, C) = yJ(-4) 2 + 2 2 + (-4) 2 = 6, and d (A, C) = yJ(-2) 2 + (-4) 2 + (-4) 2 = V36 = 6. The triangle is an 
isosceles triangle. 

23. For A (2, 3, 2), £ (-4, 0, 5), and C (4, 4, 1): J (A, 5) = yJ(-6) 2 + (-3) 2 + 3 2 = V54 = 3^6, 



d (B, C) = ^8 2 + 4 2 + (-4) 2 = V% = 4V6, and d (A, C) = ^2 2 + l 2 + (-l) 2 = V6. Since 
d (A, 2?) + J (A, C) — d {B^C), the three points are collinear. 

24. For A (-1, 3, -2), 5 (2, 1, -1), and C (8, -3, 1): J (A, B) = ^3 2 + (-2) 2 + l 2 = 




14, 



J (£, C) = ^6 2 + (-4) 2 + 2 2 = V56 = 2VT4, and d (A, C) = ^9 2 + (-6) 2 + 3 2 = 3>/l4. Si 
d (A, B) + d (B, C) = J (A, C), the three points are collinear. 



ince 
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25. For A (2, 4, -6) and B (-4, 2, 4), the midpoint 



. /2-4 4 + 2 -6 + 4 ^ 



26. For A 



-4, 2) and 5 (|, 2, -4^, the midpoint is 



^ - 4+22 - 4 - = (1,-1,-1). 



27. The standard equation of the sphere with C (2, 1, 3) and r — 3 is (x — 2) 2 + (y — l) 2 + (z — 3) 2 = 9. 

28. The standard equation of the sphere with C (3, 2, 0) and r = V3 is (;c - 3) 2 + (y - 2) 2 + z 2 = 3. 

29. The standard equation of the sphere with C (3, -1, 2) and r = 4 is (* - 3) 2 + ( y + l) 2 + (z - 2) 2 = 16. 

30. The standard equation of the sphere with C (\, \/2, —2^ and r — 5 is (x — l) 2 + (y — a/2^ + (z + 2) 2 = 25. 

31. The center of the sphere is the midpoint of A (2, -3, 4) and B (3, 2, 1): (2+2, =3^, = (§, §) and its radius is 

1 2 2 2 

l 2 + 5 2 + (-3) 2 = so the required equation is (* - |) + + 2) + (*-§) = T" 

32. The radius of the sphere is the distance from its center to the xy-plane, that is, r — 4. Thus, the required equation is 
(x-2) 2 + (y + 3) 2 + (z-4) 2 = 16. 

33. Denote the point on the sphere by A (1, 3, 5). Then its radius is d (A, C), where C (— 1, 2, 4) is its center. Thus, 



r = yji-lj 1 + (-1) 2 + (-1) 2 = V6. Therefore, the required equation is (x + l) 2 + (y - 2) 2 + (z - 4) 2 = 6. 

34. The equation x 2 + y 2 + z 2 = 9 is that of the sphere with center O (0, 0, 0) and radius 3. The distance between the center of 

the sphere and the center C (2, 3, 6) of the required sphere is d (O, C) = V2 2 + 3 2 + 6 2 = 7. Therefore, the radius of the 
required sphere is 7 — 3 = 4, and so its equation is (x — 2) 2 + (y — 3) 2 + (z — 6) 2 = 16. 

35. x 2 + y 2 + z 2 — 2x — Ay — 6z + 10 = 0. Completing the squares in x, y, and z, we obtain 

[x 2 -2x + (-1) 2 ] + [j 2 - 4y + (-2) 2 ] + [z 2 - 6z + (-3) 2 ] = -10+ 1 +4 + 9 <=> (x - l) 2 + (y - 2) 2 + (z - 3) 2 = 4. 
Thus, the sphere has center (1, 2, 3) and radius 2. 

36. x 2 + y 2 + z 2 + 4* — 5y + 2z + 5 = 0. Completing the squares in x, y, and z, we obtain 



[x 2 + 4x + (2) 2 ]+ -5j+ (-§) + [z 2 + 2z + (l) 2 ] = -5 + 4+f + l^(x + 2) 2 + (y-§) +( z +i) 2 = 2 5. 

Thus, the sphere has center (—2, |, — 1^ and radius |. 

37. ^ 2 +j 2 +z 2 -4x+6y = 0. Completing the squares in x and y, we obtain [* 2 - 4a: + (-2) 2 j + ^ 2 + 6>' + (3) 2 j+z 2 = 4+9 
<=>(*- 2) 2 + O + 3) 2 + z 2 = 13. Thus, the sphere has center (2, -3, 0) and radius VH. 

? 2 - y + (" ^1 + Z 2 = J O * 2 + (y - ' ) 2 + = 1 . 



38. x + y + z = y. Completing the square in y, we obtain x + 

Thus, the sphere has center (0, j , 0^ and radius ^ • 

39. 2x 2 + 2y 2 + 2z 2 — 6x — Ay + 2z = 1 o x 2 + y 2 + z 2 — 3* — 2y + z = ^. Completing the squares in x, 

x 2 -3x + (-$f + [y2-2y + (-l) 2 ] + z 2 + z + (l) 2 



and z, we obtain 

2 / „\2 



= £ + | + l + £<=> 



(* — §) + — + ( z + 2) = 4. Thus, the sphere has center 1, — and radius 2. 

40. 3x 2 + 3j 2 + 3z 2 = 6z + 1 <=> x 2 + y 2 + z 2 — 2z = Completing the square in z, we obtain 

x 2 + y 2 + ^z 2 - 2z + (-1) 2 ] = j + 1 <=> + + (z - l) 2 = 5. Thus, the sphere has center (0, 0, 1) and radius 

41. All points inside the sphere with radius 2 and center (0, 0, 0). 
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42 



. x 2 + y 2 + z 2 -2x-4y + 2z + 5 > 0 <^ [x 2 - 2x + (-1) 2 ] + [y 2 - 4y + (-2) 2 ] + [z 2 + 2z + (l) 2 ] > -5+1+4+1 

<^=> (x — l) 2 + (y — 2) 2 + (z + l) 2 > 1. The region is the set of all points lying on or outside the sphere with radius 1 and 
center (1,2, -1). 



43. All points lying on or between two concentric spheres with radii 1 and 3 and center (0, 0, 0) 

44. All points lying on or between the xy-plane and the upper hemisphere with radius 2 and center (0, 0, 0) 



45. For A (3, 2, 1) and B (1, 4, 5), 




AB = (1-3,4-2,5-1) = (-2, 2, 4>. 



46. For A (1, -3, 3) and B (1, 4, 3), 



ZZU(l-l,4-(-3),3-3} = <0,7,0> 



position vector equal to AB 



B(l, 4, 5) 




\'A(X 2, 1) 



A(l,-3,3) 4 



5(1,4, 3) 




position vector equal to AB 



47. For A (-2, 3, 0) and B (2, -2, 5), 



A% = (2- (-2) ,-2-3,5-0) = (4, -5, 5) 



48. For A (3, 4, 4) and 5 (-2, 4, 4), 

AJ? = (—2 — 3, 4 — 4, 4 — 4) = (-5, 0, 0). 



B(2, -2, 5) 




position vector 
equal to AB 



A(-2, 3, 0) 



position vector ^ ^ ^, 4, 4) 
equal to A5 



A(3,4, 4) 




49. For A (2, 1, 0) and B (1,4, 5), 




AB = (1 -2,4- 1,5-0) = (-1,3,5) 



z position vector 
equal to AB 



5(1,4, 5) 




50. For A (-2, -1, 2) and B (1, 3, 4), 

A]U(l-(-2),3-(-l),4-2> = (3,4, 2) 



A(-2,-l,2)^: 



5(1, 3, 4) 




2 position vector equal to AB 



51. Ai? = (-1, 3,4) and B (2, -3, 1). Let A (ai, a 2 , a 3 ). Then A^ = {2-a\, -3 - a 2 , 1 - 03} = (-1, 3,4). Then 
2 — <3i = — 1 => ai = 3, — 3 — a? = 3 => ao = —6, and 1 — ^3 = 4 => #3 = —3, so the required point is A (3, —6, —3) 
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52, 



53, 



A% = (3,0,4) and A(-l, -2,-4). Let B = (bi 9 b 2 ,b 3 ). Then ~A% = (b { + 1, Z? 2 + 2, Z? 3 + 4> = (3,0,4), so&i + 1 = 3 
b\ — 2, 62 + 2 = 0 => Z?2 = — 2, and 63 + 4 = 4 => 63 = 0, so the required point is 5 (2, —2, 0) and the midpoint of the 

line segment joining A and B is ^ - 2 +2 , ~ 2 2 ~ 2 , ~ 4 2 +Q ^ = ^j, —2, — 2^. 

a = (-1, 2, 0) and b = (2, 3, -1), so a + b = (1, 5, -1), 

2a -3b = 2 (-1,2,0) -3(2,3,-1) = ( -2,4,0) - (6,9 ,-3) = (-8,-5,3), 

|3a| = |3 (-1,2, 0)| = |(-3,6,0>| = J (-3) 2 + 6 2 + 0 2 = 3^5, 



-2b| = |-2(2,3,-l)| = |(-4,-6,2)| = J (-4) 2 + (-6) 2 + 2 2 = 2^/14, and 



a 



- b| = |(-1, 2, 0) - (2, 3, -1>| = |(-3, -1, 1>| = A /(-3) 2 + (-1) 2 + i 2 = Vn. 



54. a = 2i - j + k and b = 3i + 2k, so a + b = 5i - j + 3k, 2a - 3b = 2 (2i - j + k) - 3 (3i + 2k) = -5i - 2j - 4k, 



|3a| = |3(2i-j+k)| = |6i-3j + 3k| = 




-3) 2 + 3 2 = 3V6, 



|-2b| = |-2(3i + 2k)| = |-6i-4k| = ^/(-6) z + (-4) z = 2V13, and 

|a-b| = |(2i-j+k)-(3i + 2k)| = |-i-j-k| = y(-l) 2 + (-l) 2 + (-l) 2 = V3. 

55. a = (0,2.1,3.4) and b = (1,4.1,-5.6), so a + b = (1,6.2,-2.2), 
2a -3b = (0,4.2,6.8) - (3, 12.3,-16.8) = (-3,-8.1,23.6), 

|3a| = |3(0,2.1,3.4)| = |(0, 6.3, 10.2)| = 7(6.3) 2 + (10.2) 2 % 11.99, 



-2b| = |-2(1,4.1,-5.6)| = |(-2, -8.2, 11.2)| = J(-2) 2 + (-8.2) 2 + (11.2) 2 « 14.02, and 



a 



- b| = 1(0, 2.1, 3.4) - (1, 4.1, -5.6)| = |(-1, -2, 9)| = ^ (-\) 2 + (-2) 2 + 9 2 « 9.27 

56. a = -2i + 4k and b = 2j - k, so a + b = -2i + 2j + 3k, 

2a - 3b = 2 (-2i + 4k) - 3 (2j - k) = (-4i + 8k) - (6j - 3k) = -4i - 6j + Ilk, 

|3a| = |3(-2i + 4k)| = |-6i+12k| = 7(-6) 2 + 12 2 = 6^5, 



-2b| = |-2(2j-k)| = |-4j + 2k| = A /(-4) 2 + 2 2 = 2V5, and 



a 



- b| = |(-2i + 4k) - (2j - k)| = |-2i - 2j + 5k| = A /(-2) 2 + (-2) 2 + 5 2 = ^33. 



57. u = (-1,3,-2), v = (2,1,4), and w = (3,-2,1). 

au + by + cw = (-a, 3a, -2a) + {2b, b, 4b) + (3c, -2c, c) = {-a + 2b + 3c, 3a + b - 2c, -2a + 4b + c) = (2, 0, 2) 



-a + 26 + 3c = 2 
3a + b-2c = 0 
-2a + 4b+ c = 2 



Solving the system, we find a = & = and c = ^ 



58. Suppose there exists a and 6 such that au + b\ = (2,0,2). Then 



au + 6v = a(-l,3,-2) + 6(2, 1,4) = (-a + 2/?, 3a + 6, -2a + 4/?) = (2,0,2) 



-a + 2b = 2 
3a+ 6 = 0 
-2a + 4b = 2 



From the 



first equation, a — 2b — 2. Substituting this into the second equation gives 3 (2b — 

Substituting these values of a and b into the third equation gives —2 ( — 7) + ^ (7) 
a and b cannot exist, and so (2, 0, 2) cannot be written in the form au + by. 

59. b = (3, —6, 15) = 3 (1, —2, 5) = 3a, and so b is parallel to a. 

60. b = ii — ij + |k = A (i — 2j + 5k) = ia, and so b is parallel to a. 



2) + b = 0=> b = so a = 

— 4^2. This contradiction shows that 
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61. Suppose b is parallel to a. Then there exists a real number c / 0 such that b = ca 
2i — 3j + 10k = c (i — 2j + 5k) = ci — 2cj + 5ck <=> 2 = c, — 3 = —2c, and 10 = 5c. This system is not consistent, and so 
no such c exists. Thus, b is not parallel to a. 

62. b = (-2, 4,-10) = -2(1, -2, 5) = -2a, and so b is parallel to a. 

63. a= (l,2,2),so|a| = Vl 2 + 2 2 + 2 2 = 3. 

o U /l 2 2\ K „ / 1 2 2 

a. m = 3a = 3, 3, 3 b. u 2 = -3,-3,-3 



64. a = -3i + 4j + 5k, so |a| = yJ(-3) 2 + 4 2 + 5 2 = 5^2. 

a. ui = ^ (_ 3i + 4j + 5k) = ^k b. u 2 = - ^fi - ^k 



65. a = -i + 3j - k, so |a| = y (-1) 2 + 3 2 + (-1) 2 = VU. 

a. Ul = -j= (-i + 3j - k) = - ^fi + ^pj - ^ k b. u 2 = ^fi - ^Xj + 



66. a = -2 (0, -3, 4) = (0, 6, -8), so |a| = ^O 2 + 6 2 + (-8) 2 = 10. 

a. Ul = -l (0, -3, 4) = (0, 1 -I) b. u 2 = (0, -§, I) 

67. |a| = 10, b = (1, 1, 1), and |b| = s]\ 2 + l 2 + l 2 = y/3, so a unit vector in the direction of b is u = (1, 1, 1) 
Therefore, the required vector is a = lOu = ±jL (1, 1, 1) = ±2^, ±9^j. 



68. |a| = 2, b = i — 2j + 3k, and |b| = y l 2 + (— 2) 2 + 3 2 = \/l4, so a unit vector in the direction of b is 

u = -j= (i - 2j + 3k). Therefore, the required vector is a = 2u = -^L (i - 2j + 3k) = - + ^?k. 

69. |a| = 3, b = 2i + 4j, and |b| = V2 2 + 4 2 = 2^5, so a unit vector in the direction of b is u = ^= (2i + 4j). Therefore, the 
required vector is a = 3u = ^ (2i + 4j) = + ^% 



70. |a| = 4, b = (-1, 0, 1), and |b| = yj (-1) 2 + 0 2 + l 2 = y/l, so a unit vector in the direction of b is u = (-1, 0, 1>. 

Therefore, the required vector is a = 4u = -j= (-1, 0, 1) = (-2^2, 0, 2^. 

71. a = (3,-1,2) andb = (1,0,-1), so a - 2b = (3,-1,2) -2(1,0,-1) = (1,-1,4) and 



|a - 2b| = yj l 2 + (-1) 2 + 4 2 = >/l8 = 3V2. Therefore, a unit vector in the direction of a - 2b is u = ^ (1, -1,4), 
and the required vector is 2u = ^ (1, -1, 4> = 



72. a= (1,0,-2) andb = (3,4, l),so2a+b = 2(1,0, -2) + (3,4, 1) = (5,4,-3), |2a + b| = ,/5 2 + 4 2 + (-3) 2 = 5a/2, 



a - b = (1,0,-2) - (3,4, 1) = (-2,-4, -3), and |a-b| = ^/(-2) z + (-4) z + (-3) 2 = V29. Therefore, 
a unit vector in the direction opposite that of a — b is u = — -j= (—2, —4, —3), and the required vector is 

c./?,,- 5>/2/ 9 4 _ / 10V58 20V58 15>/58\ 
^V2U - --7= (-2, -4, -3) - ^-35-, -35-. /• 

73. F = (-3, 4, 5) and |F| = ^(-3) 2 + 4 2 + 5 2 = 5V2, so the unit vector in the direction of F is 

u = W\ = 172 <_3 ' 4 ' 5> = ("^' ^} Therefore ' F = 5 ^ u = 5 ^("^#' ^ 

74. F = 2i + 3j - 4k and |F| = yjl 2 + 3 2 + (-4) 2 = V29, so the unit vector in the direction of F is 



u = J = 1 (2i + 3j - 4k) = h§\ + - l#k. Therefore, F = V29 ( + ^# j - ^#k) 



75. By the Law of Cosines, |a-b| 2 = |a| z + |b| z -2|a| |b|cos0. 
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76. By the Law of Cosines, |a + b| 2 = |a| 2 + |b| 2 - 2 |a| |b| cos ex. But 
6 + ol — 7r, and so cos ot — cos (n — 6) = — cos 0. Therefore, 

|a + b| 2 = |a| 2 + |b| 2 + 2 |a| |b| cos 0 as desired. 




77. Let M(a,b 9 c) be the required midpoint. Then P\M = \P\P2 => 
(a-x u b-y u c-z\) = \ {x 2 - x\ 9 y2 - y\,z% - z\) 

= ^(X2- x\) , \ fe - yi) > 2 - zi) 
Therefore, a — *i = ^ (x 2 — *i) o <2 = ^ (*i + *2)> 
b - y\ = \ G>2 - yi) <^=> & = 2 Oi + y2), and c - zi = i (z 2 - zi) <^> 
c — 2 (zi + ^2)- Therefore, the midpoint is 



P 2 (x 2 , y 2 , z 2 ) 



Af(o, c 




78. Denote the position of the canoe by P (x, y, z). Then the desired distance is 

dD dD dy 



D = J (20 - 0) 2 + (y - 0) 2 + (0 - 15) 2 = y/y 2 + 625 



v 



dt 



dy dt J y 2 + 625 dt 



dy dy 
y . when — 
dt 



— 5 and y — 60, 



we see that 



dD 



60 



•5 = 



300 



60 



dt V60 2 + 625 V4225 13 



4.62 ft/s. 



79. By Newton's Law of Gravitation, the magnitude of the force is |F| = 



Gm\m2 . 



in the direction of u = 



BA 



BA 



BA 



. Therefore, 



F=|F|u= I Gmim ?\u= Gmim ?BA. 



BA 



BA 



80. 



a. Suppose m\ is located at A (0, 0) and ra 2 is located at B (d, 0). Let 
F\ and F 2 denote the forces exerted by m\ and ra 2 on m as in the 

figure. Now P% — {—x, —y) and T% — (d — x, —y), 



so 



F = Fx + F 2 = 



Gm i m 



= Gm - 



(* 2 + y 2 ) 3/2 



(-x,-y} + 



Gm 2 m 



^30 



[(J - *) 2 + y 2 ] 



3/2 



(d-x,-y) 



ra 2 (d — x) 



m\y 



m 2 y 



( X 2 + yl) y2 + \ (d - x) 2 + y 2] 3/2 ' (x2 + ^)3/ 2 \ (d - x f + y2] 



3/2 





= \l x 2 + y 2 and 


7^ 


= y (d — x) 2 + y 2 . Using the result of 


A 


/ >i 5 










0 






m 2 , x 


Exercise 79, we have 








< 


d 


1 
1 

* 
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b. When the system is in equilibrium, F = 0. This means that 



m 2 (d — x) 



( X l + ylf 2 [ (d - x) 2 + y2] 



3/2 



(1) and 



m i y 



m 2 y 



(^ + ,2)3/2 [ (d _ x) 2 + y2 ] 



3/2 



(2). Dividing (2) by (1) gives 



— m\y 



m 2 y 



m\x m 2 (d — x) 



for 0 < x < d, so 



m\x mo (d — x) 

—yd + xy = xy <^=> yd — 0. But since d > 0, we must have y = 0. Putting y = 0 into (1) gives — r- = — <-=> 



m i 



x 



x 



m 2 (d - x) 



Therefore, m is located at 



m 2 d — x 



because 0 < x < d. Thus, +fm\d — +Jm~\x — +J~mjx 



x 



x — 



(d - x) 3 



m i d 



m\ + Jm~2 




A 



81. The force Fj exerted by the charge at A on the charge at B has direction , . For like charges q\q 2 > 0 and 




A 

the force is repulsive, whereas for unlike charges q\q 2 < 0 and the force is attractive. Thus, by Coulomb's Law, 



Fi = 




ktflQl I An \ kq\q 2 — £ kq\q 2 
T I r I = T AB where k is the constant of proportionality. Similarly, we see that F2 = ~ 




A 




BA 




A 



82. a. = {-d, 0, z), P2~t = (0, —d, z), P^ = (d, 0, z), and P^fi = (0, d, z). 



BA 



P^f> = F2~P = T^f> = P^P = y/d 2 + z 2 , 



so 



1i 



i=l \PtP 
kqqp 

{d 2 + z 2 ) 3/2 



P^ = kq 0 



{d 2 + z 2 f /2 



[{—d, 0, z) + (0, -d, z) + (d, 0, z) + (0, </, z>] 



(0,0,4z) = * kq l\ /? (0,0, z) 

(d 2 + z 2 f /2 



\3/2 



4&g<70 



4&<7go 



3 /2 

b. If z is very large compared to d, then (d 2 + z 2 ^ % (z 2 j ' — z 3 , and F ^ (0, 0, z) = y k. This result 

says that if z is much larger than d, it is as if all four charges had been lumped together and placed at the origin. 

83. True. In an equation of a sphere, the coefficients of x , y , and z 2 must be the same. 

84. True. The set J(x, y, z)\ (x — l) 2 + (y — 2) 2 + (z — 3) 2 < 1 J consists of all points (x, y, z) lying on or inside the sphere 

with center (1, 2, 3) and radius 1. On the other hand, the set J(x, y, z) \ (x — l) 2 + (y — 2) 2 + (z — 3) 2 > 2 J consists of 

all points (x, y, z) lying strictly outside the sphere with center (1, 2, 3) and radius \fl. There are no points satisfying both 
inequalities simultaneously. 

85. False. Let P\ (1, 2, 3), P 2 (4, 5, 6), Q { (0, 0, 0), and Q 2 (3, 3, 3). Then P x ^ Q { and P 2 # g 2 > but 



> 



^7*2 = (3,3,3) = Gi2 2 - 

86. False. Take c = — 1 and a = i. Then |ca| = |(— l)i| = 1, but c = — 1 ^ 1 = — = — 

1 a 
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1. a. a • b = {a\, #2> a 2>) ' <^i» ^2> ^3) — a l^i + ^2^2 + a 3^3 

b. See page 924 (920 in ET). 

c. |a| = V a * a 



d. 0 = cos 



Vla||b|^ 



< 0 < 7T 



2. a. Two vectors are orthogonal if the angle between them is a right angle, 
b. a b = 0 

3. a. The direction cosines of a vector a in 3-space are the cosines of the angles the vector makes with the coordinate axes. If 

a\ «2 a 3 

a = (a\, ci2, 03), then cos a. — — , cos p = — , and cos 7 = — . 

|a| |a| |a| 

b. a = |a| (cos a, cos f3, cos 7) 

4. a. The scalar component of b along a is 

a • b 

= |b|cos0. 



b. proj a b = 



-(*) 



a 



a 





proj a b 



5. W = F • Tfe 



I 113 The Product H^^^^^B^^^^^^I ET 

1. a. Yes. a • b is a scalar and so (a • b) c is a vector. 

b. No. b • c is a scalar and it does not make sense to take the dot product of a vector and a scalar. 

c. No. b • c is a scalar and a is a vector and addition of a vector and a scalar is undefined. 

d. Yes. a • b is a scalar and so is |a| |b|, so they can be subtracted. 

e. Yes. Both |a| b and (a • b) a are vectors. 

f. Yes. 7^7 is a vector and can be dotted with a. 

|b| 

2. a. a • a = 0 <^ |a| 2 = 0, so a = 0. Therefore b can be any vector. 

b. a • a ^ 0 <=> |a| 2 ^ 0, so a is not the zero vector. So if a • b = 0, then either b = 0 or b is orthogonal to a. 

3. a • b = (1, 3} • (2, -1} = 2 - 3 = -1 4. a b = (1, 3, -2) • (-1, 1, —1) = —1 + 3 + 2 = 4 

5. a b = (2i + 3j) ■ (i - 2j) = 2 - 6 = -4 6. a b = (2i - 3j + k) (-i + 2j - 2k) = -2 - 6 - 2 = -10 

7. a • b = (0, 1, -3) • (10, 7T, -7T> = 7T + 3tt = 4tt 8. a b = (2i + 3k) • (-i + 0.2j - V3k) = -2 - 3^3 

9. a • (b + c) = (1, -3, 2} • [(-2, 4, 1) + (2, -4, 1>] = (1, -3, 2} • (0, 0, 2} = 4 

10. b.(a-c) = (-2,4,l}.[(l,-3,2>-(2, -4, 1>] = (-2, 4, 1> • (-1, 1, 1> = 2 + 4 + 1 = 7 

11. (2a + 3b) • (3c) = [2 (1, -3, 2> + 3 (-2, 4, 1)] • [3 (2, -4, 1>] = [(2, -6, 4) + (-6, 12, 3>] • (6, -12, 3} 

= (-4, 6, 7} • (6, -12, 3) = -24 - 72 + 21 = -75 
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12. (a - b) • (a + b) = [{1, -3, 2) - (-2, 4, 1)] • [(1, -3, 2) + (-2, 4, 1)] = (3, -7, 1) • (-1, 1, 3) = -3 - 7 + 3 = -7 

13. (a • b)c = [{1, -3, 2) • (-2, 4, 1)] (2, -4, 1) = (-2 - 12 + 2) (2, -4, 1) = -12 (2, -4, 1) = (-24, 48, -12) 

14. (a b)c - (b • c)a = [<1, -3, 2) • (-2, 4, 1)] (2, -4, 1) - [{-2, 4, 1) • (2, -4, 1)] (1, -3, 2) 

= -12 (2, -4, 1) + 19 (1, -3, 2) = (-24, 48, -12) + (19, -57, 38) = (-5, -9, 26) 

15. |a - b| 2 + |a + b| 2 = |(1, -3, 2) - (-2, 4, 1)| 2 + |{1, -3, 2) + (-2, 4, 1>| 2 = |(3, -7, 1)| 2 4- 1{-1, 1, 3)| 2 



= (9 + 49+1) + (1 + 1 +9) = 70 



16 . b = r<l,-3,2)-(-2,4,l>1 = /-2-12 + 2X 

Vb-b/ L(-2,4,l)- (-2,4,1)/ V 4+16+1 / 

it. e = cos- 1 ( = cos -l JO w 26 6 o 

VV4TTV9+ 16/ 5V5 

18 . 0 = cos-l /(i + 3D_(-i + 2j)\ = cos _! 5 = cos -l & = 45 

V vT+9vT+4 / 5V2 ^ 



(_2,4,l) = (5,-y,~ 



o 



19. 0 = cos 



20. 0 = cos 



21. 0 = cos 



, / (1,1,1). (2,3,-6) \ = , ^ ^ 

! / (i + 2j+k)-(8i-4j-3k) > > = cQs _ 1 / _ 3 v ^ 9? 5 

V VI +4 + 1V64+ 16 + 9 / C0S VV6V89/ ~ 

^ (-2j + 3k)-(i + j + 2k) \ _! 4 

I . — I = cos p= t= ~ 63.1 

V V4 + 9V1 + 1+4 / ^13^6 



O 



22. 0 = cos-' / <~2. 1. 1> ■ (-3, 2, 1> X = , , ^ 

VV4+ 1 + W9 + 4+ 1/ V6VT4 



o 



23. cos45° = , ( 1 ' C) ' { 1 ' 2> — => — = — 1 + 2C =* ./Tn,/lT72 = 2 + 4c => 10 ( 1 + c 2 ) = 4 + 16c + 16c 2 => 

6c 2 + 16c - 6 = 0 => (3c - 1) (c + 3) = 0 => c = -3 or If c = \, then 0 = 45°, and if c = -3, then 0 = 135°, so the 
desired value of c is ^ . 

(i + cj + 2k) . (-i + 2j - k) 1 2c - 3 n , T 

24. cos 60° = V J ; > J ; => - = , — => V6V5 + C2 = 2 (2c - 3) => 

V1 + C2 + 4V1+4+1 2 V5 + c 2 V6 
6 (5 + c 2 ) = 4 (4c 2 - 12c + 9) => 1 Oc 2 - 48c + 6 = 0 => c = = 12^^ ff c = 12 ± ^g f ^ 

0 = 60°, and if c = 12 ~/ M , then 0 = 120°, so the desired value of c is 12+ / T2 ^ . 

25. a = ( 1, 2) and b = (3, 0) . a 7^ cb for any scalar c, so a and b are not parallel, a • b = ( 1, 2) • (3, 0) = 3^0, and so a and b 
are not orthogonal. Thus, a and b are neither orthogonal nor parallel. 

26. a = (3, —4) and b = (4, 3). a ^ cb for any scalar c, so a and b are not parallel, a • b = (3, —4) • (4, 3) = 12 — 12 = 0, so a 
and b are orthogonal. 

27. a = i — 2j + k and b = 3i + 2j — 2k. a ^ cb for any scalar c, so a and b are not parallel, 
a • b = (i — 2j + k) • (3i + 2j — 2k) = 3 — 4 — 2 = — 3^0, so a and b are not orthogonal either. 

28. a = 2i + 4j — k and b = 6i + 12j — 3k. Since a = 2i + 4j — k = ^b, we see that a and b are parallel. 

29. a = (2, 3, —1) and b = (2, —1, 1). a ^ cb for any scalar c, so a and b are not parallel, 
a • b = (2, 3, —1) • (2,-1, 1) = 4 — 3 — 1 = 0, so a and b are orthogonal. 

30. a = (2, 3, —3) and b = 2, — 2^. Since a = (2, 3, —3) = we see that a and b are parallel. 

31. If (c, 2,-1) and (2, 3, c) are orthogonal, then (c, 2, -1) • (2, 3, c) = 0; that is, 2c + 6 - c = 0 o c = -6. 
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32. Let v = ai + b] + ck be a vector orthogonal to both a = i + j + k and b = — 2i + k. Then 
v a = a + b + c = 0 



v b = -2a + c = 0 



1 3 1*3 

Solving the system, we find a = and Z? = — ^c, so v = ^ci — ^cj + ck 



v| = J\c 2 + |c 2 + c 2 = ^5 | c | # Thus, one such unit vector is ^- = - + ^3k. Note that the other unit 



vector is-^ = -^i+^4j-^k. 



v 



33. a= (1,2,3), so |a| = v / l 2 + 2 2 + 3 2 = y/li. Thus, cos ct = -j= = a % 74.5°, cos /3 = = ^ => 

/3 « 57.7°, and cos 7 = ^ = ^pr => 7 « 36.7°. 

34. a = 2i + 2j -k, so |a| = V4 + 4 + 1 = 3. Thus, cos ol = § => ol % 48.2°, cos/3 = \ => /3 % 48.2°, andcos7 = -\ 
7% 109.5°. 

35. a = -i + 3j + 5k, so |a| = VI + 9 + 25 = V35. Thus, cosa = => a % 99.7°, cos/3 = => /3 % 59.5°, and 
cos 7= ^=>7%32.3°. 

36. a = (3, -4, 5), so |a| = V9+ 16 + 25 = 5^2. Thus, cos a = ^ => a % 64.9°, cos/3 = -2^1 => /3 % 124.4°, and 



cos 7= ^ ^7 = 45°. 



37. ol — y and 7 = ^. Since cos 2 a + cos 2 /3 + cos 2 7 = 1, we have cos 2 (y) + cos 2 /3 + cos 2 (y) = 1 =^> 

2 2 

cos 2 /3 = l-(±) ~(^r) = |. Thus,cos^ = ±^andso/3 = f or ^. 

38. Let the direction angles of a vector a be a, /3, and 7. Then cos 2 ol + cos 2 /3 + cos 2 7 = 1 => 3 cos 2 a = 1 <=> 
cosa = Therefore, a = |a| ^, ^} or |a| -^j, so one such vector is u = ^, ^| 

(The other is — u.) 

39. a =(2, 3) andb = (l,4>. 

f ^ ' " X '28 42 



,. pro,, b = (!£) a = ft 3, = ^ <2, 3) = (§, 

b. p,o ita . (Li) b . (S^) (i,4, - a# „,„, . (» * 



40. a = -i + 2j and b = -3i + 4j. 

. /a b\ T(-i + 2j). 
a. pro Ja b = j a = |^ - 



(-31 + 4j) 



( _i + 2 j) = 3+1 ( _i + 2 j) = -ijli + f j 



. . / a b \. r( -i + 2 j) ' ( _3i + 4 J)l / v , ^ 3+8, v , /j *\ 33- , 44- 
b. pro Jb a = ^ j b = |^ ^-^ (-3i + 4j) = 4^ (-3i + 4j) = -§i + gj 



41. a = 2i 4- j 4- 4k and b = 3i 4- k. 



a. Pr0ja b = (^) a = [ (2i+J 4 + + T+16 i + k) ] (2i + j + 4k > = ^ + J + 4k) = i?i + 4- £k 

b. Pr0jb a = (^) b = [ (2i + j+ 9 4 ^ (3i + k) ] (3i 4- k) = *ff (31 4- k) = 31 + k 



42. a = (1,2,0) and b = (-3,0, -4). 



b. projb a = (ij*) b = ( <1 ' 2 '° > 9 ;- 3 6 0, " 4> ) <" 3 ' °' " 4 > = "& <" 3 ' °' " 4 > = * £ 



43. a = (-3, 4, -2} and b = (0, 1, 0>. 
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a. pro Ja b = j a = j (-3, 4, -2) = 



9+ 16 + 4 
(-3,4,- 



_ 4 /_o 4 _ 9 \ /_12 16 



8 

29 



/a b\ /(-3,4,-2) • (0, 1,0) \ 
b. proj b a = {—^j b = ^ 1 J (0 ' lj 0> = 4 <0 ' 1? 0> = <0 ' 4 ' 0> 



44. a = (-1,3,-2) andb= (0,3, 1). 

. /a b\ /(-l,3,-2)-(0,3,l)\ 
a. pro Ja b = j a = ^ j (-1, 3, - 

-2) 



2\ - 9-2 



i) = y ( o,3,i> = (o,§,^ 



( 1?3, 2) — ( ? ' 2 ' 



21 7 



-1 



- • / a b \ K / (-1.3,-2)-(0,3,l) \ 
b. pro Jb a = j b = ^ — j (0, 3, 

45. a = (1, 3) and b = (2, 4). Because proj a b = a = ^p'^ ) d, 3> = (1, 3> 

a, we can write b = proj a b + (b - proj a b) = + -^j. 



^ , 3- ) is parallel to 



46. a = — i + 2j and b = 2i + 3j. Because 

(-i + 2j) • (2i + 3j) 



proj a b = 



-(w) 



a = 



1+4 



(-i + 2j) = =^6 (_i + 2j) = -|i + |j is parallel to a, we can write 



b = proj a b + (b - proj a b) = (-$1+ |j) + [(21 + 3J) - (- | i + f j) ] = (- f i + | j) + ( ^ i + \ j) . 



47. a = i + 2j + 3k and b = 2i - j + k. Because 

(i + 2j + 3k)-(2i-j + k) 



proj a b = 



-(*) 



a = 



1+4 + 9 



(i + 2j + 3k) 




2-2 + 3 
14 




i + 2j + 3k) = ^i+fj+^kis 



parallel to a, we can write 

b = proj a b + (b - proj a b) = i + + |f k) + [(2i - j + k) - (£i + £j + £k)] 



48. a = i+2k and b = 2i— j. Because proj a b = 



-(*) 



a — 



(i + 2k) • (2i - j) 
1+4 



(i + 2k) = § (i + 2k) = |i+ |k is parallel 



to a, we can write b = proj a b + (b - proj a b) = (|i + £k) + [(2i - j) - (|i + £k)] = (§i + f k) + (f i - j - §k) . 
49. P$ = [2 - (- 1)] i + [1 - (-2)] j + (5 - 2) k = 3i + 3j + 3k, so W = F • 7% = (2i + 3j - k) • (3i + 3j + 3k) = 12. 




50. PQ = (-1 -2,2-3,-4- 1) = (-3, -1, -5), so W = F • PQ — (1, 4, 5) • (-3, -1, -5) = -32. 




51. 



From the figure, 
cos 0 — 



(ai + a j + ak) • i 

>/fl 2 + fl 2 + fl 2 (1) 



<2 



V3 



V3^ 



so 6 = cos 



54.7 



o 




52. From the figure, 



cos 6 — 




OB ■ OA 



a, a, a) • (0, a, a 



A(0, a, a) 




O 



OA 



yja 2 + a 2 + a 2 yja 2 +a 2 



2a 



2a 



V^V^ 2 VSa 2 



_™-l /V6 



so 0 = cos 



35.3°. 
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53. Let us label the points A (3, 0, 0), B (3, 6, 4), C (0, 6, 4) and O (0, 0, 0). Then ot = (3, 0, 0), 0% = (3, 6, 4), and 

oX ■ ~0% 



OC = (0, 6, 4), so cos0 = 



(3, 0,0) -(3, 6,4) 



3V61 



OA 




3V9 + 36+ 16 3V6T 



61 



0 = cos" 1 (^-) » 67.4° and 



cos l/j — 




(3,6,4). (0,6,4) 



52 



V9 + 36 + 16V36 + 16 VoTV52 



27I3V6T 
61 



^ = cos" 1 ( 2 vW6T ) % 22.6°. 



54. 



Consider two hydrogen atoms, say A (k, 0, &) and B (k, k, 0). Denote the centroid of the 
tetrahedron by C (^k, \k, \k}. Then ~c\ = {^k, -\k, and ct = l^k, \k, -^fcj, so 



cos 6 — 



clct\_ 



Ik, Ik, -Ik 



CA 



ci 



U2 + U2 + U2 I H2 + U2 + U2 /v£ 



"l* 2 1 

— - — — — and 0 — cos 

2 3 



'(-») 



109.5 



O 



55. W = (24 cos 30°) (50) = 600V5 « 1039.2 ft-lb 



56. W = (15 cos 30°) (30) = 225 V5 « 389.7 ft-lb. Note that the angle of inclination is immaterial 

57. Using the result of Exercise 11.1.63 (10.1.63 in ET), we have 



Fi = (3000 cos 0, 3000 sin 0) andF 2 = ( 1200^3, 3000 sin 0 - 1200 




The displacement of the ship is OA = (100, 0), where A denotes the point 
(100, 0), so the work done by Tugboat I is 

Wi = F x • 0% = (3000 cos 0, 3000 sin 0) • ( 100, 0) = (3000 cos 0) 100 = 3000 100 % 274,955 ft-lb and the work 

done by Tugboat II is W 2 = F 2 • ~oX = ^1200^3, 3000 sin0 - 120oj • (100, 0) = (l200V3) (100) % 207,846 ft-lb. 

58. Let a = (01,0^03), b = {bi,b 2 ,b3), and c = (ci, 02,03). Then 
b + c = (bi,b 2 ,b 3 ) + (c u c 2 ,c 3 ) = {b\ + c { , b 2 + c 2 , b 3 + c 3 ) and so 

a • (b + c) = (01, a 2 , 03) • (Z?i + ci, £ 2 + c 2 , £3 + C3) = <3i Z?i + a\c\ + 0 2 £ 2 + 0 2 c 2 + a 3 b 3 + 03C3. Next, 

a b + a c = (ai,a 2 ,a 3 ) ■ (Z?i, Z? 2 , 63) + {a u a 2 ,a 3 ) • {c { ,c 2 ,c 3 ) = a\b\ + a 2 b 2 + a 3 b 3 + a\c\ + a 2 c 2 + a 3 c 3 . 

Comparing the two expressions, we see that a • (b + c) = a • b + a • c, as was to be shown. 



59. 



Let a = (a\,a 2 ,a 3 ) and b = (b\, b 2 , b 3 ). Then (ca) • b = [c (a\, a 2 , 03)] • 

(b\,b 2 ,b 3 ) = (ca\,ca 2 ,ca 3 ) • {b\,b 2 ,b 3 ) — ca\b\ +ca 2 b 2 + ca 3 b 3 — c (a\b\ +a 2 b 2 + a 3 b 3 ) (1). Next, 
c (a • b) = c [{a\, a 2 , a 3 ) ■ (b\,b 2 , b 3 )] = c {a\b\ + a 2 b 2 + a 3 b 3 ) (2). Finally, 

a - (cb) = (01,02*03) ' [ c <^1^2^3>] = («i,0 2 ,03> ' {cb u cb 2 ,cb 3 } =a\ (cb { ) + a 2 (cb 2 ) + a 3 (cb 3 ) 

= c (a\b\ + a 2 b 2 + 03/73) (3) 
Comparing (1), (2), and (3), we see that (ca) • b = c (a • b) = a ■ (cb). 



60. 



a is orthogonal to b => a • b = 0 and a is orthogonal to c => a • c = 0. 
Thus, a • (pb + qc) = a • (/?b) + a • (0c) = p (a • b) + q (a • c) = 0, 
showing that a is orthogonal to pb + 0c. To interpret the result 
geometrically, observe that the vector pb + qc lies in the plane determined 
by b and c. Since a is orthogonal to both b and c, it is orthogonal to any 
vector lying in the plane determined by b and c. 



a 



qc 



pb + qc 



pb 
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61. a. 




b-proj a b 



b. a • (b — proj a b) = a • b — a • proj a b = a • b — a • a j 



a • b 

= a • b T (a • a) = a • b-a • b 



a 



proj a b 



= 0 



Therefore, b — proj a b is orthogonal to a 



62. a= (2, 1} andb = (4,5) 



a. proj a D = 



iai, -(^) a - 



= 8+5 (2(1>=(f)¥)) 



26 13 



/26 




/ 6 




5 ' 




\ 5' 





c. (b - proj a b) a = j-f , ^) • (2, 1) = + ^ = 0, so 
b — proj a b is orthogonal to a. 



63. a. Pick P3 (^3, V3) to be a point on L distinct from P2 fa, yi) and consider 

-> 




b - proj a b 



\ 1 1 h 



6 x 



n • P2P3 = (a, b) ■ (* 3 - X2, y3 ~ yi) = a (x 3 - * 2 ) + b (y 3 - y 2 ) 

= (ax 3 + &V3) - (a* 2 + by 2 ) (1) 

Since P2 an d ^3 both lie on L, we have ax2 + ^2 — ~ c an d 

^3 + /7V3 = —c. Substituting into (1) gives n • P2P3 = — c — (— c) — 0, 
so n is orthogonal to L. 




P 2 {x 2 , y 2 ) P 3 (x 3 , y 3 ) 



L : ax + by + c = 0 



b. d = 



P\ P 2 ■ n 



\(x 2 - x u y 2 - y\) • (a,b)\ \a (x 2 - x\) + b (y 2 - y\)\ 



n 



ax2 + by2 = —c, so d — 



y/a 2 + b 2 
\ax { +by\+c 

y/a 2 + b 2 



y/a 2 + Z? 2 



. Since P2 fe> 3^2) nes on ^» 



c. Here (1, —3) and L : 2x + 3 j — 6 = 0, so J = 



|2(l) + 3(-3)-6| 
V4 + 9 



13 



VT3 



= yi3. 



64. We find [(a b) c - (b c)a] b = (a b) (c b) - (b c) (a b) = (a b) (b 

follows. 



c) — (a • b) (b • c) = 0, and the desired result 



65. False. Take a = i and b = j. Then (a • b) 2 = (i ■ j) z = 0 Z = 0, but |a| z |b| 



2 _ n 2 _ 



2 iki2 _ i;i2 \:\2 _ 



= (1)(1) = 1. 



66. False. Take a = (1, l>,b = <l,0),andc= (0, 1>. Thena-b= (1, 1) • (1,0) = 1 = (1, 1> • (0, 1} = a • c, but b # c. 

67. True. (2u + 3v) • w = 2u • w + 3v • w = 2 (0) + 3 (0) = 0 since u • w = 0 and v • w = 0. Therefore, 2u + 3v is orthogonal 
to w. 

a • b 

68. True. proj a b = — T a = 0 => a • b = 0 and a is orthogonal to b. If a is orthogonal to b, then a • b = 0 and so 



a 



proj a b = 0a = 0. 



I 114 Concept Questions ET 10.4 

1. a. See page 934 (930 in ET). 

b. See page 937 (933 in ET). 

c. It is normal to the plane determined by a and b. 

d. a x b = (|a| |b| sin 0) n, where n is a unit vector in the direction of a x b. 
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2. a. a and b are parallel if and only if a x b = 0. 

b. Since |(c x b) • a| gives the volume of the parallelepiped with adjacent sides a, b, and c, the given condition implies that 
the volume of the parallelepiped is 0. Thus, either b and c lie along the same line or a lies in the plane determined by b 
and c. 



114 The Cross Product 



1. a. Yes. a x b is a vector and so we can take its dot product with the vector c. 

b. No. b • c is a scalar and so a x (b e) is not defined. 

c. Yes. a + b and c x d are both vectors and so we may take their dot product. 

d. Yes. a x b and c x d are both vectors and so we may take their dot product. 

e. Yes. b • c is a scalar and so (b • c) d is a vector. Therefore, we can take the cross product of a and (b 

f. Yes. a x b and c x d are both vectors and so we may take their cross product. 



c)d 



2. If both a and b are nonzero, then a • b = 0 implies that a and b are parallel. Also, a x b = 0 implies that a and b are 
orthogonal. This is untenable, and we conclude that at least one of a and b is the zero vector. 



3. axb = 



i j k 

1 1 0 

0 2 3 



= 3i - 3j + 2k 



4. a x b = 



1 j k 

0 1 2 

2 1 3 



= i + 4j-2k 



5. a x b = 



1 J 

1 -2 



k 

1 



1 -2 



= 3i + 5j + 7k 



6. a x b = 



i j k 

2-3 4 
-1 -2 3 



= -i - lOj - 7k 



7. a x b = 



1 j k 

2 0 3 
-3 2 -1 



= -6i - 7j + 4k 



8. a x b = 



i j k 

0 1 0 
-3 0 2 



= 2i + 3k 



9. a x b = 



1 J 

2 1 

2 1 

1 3 



k 

-3 
-1 



= Oi + Oj + 0k = 0 



10. a x b = 



1 J 

1 1 



1 



2 - 



k 

2 
1 

2 



-|i+3 j+ 3 k 



11. a x b = 



1 

1 



J 

2 



k 

3 



2 -1 -1 



= i + 7j — 5k and b x a = 



1 j k 

2 -1 -1 

1 2 3 



= -i - 7j + 5k 



12. a x b = 



1 J 

1 1 



k 

2 



-1 3 -1 



= — 7i — j + 4k and b x a = 



i j k 

1 3 -1 

1 1 2 



= 7i + j-4k. 



13. One such vector is a x b = 



1 J 

2 -3 



k 

4 



= 2i — k; another is b x a = — 2i + k 
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14. One such vector is a x b = 



i j k 

1 -2 1 

2 3-4 



= 5i + 6j + 7k; another is b x a = — 5i — 6j — 7k 



15. a x b = 



16. a x b = 



i J k 

3 1 -2 

1 1 1 

i j k 

1 1 -1 

0 3 4 



(3i | * 41*l 
1 ^ — ) ; that is, ± (3i + j — 4k) 
V9 + 1 + 16/ zo 



/ 7i + 4j - 3k \ m 
= 7i + 4j — 3k, so the required unit vectors are ± ; that is, ± (7i + 4j — 3k) 



17. For P (1, 0, 0), Q (0, 1, 0), and R (0, 0, 1), 7& = -i + j and P^ = -i + k, so 7& x P^ = 



i j k 

-1 1 0 
-1 0 1 



= i+j + k, so 



the area of AP QR is \ 7&x7% = \ |i + j +k| = \ j\ + 1 + 1 = ^. 



18. For P (1, 1, 1), 2 (1, 2, 1), and P (2, 2, 3), P^ = j and 7% = i + j + 2k, so T& x 7% = 



i j k 

0 1 0 

1 1 2 



= 2i — k, so the area 



ofAPgPis^ 7^x7% = £|2i-k| = ±V4+T = 
19. For P (1, -1, 2), Q (2, 3, 1), and R (-2, 3, 4), P^ = i + 4j - k and 7k = -3i + 4j + 2k, 



so 



7& x7% = 



i j k 

1 4 -1 

-3 4 2 



= 12i + j + 16k, so the area of APQR is 



1 

2 



7^x7% = ^|12i + j + 16k| = ^V144+ 1 + 256= ^1. 
20. For P (0, 0, 0), Q (1, 3, 2), and P (-1, -2, 3), P^ = i + 3j + 2k and 7% = 



-i - 2j + 3k, 



so 



7& x7% = 



j k 

3 2 



-1 -2 3 



= 13i - 5j + k, so the area of APQR is 



1 

2 



7&x7% = i|13i-5j + k| = W169 + 25 + 1 = ^p. 



21. (2a) xb = 2(axb) = 2 



1 J 

1 -1 



k 

1 



2 3-1 



= 2 (-2i + 3j + 5k) = -4i + 6j + 10k 



22. (a + b) x c = [(i - j + k) + (2i + 3j - k)] x (-i + j + 2k) = (3i + 2j) x (-i + j + 2k) = 



i j k 

3 2 0 
-1 1 2 



= 4i - 6j + 5k 



23. a x b = 



i j k 

1 -1 1 

2 3-1 



= -2i + 3j + 5k => (a x b) x c = 



i j k 

-2 3 5 
-1 1 2 



=i-j+k 
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• 

1 


• 
■ 

J 


K 


24. b x c = 


2 


3 


-l 




-1 


1 


2 




• 
1 


• 
■ 

J 


K 


25. a x b = 


1 - 


-1 


l 




2 


3 

*-* 


-i 


26. a - 2b + 3c 




(i- 



= 7i - 3j + 5k => a • (b x c) = (i - j + k) • (7i - 3j + 5k) = 15 



= -2i + 3j + 5k => (a x b) • c = (-2i + 3 j + 5k) • (-i + j + 2k) = 15 



(3a) x (a - 2b + 3c) = 3 [a x (a - 2b + 3c)] = 3 



i j k 

1 -1 1 

-6 -4 9 



= 3 (-5i - 15j - 10k) = — 15i — 45j - 30k 



27. a • (b x c) = 



28. a • (b x c) = 



1 1 0 

0 1 -2 

1 2 3 

1 3 2 
2-1 3 

1 -1 -2 



= 5 => V = |a- (b x c)| = |5| = 5 



= 24 => V = |a • (b x c)| = |24| = 24 



29. For P (0,0,0), 2(3,-2, 1), R (1, 2, 2), and S (1, 1, 4), = (3,-2, 1), 7% = (1, 2, 2>, and P*S = (1, 1,4), 



so 



3 -2 1 
1 2 2 
1 1 4 



= 21. Thus, V = 



- (7% x pi) | = |21| =21 



30. For P (1, 1, 1), g (2, 1, 3), P (-1, 0, 3), and S (4, -1, 2), P^ = (1, 0, 2>, P^ = (-2, -1, 2), and P^ = (3, -2, 1>, 



P^ • (¥% xPfj = 



1 


0 


2 


-2 


-1 


2 


3 


-2 


1 



= 17. Thus, V = 



Tt- (7i x pfj \ = |17| = 17 



31. h = 



P r °Jaxb c 



, but a x b — 



h = 



i j k 

1 2 1 

2 1 -1 

|(a x b) • c| _ |(-3i + 3j - 3k) • (i + j + 3k) | 

V9 + 9 + 9 



— — 3i + 3 j — 3k, so 



= V3. 



la x b| V9 + 9 + 9 V27 

32. a, b, and c are coplanar if and only if a • (b x c) = 0; that is, if and only if 

2 3 1 

= 2 (2c + 9) - 3 (c - 3) + 1 (-3 - 2) = c + 22 = 0 c = -22 



a • (b x c) = 



33. a • (b x c) = 



1 2 3 
1 -3 c 



1 2 4 
-2 3 -1 
0 1 1 



= 0, so a, b, and c are coplanar. 
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34. u = i — 2j + 3k, v = i + 2j — k, and w = 2i + 3j + ck are coplanar if and only if u • (v x w) = 0; that is, if and only if 



u • (v x w) = 



1 -2 3 

1 2 -1 

2 3c 



= 1 (2c + 3) + 2 (c + 2) + 3 (3 - 4) = 4c + 4 = 0 o c = -1 



35. For P (1, 0, 1), Q (2, 3, 1), R (-1, 2, -3), and S (§, -1, l), P% = (1, 3, 0), 7lk = (-2, 2, -4), and P^S = -1, o), 



so • (p^ x ~PS^j = 



1 

2 
l 



3 0 
2 -4 



-4 -1 0 



— 1 (0 — 4) — 3 ^0 — = 0. Thus, the points are coplanar. 



36. Let L i be the line passing through A and B and let L2 be the line passing 
through C and D. Then the equations of L\ and L2 are y — mx + c and 
y — mx + d, respectively, where m is the slope of both lines. The 
coordinates of the first two points are A (a, ma + c) and B (b, mb + c), so 

= {b — a,m (b — a)}. Also, the coordinates of £> are (a, ma + d), so 

A^S = (0, d — c). Let vi — {b — a, m (b — a) , 0) and V2 = (0, d — c, 0). 



Then the area of the parallelogram is |vi x V2I. But vi x V2 = 




• 

J 



b — a m (b — a) 0 



0 



d-c 0 



b x 



— (b — a) (d — c) k, so the required 



area is |vi x V2I = \(b — a) (d — c)| |k| = (b — a) (d — c) |k| = (b — a) (d — c). 



37. 1^ I = |r| |F| sin^ = I (50) sin 60° % 32.5 ft-lb 



38. |^| = |r||F|sin^= ^ (15) sin 75° « 4.2 ft-lb 



39. B = (0, 0, 2} and v = || x 10 5 , 0, h^- x 10 5 ), so 

F = qy x B = (l.6 x 1(T 19 ) (l0 5 ) ||, 0, x (0, 0, 2) = 1.6 x 10~ 14 



1 J 



3 



0 



0 0 



k 

373 
2 



= 1.6 x 1CT 14 (-3j) = -4.8 x 10~ 14 j newtons 



40. a x b = 



1 J 

2 1 



k 

0 



3 1 -1 



= — i + 2j — k, (a x b) x c = 



1 J k 

1 2 -1 

1 0 1 



= 2i - 2k, b x c = 



i J k 

3 1 -1 
1 0 1 



= i — 4j — k, and 



a x (b x c) = 



1 j k 

2 1 0 
1 -4 -1 



= — i + 2j — 9k, so (a x b) x c ^ a x (b x c) and there is no associative law for vector cross 



products. 
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41. b x c = 



i j k 

b\ b 2 b 3 

C\ c 2 c 3 



= (b 2 c 3 ~ C2bj)l- (b\c 3 - c x b 3 )} + (b { c 2 - c { b 2 )k, so 



a (b x c) = (a { i + a 2 \ + a 3 k) ■ [(b 2 c 3 - c 2 b 3 ) i - (b { c 3 - c { b 3 )i + (b { c 2 - c { b 2 ) k] 

= a\b 2 c 3 - a\b 3 c 2 - a 2 b\c 3 + a 2 b 3 c\ + a 3 b\c 2 - a 3 b 2 c\ 



a x b = 



i j k 

a\ a 2 a 3 

b[ b 2 b 3 



= (fi 2 b 3 - b 2 a 3 )i- (a\b 3 - ^1^3) j + (a { b 2 - b { a 2 )k, so 



(a x b) • c = [(a 2 b 3 - b 2 a 3 )i- (a x b 3 - b x a 3 )} + (a x b 2 - b\a 2 )k\ ■ (c { i + c 2 j + c 3 k) 

= a 2 b 3 c\ — a 3 b 2 c\ — a\b 3 c 2 + a 3 b\c 2 + a\b 2 c 3 — a 2 b\c 3 



a 1 a 2 a 3 
and b\ b 2 b 3 
ci c 2 c 3 

These three expressions are equal, which is the desired result. 





b 2 


b 3 




h 


b 3 


+ a 3 




b 2 


a\ 






— a 2 












C2 


C3 






C3 




c\ 


C2 



= a\b 2 c 3 — a\b 3 c 2 — a 2 b\c 3 + a 2 b 3 c\ + a 3 b\c 2 — a 3 b 2 c\. 



42. (a + b)x (a - b) = a x (a-b) + bx (a-b) = axa-axb + bxa-bxb = 0 + bxa + bxa-0 = 2(bxa) 



43. ax (b x c) + b x (c x a) + c x (a x b) = (a • c) b — (a • b) c + (b • a) c — (b • c) a + (c • b) a — (c • a) b 

= (a c) b - (a b) c + (a b) c - (b c) a + (b c) a - (a c) b = 0 



44. (a x b) • (c x d) = [(a x b) x c] • d = [-c x (a x b)] d= - [(c b) a - (c a) b] d 



= (c a) (b • d) - (c • b) (a d) = (a c) (b d) - (b c) (a d) = 



a • c be 
ad b • d 



45. |a x b| 2 = (|a| |b| sin 0) 2 = |a| 2 |b| 2 sin 2 6 = |a| 2 |b| 2 - cos 2 0 s ) = |a| 2 |b| 2 - |a| 2 |b| 2 cos 2 6 = |a| 2 |b| 2 - 



(|a||b|cos0) z = |a| 2 |b| 2 -(a-b) 



46. a. By the parallelogram law of vector addition, we have —a + (— b) = c <=> 
a + b + c = 0 as in the figure. 

b. ax(a + b + c) = axO=>axb + axc = 0 because a x a = 0, and 
cx (a + b + c) = cxO=>cxa + cxb = 0=> 

— a x c — b x c=0. Thus, axb-bxc = 0=>axb = bxc. Next, bx(a + b + c) = 0 
b x c = c x a. Thus, a x b = b x c = c x a => |a x b| = |b x c| = |c x a| => |a| |b| sin C — 




bxa + bxc = 0, so 
I b I |c| sin A = |c| |a| sin B, 



sin C sin A sin B 
and dividing by |a| |b| |c| yields — — — ; — , where a — |a|, b — |b|, and c — |c 



a 
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47. Let a = (a\,a2, a 3 ), b = (b\ 9 Z?2> ^3>> an d c = (c\, C2, c 3 ). b + c = (b\ + ci, Z?2 + c 2> ^3 + c 3>> so 

i j k 

a\ a.2 a 3 

b\ + c\ b 2 + c 2 b 3 + c 3 



a x (b + c) = 



= [«2 (&3 + C3) ~ a 3 ( b 2 + c 2 )] i - [^1 (&3 + c 3) - «3 (Pi + c l)] J + [«1 (&2 + c 2) ~ «2 (&1 + ^)] k 

= («2^3 + fl 2 c 3 — a 3^2 — a 3 c 2) * ~~ ( fl 1^3 + fl l c 3 — ^3^1 — fl 3 c l) j + ( fl 1^2 + a \ c 2 ~ a 2 b \ ~ a 2 c \) k 
On the other hand, 





• 

1 


• 

J 


k 




• 

1 


• 

J 


k 


axb+axc= 




a 2 


#3 


+ 


a\ 




a 3 








fc 3 






C2 


^3 



= (a2h ~ a^b 2 )i- (a\b 3 -a$b\)} + («1^2 -«2^l)k+ (02^3 -a 3 C2)\- (a\c 3 -a 3 c\)i + (0^2 -fl2^i)k 
= (a 2 b 3 -a 3 b 2 + a 2 c 3 -a 3 c 2 )i- (a\b 3 - a 3 b\ + a x c 3 -«3 c l)j + (a\b 2 + a { c 2 - a 2 b\ -a 2 c { )k 
The result follows when we compare the two expressions. 



48. c (a x b) = c 



i j k 

a\ #2 a 3 
b\ b 2 b 3 



= c[(a 2 b 3 - a 3 b 2 )i- (a\b 3 -a 3 b\)i + (aib 2 - a 2 b{) k] 



= (c^2^3 — ca 3 b 2 )i — (ca\b 3 — ca 3 b\)] + (ca\b 2 — c<22^l)k 



and (ca) xb = 



i j k 

ca\ ca2 ca 3 
b\ b 2 b 3 



= (ca2b 3 — ca 3 b2) i — (ca\b 3 — ca 3 b\)] + (ca\b 2 — ca 2 b\)k, so c (a x b) = (ca) x b 





• 

1 


• 

J 


k 




• 

1 


• 

J 


k 




49. a x 0 = 


a\ 


a 2 




= Oi + Oj + Ok = 0 and 0 x a = 


0 


0 


0 


= Oi + Oj + Ok = 0 




0 


0 


0 






a 2 


a 3 







• 

1 


• 

J 


k 


50. a x a = 


a\ 


a 2 


a 3 






a 2 


a 3 



= (a2a 3 — a 3 a2) \ — (a\a 3 — a 3 a\) j + (a\a2 — «2^l)k = Oi + Oj + Ok = 0 
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51. Let a = a\i + a 2 ] + a 3 k and b = b\i + &2j + ^3^- Then 

i j k 

a\ +b\ a 2 + b2 a 3 + £3 
ci c 2 c 3 



(a + b) x c = 



= [(*2 + ^2) c 3 - ( a 3 + ^3) c 2] i - [tel + C3 ~ ( a 3 + ^3) c l] J + [fal + &l) c 2 - («2 + h) ci] k 

= 0^3 +^3 - «3^2 - ^3^2) i - (^1^3 + ^l c 3 ~ a 3 c i -^3 c l)j + ( a \ c 2 + b\c 2 ~ a 2 C\ - b 2 c { )k (1) 
On the other hand, 





• 

1 


• 

J 


k 




• 

1 


• 

J 


k 


axc+bxc= 


a\ 


a 2 


03 


+ 




£2 


b 3 








^3 






^2 


C3 



= (a 2 c 3 ~ ciaj)i- (a\c 3 -c\a 3 )} + (a\c 2 - c\a 2 )k+ (b 2 c 3 - c 2 b 3 )i- (b[C 3 - b 3 c\)} + (b[C 2 - c\b 2 )k 
= (a 2 c 3 - c 2 a 3 + b 2 c 3 - c 2 b 3 ) i - {a x c 3 - c x a 3 + b x c 3 - b 3 c x )} + (a x c 2 - c x a 2 + b x c 2 - c x b 2 ) k (2) 
Comparing (1) and (2), we see that (a + b)xc = axc + bxc 



52. Let a = a\\ + + 03k, b = b\\ + Z?2J + ^3^, and c = c\\ + c 2 ] + (:3k. Then 

i j k 

/?! b 2 b 3 

c\ c 2 c 3 



b x c = 



= (b 2 c 3 - £3^2)1- (^l c 3 - b 3 c\)i + (b\c 2 - b 2 c\)k and 



a x (b x c) = 



i j k 

a\ a 2 a 3 

b 2 c 3 - b 3 c 2 b 3 c x - b\c 3 b x c 2 - b 2 c\ 



= [a 2 (b\c 2 - b 2 c { ) - a 3 (b 3 c x - b { c 3 )] i - \a\ (b { c 2 - b 2 c\) - a 3 (b 2 c 3 - b 3 c 2 )]i 

+ [a { (b 3 ci - b\c 3 ) - a 2 (b 2 c 3 - b 3 c 2 )] I 

On the other hand, 

(a c)b - (a b)c = (a\c\ +a 2 c 2 + a 3 c 3 ) (M + ^2J + b 3 k) - (a\b\ + a 2 b 2 + a 3 b 3 ) (c\i + c^ + c 3 k) 

= (a\b\c\ + a 2 b\c 2 + a 3 b\c 3 — a\b\c\ — a 2 b 2 c\ — a 3 b 3 c\)\ 

+ (a\b 2 c\ + a 2 b 2 c 2 + a 3 b 2 c 3 - a\b\c 2 - a 2 b 2 c 2 - a 3 b 3 c 2 )} 

+ (a\b 3 c\ + a 2 b 3 c 2 + a 3 b 3 c 3 - a\b\c 3 - a 2 b 2 c 3 - a 3 b 3 c 3 )k 



= (a 2 b\c 2 +a 3 b\c 3 - a 2 b 2 c\ - a 3 b 3 c\)\ 

- (aib x c 2 + a 3 b 3 c 2 



a\b 2 c x -a 3 b 2 c 3 )i 

+ (a\b 3 C{ + a 2 b 3 c 2 — a\b\c 3 — a 2 b 2 c 3 )k 



The result follows when we compare the two expressions. 



53. The unit vector parellel to the axis of rotation is 



V4 + 4 + 



- = |i + |j + ^k. Therefore, u$ = ± (|i + |j + jkj u). 



The velocity is v = u> x R = 



i j k 



2 
3 



2 1 

3 3 



3 5 2 



= ±^uj(— i — j + 4k) and the speed of the particle is 



v| = iw A /(-l) 2 + (-l) 2 +4 2 = 1^.372 = 72^. 
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54. Let v = ai + bj + ck be a vector in the desired direction. Since v lies in the plane determined by a = i + 3j + 2k and 



b = — i + 2j + 4k, v, a, and b are coplanar, sov-(axb) = 0=>v-(axb) = 



a b c 
1 3 2 
-12 4 



= 8a-6Z? + 5c = 0 (1). Also, 



v is perpendicular to c = 3i — j + 2k, so v • c = 0 => v • c = (ai + Z?j + ck) • (3i — j + 2k) = 3a — b + 2c = 0 (2). Solving 



the system 



8a - 6b + 5c = 0 
3a- b + 2c = 0 



■ for a and b in terms of c gives a — — j^c and b = — -^c, so v = — jt\C\ — j^c] + ck 



TO 



10 L1 10 



55. 



We may take c — —10. Then the vector w = 7i + j — 10k also satisfies the requirements, and the desired unit vector is 

u =R = 576 w = ^ (7i+j - 10k > = ^ i+ ^ j -^ k - 

If a = (—1,0,3) and b = (2,3,/?) are parallel, then a x b = 0 o 



a x b = 



i j k 

1 a 3 

2 3b 



= (ab - 9)i - (-b - 6)j + (-3 - 2a)k = Oi + Oj + Ok o ab - 9 = 0, b + 6 = 0, and 



— 3 — 2a = 0. Solving, we find <3 = — | and Z? = —6. 

56. (axb)xa = -ax (a x b) = - [(a • b) a - (a • a) b] = - [((2, 1, 3> • (1, 3, 4» (2, 1, 3> - (4 + 1 + 9) (1, 3, 4>] 

= (-34,-17, -51) + (14,42, 56) = (-20,25,5) 
and sa + tb = s (2, 1, 3) + t (1, 3,4) = {2s + t,s + 3t, 3s + 4t), so (a x b) x a = sa + rb => 

25 + f = -20 

(-20, 25, 5) = (2s + f , 5 + 3?, 3s + 4r> <^ 5 + 3r = 25 

3s + 4r = 5 



Solving the system, we find s — — 17 and ? = 14 



57. True. bxa = — axb, soaxb + bxa = 0. 

58. True. Let v = (a x b) x c. Then the result follows from Property 6: v x v = 0. 



59. True. If a = (a\ , a^, 03) and b = {b\ , Z?2> ^3)> tnen a • (a x b) = 



a\ a2 03 
a\ a 2 a 3 
bi b 2 b 3 



= 0 



60. False. Let a = (1, 1, 1), b = (6, 2, 4), and c = (0, -4, -2). Then a x b = 



i j k 

1 1 1 

6 2 4 



= 2i + 2j - 4k and 



a x c = 



J 

1 



k 

1 



0 -4 -2 



= 2i + 2j — 4k. So a x b = a x c, but evidently b^c 



61. True. 



(a — b)x(a + b) = (a — b)xa+(a — b)xb = axa — bxa + axb — bxb = — bxa + axb 

= axb + axb = 2axb 

62. True. Suppose a^0. Then a-b = a- c ^> a • (b — c) = 0, and so a is perpendicular to the plane determined by b and 
c. Next, axb = axc<^=>ax (b — c) = 0 and so a is parallel to the plane determined by b and c at the same time. This is 
impossible unless b — c = 0, that is, b = c. 



Section 115 Lines and Planes in Space ET Section 1D.5 111 



1. a. x = xq + at, y = y$ + bt, z = Zq + ct 

x -xq y-yo z-zo 



b. 



a 



c. The parametric equations are x = x$ + at,y — yo + bt, z = zo an d the symmetric equations are 

z = zr> 



* - *o y - jo 



<3 



2. 



Suppose Lj and L2 have parametric equations L\ : x — x\ + a\t,y — y\ +b\t,z — z\ + c\t and 

L2 : x = X2 + «2^» J = yi + ^2*> £ = Z2 + Q^- Then L\ and L2 have direction vectors vi = (a\, b\,c\) and 

v 2 — ( fl 2j c 2)> respectively. 

a. Li is parallel to L2 if vi is parallel to V2; that is, if vi x V2 = 0. 

b. L2 is perpendicular to L\ if vj is perpendicular to V2, that is, if and L2 intersect and vi • V2 = 0. 

c. Lj and L2 are skew if vi is not parallel to V2 and the lines do not intersect; that is, if vi x V2 # 0 and the system 



x\ + a\s — X2+ ci2t 
yi +b\s = yi + btf 

Z\ +C\S = Z2 +c 2 t 



■ has no solution in s and t 



3. a. a (x - x 0 ) + b (y - y 0 ) + c (z - zo) = 0 
b. ax + by + cz = d 

4. a. See page 952 (948 in ET). 
b. See page 953 (949 in ET). 
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1. a. The direction of the required line is the same as the direction of the given line and so it can be obtained from the 

parametric equations of the latter. Then use this information with the given point to write down the required equation. 

b. Obtain the vectors \\ and V2 from the two given lines. Find the vector n = vi x V2. Then the required line has the 
direction of n and contains the given point. 

c. A vector parallel to the required line is n, a vector normal to the plane. It can be obtained from the equation of the plane. 
Use n and the given point to write down the required parametric equation. 

d. Obtain and 112, the normals to the two planes, from the given equations of the planes. The direction of the required 
line is given by v = n\ x 112. Find a point on the required line by setting one variable, say z, equal to 0, and solving the 
resulting simultaneous equations in two variables. 

2. a. Let the points be P, Q, and R. Then a normal vector to the required plane is n = x . Use this normal and any of 

the given points to write down the required equation. 

b. Let v be the direction of the line. Pick a point P on the line (by setting t — 0, for example). If we denote the given point 

by Q, then a normal vector is n = x v. Use this normal and the point P found earlier to write down an equation of 
the plane. 

c. A normal to the given plane is also a normal of the desired plane. Use this normal and the given point to write down an 
equation of the desired plane. 

d. Let vi and V2 be vectors in the directions of the two given lines. Then a normal to the required plane is n = vi x V2- 
Find a point on one of the lines, then use the normal and the point to write an equation of the required plane. 
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e. Let us denote the two lines by L\ and L2. Find a vector \\ that is parallel to L\ . Pick points P\ on L\ and P2 on L2 by 



fixing t. Then a normal to the required plane is n = P\P2 x vj . Use this normal and one of the points to write an 
equation of the required plane. 

x — 1 y — 3 z — 2 



3. Parametric equations: x — l + 2r,y = 3 + 4f,z = 2 + 5r. Symmetric equations: 



4. Parametric equations: x — 1 + 2t, y — — 4 — 3?, z = 2 + r. Symmetric equations: 



2 4 5 ' 

1 y + 4 z-2 



5. Parametric equations: x — 3 + 2?, y = — f, z = — 2 + 3f . Symmetric equations: 



2 -3 1 

x-3 _ _y__ z + 2 
2 ~ -1 ~ 3 



1^3 

6. Parametric equations: * = 2t, y = 1 — 3?, z = 3 + At. Symmetric equations: - = — — = — - — . 

7. Let A (2, 1, 4) and B (1, 3, 7). Then v = AJ? = ( — 1, 2, 3) is parallel to the required line. Thus, parametric equations of the 

x — 2 y — 1 z — 4 

line are x = 2 — y = 1 + 2t, z = 4 + 3t and symmetric equations are — = — - — — — - — . 

8. Let A (3, —2, 1) and B (3, 4, 4). Then v = ~A% — (0, 6, 3) is parallel to the required line. Thus, parametric equations of the 

y+2 z-1 



line are* = 3, y = — 2 + 6r, z = 1 + 3f and symmetric equations are x — 3, 



3 



9. Let A (-1,-2,- ^) and -3). Then A% = (2, 5, -§), and v = 2A^ = (4, 7, -5) is parallel to the required 

line. Thus, parametric equations of the line are x = — 1 + At, y = — 2 + 7f, z = — \ — 5t and symmetric equations are 
x + 1 y + 2 z + 2 

10. Let A ^, -i, ^ and B ^, -3, |). Then A^ = (0, 0, ^j, and v = 2~A% = (0, 0, 1) is parallel to the required line. Thus, 

parametric and symmetric equations of the line are x — j,y = — 3- , z = ^ + 1 . 

11. The direction of the given line is the same as that of v = (1, 2, —3), so parametric equations of the required line are 

x — l + t,y = 2 + 2t,z = — 1 — 3t and symmetric equations are - = ^—r— — — Setting z = 0 gives t = — i =^> 

1 2 —3 

x = J and y = ^ , so the line intersects the xy-plane at the point 0^ . Setting y = 0 gives r= — 1 => x = 0 and 

z = 2, so the line intersects the xz-plane at the point (0, 0, 2). Setting x = 0 gives f = — 1 => y = 0 and z = 2, so the line 
intersects the yz-plane at the point (0, 0, 2). 

12. The direction of the given line is the same as that of v = (3, — 3, 1), so parametric equations of the required line are 

x = — 1 + 3t, y = 3 — 3t, z = — 2 + t. To find the point where the line intersects the yz-plane, set * = 0 => f = I => y = 2 

and z = — |. Thus, the required point is (o, 2,-0. 

13. Parametric equations of the line L are x = — 1 — t,y — A-\- 1, z — 3 — t. Suppose the point (—3, 6, 1) lies on L. Then there 
exists some value tQ such that — 1 — tQ = —3, 4 + = 6, and 3 — tQ = 1. Solving, we find to = 2, so the point (—3, 6, 1) 
does lie on L. 

14. Suppose L\ and L2 intersect at the point Pq (xq, vq, zq). Then there exist numbers t\ and ^ such that 

4+ t\ = 6 + 2t 2 

5 + t\ — 1 1 + At2 Solving the first two equations simultaneously, we find t\ — —2 and t2 — —2. Substituting 
-1 + 2*! = -3+ t 2 

these values into the third equation gives —5 = —5, so the solution to the system is t\ = t2 = —2. Therefore the point of 
intersection is (2, 3, —5). The required line is parallel to the vector v = 4i + 5j + 2k and so parametric equations of the 
required line are x = 2 + At, y — 3 + 5t, z = — 5 + 2r. 
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15. A vector parallel to L\ is \\ = (3, 3, 1) and a vector parallel to L 2 is V2 = (4, 6, 1). Because \\ ^ c\ 2 for any scalar c, we 
see that vi and V2 (and therefore L\ and L 2 ) are not parallel. Suppose the two lines intersect at a point. Then there exist 



-1 + 3?! 

numbers t\ and ti such that — 2 + 3*j 

3+ *i 

(5,4,5). 



1 + 4* 2 

2 + 6* 2 

4+ * 2 



3*i - 4* 2 = 2 
3ti -6t 2 = 0 
*!-* 2 = 1 



t\ — 2 and *2 = 1, so the lines intersect at 



16. A vector parallel to L\ is = (—2, —3, 1) and a vector parallel to L2 is V2 = (1, 2, —1). Because vi 7^ CV2 for any scalar 
c, we see that vi and V2 (and therefore L\ and L 2 ) are not parallel. Suppose the two lines intersect at a point. Then there 



1-2*! = 

exist numbers t\ and t 2 such that — 1 — 3*i — 

-2+ ti = 



3+ t 2 
2 + 2t 2 
3- t 2 



2t { + t 2 = 4 
3t { + 2* 2 = 1 
*1 + ? 2 = 5 



The first two equations imply t\ — 7 



and *2 = —10, but substituting these values into the third equation gives —3 = 5, which is false. Thus, no such numbers t\ 
and t 2 exist, and we conclude that L \ and L 2 are skew and do not intersect. 



17. Parametric equations are L\ :x = 2 + 4*, y = 3,z = l— * and L 2 : x — 2 + 2t, y = 3 + 2t, z — 1 + 1. A vector parallel to 
Lj is vj = (4, 0, —1) and a vector parallel to L 2 is V2 = (2, 2, 1). Because vj is not a scalar multiple of V2, we see that \\ 
and V2 (and therefore L\ and L 2 ) are not parallel. Suppose the two lines intersect at a point. Then there exist numbers t\ 



2 + At x = 2 + 2*2 
and t 2 such that 3 = 3 + 2t 2 

1- ti = 1+ t 2 



4t\ - 2t 2 = 0 
2*2 = 0 
t\ + * 2 = 0 



t\ = 0 and *2 = 0, so the lines intersect at (2, 3, 1) 



18. Parametric equations are Lj : x = 4 — *, y = — 1 + 6t, z = 4 + * and L2 : * = 1 + 2*, y = 1 — 4*, z = 5 — *. A vector 
parallel to L\ is vi = ( — 1,6, 1) and a vector parallel to L 2 is V2 = (2, —4, —1). Because vi is not a scalar multiple of \ 2 , 
we see that vi and V2 (and therefore L\ and L 2 ) are not parallel. Suppose the two lines intersect at a point. Then there exist 



4-*! 

numbers t\ and t 2 such that — 1 + 6*1 

4 + *i 

(5, -7, 3). 



l + 2* 2 
1-4*2 

5- * 2 



^ + 2*2 = 3 
6*! + 4*2 = 2 
*1 + *2 = 1 



*1 = — 1 and *2 = 2, so the lines intersect at 



19. A vector parallel to L\ is vi = (—1, —2, 1) and a vector parallel to L 2 is V2 = (3, 2, 1). Because vi is 
not a scalar multiple of \ 2 , we see that vj and V2 (and therefore L\ and L 2 ) are not parallel. Suppose 

1- *i =2 + 3*2 

the two lines intersect at a point. Then there exist numbers t\ and t 2 such that 3 — 2t\ — 3 + 2*2 

*1 = 1+ * 2 



h + 3*2 

2*! + 2*2 

h- t 2 



-1 

0 

1 



*1 = j and *2 = — 2' so the lines intersect at 2, The angle between Li and L 2 is 



0 = cos 



-1 



/ |V1 • V 2 I \ _! 
I I — COS 

V1 Vo 



/ |<-l,-2 9 1> - (3,2, x XI * _j 
\ A /i _|_ 4 4- K/cT+4 



£1 
+1 



)- 



49.1°. 



114 Chapter 11 Vectors and the Geometry of Space ET Chapter ID 



20. A vector parallel to L\ is \\ = (3, —2, 1) and a vector parallel to L 2 is V2 = ( — 1,1,5). Because \\ is 
not a scalar multiple of \ 2 , we see that vi and V2 (and therefore L\ and L2) are not parallel. Suppose the 

2H-3?i = -3 - * 2 

two lines intersect at a point. Then there exist numbers t\ and t 2 such that — 2 — 2t\ — 1 + *2 

3+ t x = -4 + 5t 2 



3fi + t 2 = -5 
+ r 2 = -3 
*1 - 5? 2 = -7 



*1 = —2 and * 2 = 1, so the lines intersect at (—4, 2, —5). The angle between Lj and L 2 is 



0 = cos 



1 / |vi • 
Vlvil 



V2I 
|v 2 l 



— COS 




|<3,-2, !>•(-!, 1,5>| 



= cos" 1 0 = 90°. 



21. 



V9 + 4+1V1 + 1 + 25 

Parametric equations are L\ : x = 1 — 3?, y = —2 + 2?, z = — 1 + At and L2 : JC = —2 + 2/-, y = 4 + 4/-, z = 3 + t. A 
vector parallel to L\ is vi = (—3, 2, 4) and a vector parallel to L2 is V2 = (2, 4, 1). Because vi is not a scalar multiple of 
v 2 , we see that \\ and V2 (and therefore L\ and L2) are not parallel. Suppose the two lines intersect at a point. Then there 



l-3fi = 

exist numbers t\ and t 2 such that —2 + 2*i = 

-1 + 4*! = 



2 + 2r 2 
4 + 4r 2 
3+ t 2 



3/i + 2f 2 = 3 
2t\ - 4t 2 = 6 



Solving the first two equations gives 



4*i - f 2 = 4 

*1 = j and *2 = — |, but substituting these into the third equation leads to 4 — (— |) = ijr = 4, which is false. Thus, 

the lines are skew and do not intersect. 
22. Parametric equations are L\ : x — — 4 + 3t, y = — 1 — 2j, z = 3 + 3t and L 2 \ x — —32 + 6r, y = 8 — 2t, z = 4. 
A vector parallel to L\ is \\ = (3, —2, 3) and a vector parallel to L 2 is V2 = (6, —2, 0). Because vj is 
not a scalar multiple of V2, we see that vi and V2 (and therefore L\ and L 2 ) are not parallel. Suppose the 

-4 + 3fi = -32 + 6r 2 

two lines intersect at a point. Then there exist numbers t\ and t 2 such that —l—2t\ = S — 2t 2 

3 + 3*i = 4 



3*! - 6*2 = -28 



*1 



0 — cos 





-9 




1 




?. 


Ivi 


• V2I 


|vi 


|V 2 I 



t\ = ^ and ?2 = so the lines intersect at ^—3, — |, 4^. The angle between L\ and L 2 is 



\ _i / |(3,-2,3)-(6, -2,0)\ \ _ 1 

= cos I ■ I = COS 1 

/ V V9 + 4 + 9V36 + 4 / 



22 



42.1°. 



V22V40 

23. An equation of the plane containing P (2, 1, 5) with normal vector n = ( 1, 2, 4) is 1 (x — 2) + 2 (y — 1) + 4 (z — 5) = 0 <^> 

* + 2y + 4z = 24. 

24. An equation of the plane containing P (— 1, 3, —2) with normal vector n = i — 2j + k is 1 (x + 1) — 2 (y — 3) + 1 (z + 2) = 0 

0 x - 2y + z = -9. 

25. An equation of the plane containing P (1, 3, 0) with normal vector n = 2i — 4k is 2 (x — 1) + 0 (y — 3) — 4 (z — 0) = 0o 
2jt-4z = 2ox-2z = 1. 

26. An equation of the plane containing P (3, 0, 3) with normal vector n = (0, 0, 1) is 0 (x — 3) + 0 (y — 0) + 1 (z — 3) = 0 <=^> 
z = 3. 

27. A normal to the given plane is n = (2, 3, —1). Because the required plane is parallel to the given plane, n is also normal to 
the required plane, so an equation is 2 (x — 3) + 3 (y — 6) — 1 (z + 2) = 0 <^> 2x + 3y — z = 26. 

28. A normal to the given plane is n = (1, —2, —3), and this is also normal to the required plane, so an equation is 

1 (x - 2) - 2 (y + 1) - 3 (z - 0) = 0 <^ x - 2y - 3z = 4. 

29. A normal to the given plane is n = (1,0, —3), and this is also normal to the required plane, so an equation is 
1 (jc + 1) + 0 (y + 2) - 3 (z + 3) = 0 or x - 3z = 8. 
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30. A normal to the given plane isn = — 5' anc * tn * s * s a ^ so norma l to me required plane, so an equation is 
£ \x - 0) - £ (y - 2) + | (z + 1) = 0 & 6x - Ay + 3z = -11. 

31. Let A (1, 0, -2), 5 (1, 3, 2), and C (2, 3, 0). Then AP = (0, 3, 4) and AC = (1, 3, 2). A normal to the required plane is 



n = ~A% x a£ = 



i j k 

0 3 4 

1 3 2 



= (-6, 4, -3), so an equation of the plane is -6 (x - 1) + 4 (y - 0) - 3 (z + 2) = 0 <^> 



6* - 4y + 3z = 0. 



32. Let A (2, 3, -1), 5 (1, -2,3), and C (-1, 2, 4). Then ~A% = (-1, -5,4) and it = (-3, -1,5). A normal to the 



required plane is n = A% x At = 



i j k 

-1 -5 4 
-3 -1 5 



= (—21, —7, —14) = —7 (3, 1,2), so an equation of the plane is 



3 (x - 2) + 1 (y - 3) + 2 (z + 1) = 0 <=> 3* + y + 2z = 7. 
33. Let P (1, 3, 2). Setting £ = 0 gives the point Q (1, —1, 3) on the line. Also, a vector in the same direction as the line is 



v = ( 1 , —2, 2), so a vector normal to the required plane isn = PQxv = 



i j k 

0 -4 1 

1 -2 2 



= — 6i + j + 4k, and an equation of 



the plane is -6 (x - 1) + 1 (y - 3) + 4 (z - 2) = 0 o 6x - y - 4z = -5. 



34. Let P (—1,2, 3). Setting ? = 0 gives the point Q (— 1, —2, 3) on the line. Also, a vector in the same direction as the line is 



v = (2, 3, — 1), so a vector normal to the required plane is n = x v = 



1 j k 

0-4 0 

2 3-1 



= 4i + 8k. Thus, an equation of 



the plane is 4 (x + 1) + 0 (y - 2) + 8 (z - 3) = 0 <^> Ax + 8z = 20 «=> x + 2z = 5. 



35. Let P (3, —4, 5). A point on the line is Q (2, — 1, —3) and a vector in the same direction as the line is v = (2, —3, 5), so a 



vector normal to the required plane isn = Pg x v = 



i J k 

1 3 -8 
2-3 5 



= — 9i — 1 lj - 3k = - (9i + 1 lj + 3k). Thus, an 



equation of the plane is 9 (x - 3) + 11 (y + 4) + 3 (z - 5) = 0 <=> 9x + lly + 3z = -2. 
36. Let P (1, 3, 0). A point on the line is Q (—4, 3, 2) and a vector in the same direction as the line is v = (—3, 5, 0), so a 



vector normal to the required plane is n = x v = 



i j k 

-5 0 2 
-3 5 0 



= lOi - 6j - 25k = - (lOi + 6j + 25k). Thus, an 



equation of the plane is 10 (x - 1) + 6 (y - 3) + 25 (z - 0) = 0 <=> lOx + 6y + 25z = 28. 
37. Let P (2, 1, 1) and (2 (-1,3, 2), so P^ = (-3, 2, 1). If n = (2, 3, —4) is normal to the given plane, then a normal to the 



required plane is P^ x n = 



1 j k 

3 2 1 

2 3-4 



= — Hi — 10j — 13k = — (Hi + lOj + 13k). Thus, an equation of the required 



plane is 1 1 (x - 2) + 10 (y - 1) + 13 (z - 1) = 0 <^> 11* + lOy + I3z = 45. 
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38. Let P (-1, 3, 0) and Q (2, -1,4), soP^= (3, -4, 4). If n = (3, -4, 5) is normal to the given plane, then a normal to 



the required plane is ~P^) x n = 



i j k 

3-4 4 

3-4 5 



= — 4i — 3j = — (4i + 3j). Thus, an equation of the required plane is 



4 (x + 1) + 3 (y - 3) = 0 o Ax + 3y = 5. 



39. A normal to the plane x + 2y + z = lisni = (1,2, 1). A normal to the plane 2x — 3y + Az = 3 is 112 = (2,-3,4). Because 
ni is not a scalar multiple of 112, the two vectors are not parallel, showing that the two planes are not parallel. Because 

nj • 112 = (1,2, 1) • (2, —3, 4) = 0, the two vectors n\ and 112 are orthogonal, and thus the two given planes are orthogonal. 

40. The normal to the plane 2x — y + Az = 7 is ni = (2, —1, 4), and the normal to the plane 6x — 3y + 12z = — 1 is 
112 = (6, —3, 12). Because ni = ^113, the two vectors nj and 112 are parallel, and thus the two planes are parallel. 



41. 



The normals to the planes 3* — y + 2z = 2 and 2a: + 3y + z = 4 are = (3, —1, 2) and ir? = (2, 3, 1), 
respectively. Since ni is not a scalar multiple of 112, the two vectors are not parallel, and thus the two 
planes are not parallel. n\ ■ 112 = (3, —1, 2) • (2, 3, 1) = 5 ^ 0, so the two planes are not orthogonal 
either. The angle between the two planes is the same as the angle between their normals; that is, 

a . — : i 1, is ' 

V5T 



0 — COS 



x / |ni-n 2 | \ = cos _ 1 / 1(3, -1,2) -(2, 3, 1)1 \ = 
\|nil|n 2 |/ VV9+1+4V4 + 9+1/ 



cos 



69.1 



42. The normals to the planes 4x — Ay + 2z = 7 and 3x + 2y — 2z = 5 are nj = (4, —4, 2) and n 2 = (3, 2, —2), respectively. 
Since ni is not parallel to n2, the two planes are not parallel, ni • 112 = (4, —4, 2) • (3,2, —2) = 0, and so ni and 112 (and 
thus the two planes to which they are normal) are orthogonal. 



43. A normal to the plane x + y + 2z — 6isn = (1,1,2) and a vector parallel to the line 

L : x — 1 + t, y = 2 + t, z = — 1 + t is v = (1, 1, 1), so the angle between the normal to the plane and the line is 

0 = cos- = cos-' ( ) = cos- 4 , 19 .5°. Therefore, the requ.red angle is about 

l|n||v|/ VV1 + 1+4V1 + 1 + 1/ 

90° - 19.5° = 70.5°. 



44. 



A normal to the plane 2x — 3y + Az — 12 is n = (2, —3,4) and a vector parallel to 
the line is v = (2, 3, 2), so the angle between the normal to the plane and the line is 



0 — cos 



COS 




1(2, -3, 4) -(2,3,2)1 
V4 + 9+ 16V4 + 9 + 4 



— cos 



-1 



V29VT7 



82.2°. Therefore, the required angle is 



about 90° -82.2° = 7.8°. 



45. A normal to the plane 2x — 3y + Az — 3 is ni = (2, —3, 4) and a normal to the plane x + 4y — 2z — 7 is 112 = (1,4, —2), 



so a vector in the direction of the required line is v = iij xn2 = 



i j k 

2-3 4 

1 4 -2 



= - lOi + 8j + 1 lk. To find a point on 



the line of intersection of the planes, we solve the system of equations 



2x - 3y + Az = 3 
x + 4y - 2z = 7 



Choosing y = 0 gives 



2x + 4z = 3 
x - 2z = 7 



Solving, we get x = ^ and z = — so a point on the line is 0, — -^-^ and parametric equations 



17 



11 



are* = -M- - 10r, y = 8r, z = + 1 1/. 
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46. A normal to the plane 3x + y — 2z = 4 is n\ = (3, 1, —2) and a normal to the plane 2x — y — 3z = 6 is 112 = (2,-1, —3), 

1 j k 

3 1 -2 

2 -1 -3 



so a vector parallel to the required line is v = ni xn2 = 



= -5i + 5j - 5k = -5 (i - j + k). To find a point 



2x + y — 2z = 4 

on the line of intersection of the planes, we solve the system } Choosing z = 0 gives x — 2 and 

2* — y — 3z = 6 

v = —2, so a point on the line is (2, —2, 0) and parametric equations are* = 2 + r, y = —2 — t,z — t. 

47. A normal to the plane 2x + 4y — 3z = 4 is n = (2, 4, — 3). Since the line is perpendicular to the plane, its direction is given 
by v = n, so parametric equations of the line are x = 2 + 2t,y — 3 + 4t, z = — 1 — 3t. 

48. A normal to the required plane is parallel to the direction of the line, so we may choose v = n = (—2, 3, 4). Thus, an 
equation of the plane is -2 (x - 3) + 3 (y + 2) + 4 (z - 4) = 0 or -2x + 3y + 4z = 4. 

49. A vector parallel to the line L\ : x — — 1 + 2t, y = 2 — 3t, z = 1 + f is vi = (2, —3, 1) and a vector parallel to 



the line L2 : x - 


= 2- 




= 1 




• 

1 


• 

j 


k 


n = vi x \2 = 


2 


-3 


1 




-1 


-2 


-3 



— 1 li + 5j — 7k. We can pick a point in the plane by taking t = 0, obtaining (—1,2, 1), 



and so an equation of the plane is 1 1 (x + 1) + 5 (y — 2) — 7 (z — 1) = 0 <=> 1 Ix + 5y — lz — —8. 



50. The line of intersection of the two planes is defined by the system 



x — y + 2z — 1 
2x + 3y — z = 2 



To find two distinct points on 



the line, we take z = 0 and z = 1 successively to obtain 



x — y = 1 
2x + 3y = 2 



and 



x — y = — 1 

2x + 3y = 3 



Solving each system, 



we find the points to be P (1, 0, 0) and Q (0, 1, 1). Letting R (3, 4, 1) denote the given point, we see that a normal to the 



required plane is X 



• 

1 


• 

J 


k 


-2 


-4 


-1 


-3 


-3 


0 



= -3i + 3j - 6k = -3 (i - j + 2k). Taking n = i - j + 2k and R (3, 4, 1), 



we find an equation of the required plane to be (x — 3) — (y — 4) + 2 (z — 1 ) = 0 <=> x — y + 2z = 1 . 
51. Normals to the planes 2x — 3y + z = 3 and x + 2y — 3z = 5 are iij = (2, —3, 1) and 112 = (1,2, —3), respectively, so a 



vector parallel to the line of intersection of the two planes is ni x 112 = 



1 



• 

J 


k 


-3 


1 


2 


-3 



= 7i + 7j+ 7k = 7(1,1,1} 



Then, since (3, 2, —4) is normal to the plane 3x + 2y — 4z = 7, a vector normal to the required plane is 

i j k 

1 1 1 



n=(i+j + k)x(3,2, -4> = 



3 2-4 



= — 6i + 7j — k. Also, a point on the line of intersection of the two planes 



2x — 3y + z = 3 and x + 2y — 3z = 5 is found by solving the system 



2x-3y+ z = 3 
x + 2y - 3z = 5 



Choosing y = 0 gives 



x = 2, z = — 1, and so one such point is (2, 0, —1). Therefore, an equation of the required plane is 



2x+ z = 3 
x — 3z = 5 

-6 (* - 2) + 7 (y - 0) - 1 (z + 1) = 0 ^ 6x - ly + z = 11. 
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52. A vector parallel to the line of intersection of the planes x — y + 2z = 3 and 2x + 3y — z = 4 



is v = ni x ii2 = 



J 



1 -1 



3 -1 



= — 5i + 5j + 5k = — 5 (i — j — k), where ni and 112 are vectors 



normal to the respective planes. Let P (2, 3, 5) and Q (3, 4, 1). Then a normal to the desired plane is 



x (4v) = 



i j k 

1 1 -4 
1 -1 -1 



= — 5i — 3j — 2k = — (5i + 3 j + 2k). Therefore, an equation of the required plane is 



5 (x - 2) + 3 (y - 3) + 2 (z - 5) = 0 <^ 5x + 3 y + 2z = 29. 

53. Suppose the line and the plane intersect at a point P (xq, yo, zo)- Then there exists a number to such that 
2 (2 + 3fo) + 3 (-1 + to) - (3 - 2fo) = 9 <=> to = 1, so the point of intersection is (5, 0, 1). 

54. Parametric equations of the line are* = — 1 + 3f , y = 2 + 4?,z = — 1 + t. Suppose the line and the plane x — y + 2z = 13 
intersect at a point Po (*0> JO* zo)- Then there exists a number such that (—1 + 3to) — (2 + 4fn) + 2 (— 1 + to) = 13 

-1 + 3? 0 - 2 - 4? 0 - 2 + 2? 0 = 13 t 0 = 18, so the point of intersection is (53, 74, 17). 

55. To find the distance between P (3, 1, 2) and the plane 2x — 3y + 4z = 7 o 2x — 3y + 4z — 7 = 0, we write 

/ 7 v /9 , A , ^ n 12(3)-3(l)+4(2)-7| 4V29 

n = (a, b, c) = (2, -3, 4) ^> D = = = —77—. 

y 2 2 + 3 2 +42 29 

56. To find the distance between P (—1,3, —2) and the plane 3x + y + z = 2<3>3x + y + z — 2 = 0, we write 

|3(-l) + 3 + (-2)-2| 4VU 



n = (a,/?,c> = (3, 1, 1) ^> D = 



11 



V3 2 + 12+12 

57. For the planes x + 2y — 4z = 1 and * + 2y — 4z = 7, the normal vectors are = (1, 2, —4) and 112 = (1,2, —4), 
which are identical. Thus, the planes are parallel. Pick a point on the first plane, say (1, 0, 0) (set y = z = 0). Then 

z) _|l+0 + 0-7| 2V5T 



VI + 4+ 16 7 

58. For the planes 2x — 3y + z = 2 and 4x — 6y + 2z = 8, normals are n\ = (2, —3, 1) and n2 = (4, —6, 2). Since 112 = 2n\ 9 
the normals (and hence the planes) are parallel. Pick the point (0, 0, 4) on the second plane obtained by setting x = y = 0. 

|2(0)-3(0) + 4-2| VT4 



Then D = 



V4 + 9 + 1 



7 



59. From the figure, we see that 



D = 



e/ 5 



sin# = 




ul sin^ 




x u 



60. Here P (3, 4, 6) and we can take u = (1, -2, -1) 
Choosing Q (2, 1,3), we find 



u 



u 





X u = 



1 

1 



j k 

3 3 



1 -2 -1 



= 3i + 4j — 5k, so 



D = 




x u 



|3i + 4j-5k| V9+ 16 + 25 



u 



Vl+4+1 



V6 



5V3 



61. Here P (1, —2, 3) and we can take u = (3, 1, 2). Choosing Q (—2, 1, —3), we find 



i j k 

3-3 6 
3 1 2 



= -12i+ 12j + 12k, so D = 



x u 



-12i + 12j + 12k| 12V3 6^42 



u 



V9+1+4 



7 
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62. A vector parallel to the line passing through (—1, 3, —1) and (1, 2, 3) is u = (2, —1, 4). Taking P (1, 4, 2) 



and Q (1, 2, 3) and using the result of Exercise 59, we find x u = 



i j k 

0 2-1 

2-1 4 



= 7i - 2j - 4k, so 



D = 




x u |7i - 2j - 4k| V69 ^161 



|u| V4+1 + 16 V2T 7 

63. Let us denote the planes by tt\ : ax + by + cz = d\ and 7T2 : ax + by + cz = d 2 . Choose a point P (xq, yo, £u) on ^1 an d 



observe that a normal to 7T2 is n = (a, b, c). So, using the result of Exercise 59, D — 



\ax 0 + by 0 + czo ~ d 2 \ 



J a 2 + b 2 + c 2 



. But since 



P (xq, yo, zq) lies on 7T\, it satisfies the equation of the plane; that is, qxq + byo + czo = d\ . Thus, Z) = 



\d\-dr\ 



y/a 2 + b 2 + c 2 

64. Write Li : x = 1 + 5?, y = — 1 + 2t, z = 2 — 3? and L2 : * = 1 + y = — 1 — 2t, z = 1 + f. Since the lines are skew, 
each line is contained in one of two parallel planes. The vectors vi = (5, 2, —3) and V2 = (1, —2, 1) are parallel to L\ and 



L2, respectively, so a vector normal to the planes is n = vi x V2 = 



1 

5 



j k 

2 -3 



1 -2 1 



= _4i - 8j - 12k = -4 (i + 2j + 3k). 



Let us choose P (1, — 1, 2) on Lj. Then the plane containing Lj has equation (jc — l)H-2(j + l) + 3(z — 2) = 0 

o x + 2j + 3z = 5. Next, choosing P (1, — 1, 1) on we see that the plane containing L 2 has equation 

(x — l) + 2(j+ l) + 3(z— 1) = 0<^>x + 2>' + 3z — 2. Finally, using the result of Exercise 63 with d\ — 5 and d 2 — 2, 

\d x -d 2 \ |5-2| 3VT4 



we find D = 



65. Write Li : 



^2 + ^2 + c 2 Vl+4 + 9 



x — 1 v — 4 



14 



z ~ 3 at n y+ 2 

and L 2 \ x — 2 — 



z-l 



. Since the lines are skew, each line is contained in 



-2 -6 -2 " -5 -3 

one of two parallel planes. The vectors vi = (—2, —6, —2) and V2 = (1, —5, — 3) are parallel to L\ and L 2 , respectively, 



so a vector normal to the planes is n = ^— 2 v l) x v 2 = 



i j k 

1 3 1 
1 -5 -3 



= _4i + 4 j_ 8k = _4(i_j + 2k) 



-3) = 0 



Choosing P (1, 4, 3) on L\, we see that the plane containing Lj has equation (x — 1) — (y — 4) + 2 (z 
x — y + 2z = 3. Choosing P (2, —2, 1) on L2, we see that the plane containing L 2 has equation 
(x — 2) — (y + 2) + 2 (z — 1) = 0 x — y + 2z = 6. Finally, using the result of Exercise 63 with d\ — 3 and d 2 — 6, we 

\di-d 2 \ |3-6| V6 



find/) = 



J a 2 + b 2 + c 2 Vl+1+4 2 



66. Let A (2, 3, 1), B (2, 1,4), and C (4, 4, 10). Then Z?<J = (2, 3, 6), so an equation of the plane 7r passing through A and 
perpendicular to the line containing the points B and C is 2 (x — 2) + 3 (v — 3) + 6 (z — 1) = 0 <^> 2* + 3y + 6z = 19. 
Let us pick any point on the line L : x = 1 +3t,y — 2 — dt,z — — 1 +2t. For example, taking t — 0 gives the point 

P (1, 2, — 1). Then the distance between the line L and the plane 7r is D — — — + ^ ( J j _ ^7 

V4 + 9 + 36 7 

67. False. Let L\ : x = t, y = 0, z = 0, L 2 : x = 0, y = z = 0, and L3 : x = 0, v = 0, z = Then L\ and L2 are both 
perpendicular to L3, but L\ and L2 are not parallel. 

68. False. Take L\ and L 2 to be any skew lines. 

69. False. The planes z = 1 and z = 2 are both perpendicular to the plane y — 0, but they are not perpendicular to each other. 

70. False. The planes x — 1 and y — 1 are both parallel to the line L \ x — 0, y = 0, z = t, but they are not parallel. 

71. False in general. This is true if and only if the point does not line on the line. 
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72. False. If L\ and are skew, then there is no plane containing both L\ and L2. 




2. See the definition on page 959 (955 in ET). 




3. a. A quadric surface is the graph of the second-degree equation 

Ax 2 + By 2 + Cz 2 + Dxy + Exz + Fyz + Gx + Hy + I z + J = 0, where A, are constants. 

222 222 222 222 22 

X V 7 x V 7 JC V 7 JC V 7 Jt V 

b - (1) ^ + & + ? = M2) ^ + ^-? = U3) ~-^ + ? = U4) ^ + &-?=°' (5) ^ + &=- 

2 2 

(6) - -7y = CZ 
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7. 




8. 




9. 



2k 




10. 




11 




12. 




9 y 2 z 2 

13. x z -\ 1 = 1 is an equation of the ellipsoid with center at the origin and axes the x-, y-, and z-axes with intercepts 

16 4 

±1, ±4, and ±2, respectively, so it has graph a. 



9 y o 

14. x z — — + z — 9 is an equation of a hyperboloid of one sheet whose trace in the xz-plane is a circle with radius 3 centered 
at the origin, so its graph is c. 



15. — 2x L — 2y + z = — H = 1 is an equation of a hyperboloid of two sheets with axis the z-axis, so it has 

1 — 1 — J. 

graph f . 



2 .2 . _2 



16. ^ z — v + z — 0 is an equation of a cone with axis the y-axis, so it has graph d. 



o Z . 

17. x + — = y is an equation of an elliptic paraboloid with axis the y-axis, so it has graph e. 



? y 

18. x L — — = — z is an equation of a hyperbolic paraboloid. Its traces on planes of the form z — k are hyperbolas, so it has 
graph g. 



2 2 2 

x y z 

19. —- + — + — = 1 is an equation of an ellipsoid with center at the origin and axes the coordinate axes with intercepts 
x = ±2, y = ±3, and z = ±5, so it has graph b. 



20. x L — z — —y is an equation of a hyperbolic paraboloid. Its traces on planes of the form y = k are hyperbolas, so it has 
graph h. 
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2 2 2 

x y z 



25. x 2 + y 2 - %r = 1 



2 
22 



2 2 2 



Z A 



2 A 
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40. x 2 + z 2 = -(y-l) 



41. x 2 + y 2 = z - 4 
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2 2 
x^ 

42. + 



12 



(a 



2 



= z + 4 



I A 




43. y 2 - = z 




44. -x 2 + y 2 = -z 




45. 



48. 




46. 




49 




47, 





-V 



50. 




51. Let P (x, y, z) be any point on the surface. Then its distance from the plane x — 3 is D\ = \x — 3|. Its distance 

from the point (-3, 0, 0) is D 2 = yf(x + 3) 2 + y 2 + z 2 . Setting D\ = D 2 gives (x - 3) 2 = (jc + 3) 2 + y 2 + z 2 <=> 
x 2 — 6x + 9 = x 2 + 6x + 9 + y 2 + z 2 => y 2 + z 2 — —I2x, so the required surface is a paraboloid. 

52. Let P (x, y, z) be any point on the surface. The given condition implies 2\y\ = yj (x — 0) 2 + (y — y) 2 + (z — 0) 2 <=> 



4;y 2 = x 2 + z L t=> — « — ^ + ^tt = 0, so the surface is a cone centered at the origin with axis the y-axis. 



2 



2 2 2 
x y z 



2 2 l 2 2 2 



2 



53. We have 



2x 2 + y 2 -3z 
Ax 2 + 2y 2 - 6z 2 - Ax 



+ 2;y = 6 
= 4 



4x 2 + 2.y 2 - 6z 2 + 4y = 12 
4x 2 + 2y 2 - 6z 2 - Ax =4 



Subtracting the second 



54. 



equation from the first yields Ax + Ay = 8 <=> x + y — 2, an equation of a plane. 

Substituting x = a + t, y = b + t, z = b 2 — a 2 + 2(b — a)t (the parametric equation of the line L\) into z — y 2 — x 2 
gives b 2 - a 2 + 2 (Z? - a) t = (b + t) 2 - (a + f) 2 => ^ 2 + 2fcf + t 2 - a 2 - 2at - t 2 = b 2 - a 2 + 2(b - a) t, an identity. 
This shows that L\ lies on the surface z — y — x . Next, substituting x — a + t, y = b — t, z = b 2 — a — 2(b + a)t 
gives b 2 - a 2 - 2 (b + a) t = (b - t) 2 - (a + t) 2 => b 2 - 2bt + t 2 - a 2 - 2at - t 2 = b 2 - a 2 - 2 (b + a) t, an identity, 
showing that L? also lies in the surface z = y — x . 
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56 




0 



-5 




58 



0 



-5 




X 




60. 



X 




61. False. The graph of y — x + 3 is a plane in 3-space. 

62. True. The ellipse is the intersection of the cylinder 9.x 2 + 4z 2 = 1 and the plane y — 0. 



2 2 2 

X V 7^ 

63. True. + ^ + 



<3 



*2 



= 4^ 



+ 



+ 



z 



2 



= 1 



(lay {2by (2c) 



64. True. Put x' — x, y' — y, and z' — z — z$. Then the given equation reads 
system obtained by translating the xyz system vertically. 



(xf i (/) 



+ 



a 



b 2 



= cz' in the x 'y ' z! coordinate 
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1. a. See page 971 (967inET) 

2. a. See page 974 (970 in ET) 



b. See page 972 (968 in ET). 
b. See page 975 (971 in ET). 




1. The point (3, y , 2) in cylindrical coordinates has r — 3, 0 — y , and z = 2, so x = 3 cos y = 0, y = 3 sin y = 3, and 
z = 2. The rectangular representation is (0, 3,2). 

2. The point (4, 0, —3) in cylindrical coordinates has r — 4, 0 = 0, and z = — 3, so x = 4 cos 0 = 4, j = 4 sin 0 = 0, and 
z = —3. The rectangular representation is (4, 0, —3). 

3. The point (^2, ^, V?) in cylindrical coordinates has r — \f2, 0 = ^, and z = \/3, soi = V2cos ^ = 1, 
y = V2 sin ^ = 1 , and z = \/3 . The rectangular representation is ^ 1 , 1 , \/3^ . 

4. The point (2, y, 5) in cylindrical coordinates has r = 2,0 — y , and z = 5, so x = 2 cos y = 1, y = 2 sin y = V3, and 
z = 5. The rectangular representation is ^1, \/3, 5^. 

5. The point (3, — ^, 2) in cylindrical coordinates has r — 3, 0 — — ^, and z = 2, so x — 3 cos (— ^) = 

y = 3 sin (— ^) = — |, and z = 2. The rectangular representation is (j^-, — |, 2^ . 

6. The point (1, 7r, 7t) in cylindrical coordinates has r — 1,0 = 7r, and z = 7r, so x = 1 cos 7T = —1, y = 1 sin7r = 0, and 
z = 7r. The rectangular representation is (—1, 0, 7r). 

7. The point (2, 0, 3) in rectangular coordinates has x = 2, y = 0, and z = 3, so r — V4 + 0 = 2, 0 = tan -1 0 = 0, and 
z = 3. The cylindrical representation is (2, 0, 3). 

8. The point (3, 3, 3) in rectangular coordinates has x — y — z — 3, so r — V9 + 9 = 3^2, 0 — tan -1 | = ^, and z = 3. 
The cylindrical representation is ^3V2, -J, 3^. 

9. The point ^1, >/3, 5^ in rectangular coordinates has x = 1, y = \/3, and z = 5, so r — VI + 3 = 2, 0 — tan -1 V3 = y, 
and z = 5. The cylindrical representation is (2, y, 5). 

10. The point ^\/2, —\/2, 4^ in rectangular coordinates has x — \[2, y = — V2, and z = 4. The point (^/2, — +J2j lies in the 
fourth quadrant, so we take r — +J2 + 2 = 2,0 = tan -1 (~ ;^|) — an d z = 4. The cylindrical representation is 
(2,^.4). 

11. The point (^f?>, 1, —2^ in rectangular coordinates has x = V3, y = 1, and z = —2, sor = V3 + 1 = 2, 
0 — tan -1 = and z = —2. The cylindrical representation is (2, ^, —2). 

12. The point (^3,-1,4) in rectangular coordinates has x = V3, y = — 1, and z = 4. The point ^V3, — 1^ lies in the 
fourth quadrant, so we take r = V3 + 1 = 2,0 = tan -1 (— = ^p, and z = 4. The cylindrical representation is 

(2.^.4). 

13. The point (5, 0, 0) in spherical coordinates has p = 5, 0 = 0, and 0 = 0, so x = 5 sin 0 cos 0 = 0, y = 5 sin 0 sin 0 = 0, 
and z = 5 cos 0 = 5. The rectangular representation is (0, 0, 5). 
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14. The point (2, y, in spherical coordinates has p — 2, 6 — y, and <j> — ^, so x = 2 sin ^ cos y = 0, 
j = 2 sin ^ sin y = 1 , and z = 2 cos ^ = VI. The rectangular representation is ^0, 1 , V3^ . 

15. The point (2, 0, J) in spherical coordinates has p — 2, 6 = 0, and 0 = |, soi = 2 sin ^ cosO = a/2, 
y = 2 sin ^ sin 0 = 0, and z = 2 cos ^- = V2. The rectangular representation is ^ V5, 0, V5^ • 

16. The point ^3, ^, in spherical coordinates has p = 3, 0 = y , and 0 = ^,soi = 3 sin ^ cos y = |, 
y — 3 sin ^ sin y = |, and z = 3 cos ^ = — 2^1. The rectangular representation is |, — . 

17. The point (5, y , y) in spherical coordinates has p — 5, 0 = y, and 0 = j, soi = 5 sin y cos y = ^p, 
j = 5 sin f sin £ = and z = 5 cos f = The rectangular representation is 

18. The point (l, 7r, y) in spherical coordinates has p = 1, 0 = 7r, and 0 = y, so x = sin y cos7r = — 1, 
j = sin y sin7r = 0, and z = cos y = 0. The rectangular representation is (—1, 0, 0). 

19. The point (—2, 0, 0) in rectangular coordinates has x — — 2 and y = z = 0, so p = V4 + 0 + 0 = 2, 
6 — tan -1 (z^) — 77 1 an d </> = cos -1 0 = y . The spherical representation is (2, 7r, y). 

20. The point (1, 1, 1) in rectangular coordinates has x — y — z — 1, so p = VI + 1 + 1 = V5, 0 = tan -1 = if> 



and 



0 = cos 1 (^)- The spherical representation is ^V5, y, cos 1 

21. The point ^V3, 0,1^ in rectangular coordinates has x = V3, y = 0, and z = 1, so p = V3 + 0 + 1 = 2, 
0 = tan -1 (^j) = 0> an d 0 = cos -1 ^) = "J- The spherical representation is (2, 0, y). 

22. The point (-2, 2V3, 4^ in rectangular coordinates has x = -2, j = 2V3, and z = 4, so p = V4+ 12+ 16 = 4V5, 
0 = tan" 1 (^f ) = 3f , and 0 = cos" 1 (ji=) = f . The spherical representation is (4V2, 3^, 

23. The point ^0, 2V3, 2^ in rectangular coordinates has * = 0, y = 2V3, and z = 2, so p = V0 +12 + 4 = 4, 0 = y 
because tan -1 (^r") is undefined, and 0 = cos -1 = y . The spherical representation is (4, y , y). 

24. The point ^V3, 1, 2V3^ in rectangular coordinates has x = V3, y = 1, and z = 2V3, so p = V3 +1+12 = 4, 
0 = tan -1 (-±=) = y, and 0 = cos -1 (^) = f • The spherical representation is (4, ^, y). 

25. The point (2, y , 0) in cylindrical coordinates has r — 2, 6 = y, and z = 0, so p = V4 + 0 = 2 and 0 = cos -1 ^) = y- 
The spherical representation is (2, y, y)- 

26. The point (2, y , —2) in cylindrical coordinates has r — 2,0 — y, and z = —2, so p = V4 + 4 = 2V2 and 

0 = cos -1 (j^=) = ^p- The spherical representation is {l<Jl, y , ^y). 

27. The point (4, y , —4) in cylindrical coordinates has r — 4, 6 — y, and z = —4, so p = V16 + 16 = 4V2 and 
cj) — cos -1 (j^Tj) = ^ ne s P ner ical representation is ^4V2, y , ^ 

28. The point (12, 7r, 5) in cylindrical coordinates has r — 12, 0 = ir, and z = 5, so p = V144 + 25 = 13 and 
cj) = cos -1 The spherical representation is ^13, 7r, cos -1 

29. The point (4, ^-,6) in cylindrical coordinates has r = 4, 0 = and z = 6, so p = V16 + 36 = 2Vl3 and 
cj) = cos -1 (—y=\. The spherical representation is (2Vl3, ^, cos -1 ))• 
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30. The point (12, y , 5) in cylindrical coordinates has r — 12, 0 = y, and z = 5, so p = V144 + 25 = 13 and 

= cos -1 (f^)- The spherical representation is ^13, y, cos -1 (-j^))- 

31. The point (3, 0, 0) in spherical coordinates has p — 3, 6 — 0, and 4> = 0, so r — 3 sinO = 0 and z = 3 cos 0 = 3. The 
cylindrical representation is (0, 0, 3). 

32. The point (5, y, y) in spherical coordinates has p = 5, 0 = ^, and 0 = y , so r = 5 sin y = 5 and z = 5 cos y =0. 
The cylindrical representation is (5, y , 0). 

33. The point (l, y^, y^ i n spherical coordinates has p — 2,0 — ^y , and 4> — y , so r = 2 sin y = 2 and z = 2 cos y = 0. 
The cylindrical representation is ^2, y^, 0^ . 

34. The point (4, — y, y) in spherical coordinates has p — 4, 0 — — y, and 0 = y, so r = 4 sin y = 2 and 



z = 4 cos y = 2a/3. The cylindrical representation is ^2, — y, 2^3^- 



35. The point (l, y , y) in spherical coordinates has p = 1, 0 = ^, and 0 = y , so r = sin y = ^ and z = cos y = y 
The cylindrical representation is (y^, y, j). 

36. The point ^5, y , y^ in spherical coordinates has p = 5, 0 — y, and 4> = y^-, so r = 5 sin ^ = ^y 

z = 5 cos ^- = The cylindrical representation is (^VI, f , -^p). 

37. First we find the points in rectangular coordinates. The cylindrical coordinates of P\ (2, y , 0) are r — 2, 0 — y, and 
z = 0, so x — 2 cos y = 1 and y = 2 sin y = V3. Therefore, the representation of P\ in rectangular coordinates 

isP! (l, V3,0). The cylindrical coordinates of P 2 (1> ^ 2) are r = 1, 0 = 7r, and z = 2, so x = 1 cos 7r = — 1 
and y = 1 sin7r = 0. Therefore, the representation of P2 in rectangular coordinates is P2 (— 1, 0, 2). Finally, 

£> (A , Pi) = y(-i-i) 2 + (o-V3) 2 + 22 = VTT. 

38. For Pi (4, y, y^ in spherical coordinates, p = 4, 0 = y, and 4> = so x = 4 sin y^- cos y = 0, 

y = 4 sin y^ sin y = 2V3, and z = 4 cos y^ = — 2, and the point's representation in rectangular coordinates is 
P\ ^0, 2V5, — 2^. For P2 (3, 7T, y) in spherical coordinates, p = 3, 0 = 7r, and 0 = y , so x = 3 sin y cos tt — —3, 



and 



j = 3 sin y sin7r = 0, and z = 3 cos y = 0, and the point's representation in rectangular coordinates is P 2 (—3, 0, 0). 



Thus, D (Pi , P 2 ) = J (-3 - 0) 2 + (0 - 2V3) 2 + [0 - (-2)] 2 = 5. 



39. r — 2. This surface is the circular cylinder with radius 2 and central axis the z-axis. 

40. z = 2. This surface is the plane parallel to the xy-plane and two units above it. 

41. p — 2. This surface is the sphere with center the origin and radius 2. 

42. 0 — y . This surface is the half-plane that is perpendicular to the xy-plane, has one edge on the z-axis, and extends along 
the ray y = ^j-x for x > 0. 

43. <fi = y . This surface is the upper half of a right circular cone with vertex the origin and axis the positive z-axis. 

44. z = 4r 2 . The rectangular equation is z = 4 (x 2 + y 2 ^ ; this is an equation of a paraboloid with vertex the origin and axis 
the z-axis, opening upward. 

45. z = 4 — r 2 . The rectangular equation is z = 4 — x 2 — y 2 ; this represents a paraboloid with vertex (0, 0, 4) and axis the 
z-axis, opening downward. 
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46. r = 6 sin 0. Multiplying both sides of the equation by r leads to r 2 = 6r sin 0 => x 2 + y 2 = 6y => x 2 + (y — 3) 2 = 3 , an 
equation of the circular cylinder with radius 3 and central axis the line parallel to the z-axis passing through (0, 3,0). 

47. pcos 0 = 3 <^> z = 3 in rectangular coordinates. This surface is the plane parallel to the xy-plane and three units above it. 

48. p sin 0 — 3 o r — 3 in cylindrical coordinates. This surface is the circular cylinder with radius 3 and central axis the 
z-axis. 

49. r sec 0 — 4 o r = 4 cos 0 <^> r 2 = 4r cos 0 <^> x 2 + y 2 = 4* <=> (x — 2) 2 + y 2 = 4 in rectangular coordinates. This 
surface is the circular cylinder with radius 2 and central axis the line parallel to the z-axis passing through (2, 0, 0). 

50. r — — esc 0 o — r sin 0 — 1 ^> y = — 1 in rectangular coordinates. This is an equation of the plane parallel to the xz-plane 
passing through (0, —1, 0). 

51. z — r 2 sin 2 6 — (r sin 0) 2 = y 2 in rectangular coordinates. This is an equation of a parabolic cylinder. 

52. p — 4 cos 0 => P 2 = 4p cos 0 x 2 + y 2 + z 2 = 4z => x 2 + y 2 + (z — 2) 2 = 2 2 in rectangular coordinates. This surface 
is the sphere with radius 2 and center (0, 0, 2). 

53. r 2 + z 2 — 16ox 2 + y 2 + z 2 = 16 in rectangular coordinates. This surface is the sphere with radius 4 centered at the 
origin. 

54. 3r 2 - 4z 2 = 12 <=> 3 (x 2 + y 2 ) - 4z 2 = 12 <^> 3x 2 + 3y 2 - 4z 2 = 12 in rectangular coordinates. This surface is a 

hyperboloid of one sheet with axis the z-axis. 

55. p = 2 esc 0 sec 0 => 2 = p sin 0 cos 0 => x = 2 in rectangular coordinates. This surface is a plane parallel to the yz-plane 
passing through (2, 0, 0). 

56. p 2 (sin 2 0 — 2 cos 2 0^ = 1 => (psin0) 2 - 2 (pcos 0) 2 = 1 => x 2 + y 2 — 2z 2 = 1 in rectangular coordinates. This 

surface is a hyperboloid of one sheet with axis the z-axis. 

57. r 2 -3r + 2 = 0<=>(r-2)(r-l) = 0or= 1 or r — 2. This surface consists of two circular cylinders with radii 1 and 2 
and axis the z-axis. 

58. p 2 — 4p + 3 = 0 o (p — 1) (p — 3) = 0 <=> p = 1 or p = 3. This surface consists of two spheres with radii 1 and 3 
centered at the origin. 

Note: For Exercises 59-66, we retain only those expressions necessary to describe the entire surface. 

59. a. x 2 + y 2 + z 2 = 4 <=> (x 2 + y 2 ) + z 2 = 4 => r 2 + z 2 = 4 

b. -x 2 + y 2 + z 2 = 4^=>p 2 =4^p = 2 

60. a. x 2 - y 2 + z 2 = 4 <^=> (r cos 0) 2 - (r sin 0) 2 + z 2 = 4 «=> r 2 (cos 2 0 - sin 2 6>) + z 2 = 4 r 2 cos 20 + z 2 = 4 

b. x 2 — y 2 + z 2 = 4 o (p sin 0 cos 0) 2 — (psin0sin0) 2 + (pcos0) 2 = 4 <^> 
p 2 (cos 2 0 — sin 2 0^ sin 2 0 + p 2 cos 2 0 = 4 => p 2 (sin 2 0 cos 20 + cos 2 0^ = 4 

61. a. x 2 + y 2 = 2z o r 2 - 2z = 0 

b. x 2 + y 2 = 2z o (psin0cos0) 2 + (psin0sin0) 2 = 2pcos0 <=> 

p 2 sin 2 0 (cos 2 0 + sin 2 0^ — 2p cos 0 = p (p sin 2 0 — 2 cos 0^ = 0 => p sin 2 0 — 2 cos 0 = 0 

62. a. x 2 + y 2 = 9 ^=> r 2 = 9 => r = 3 

b. x 2 + y 2 = 9 <^=> r 2 = 9 <^> (p sin 0) 2 = 9 => p sin 0 = 3 => p = 3 esc 0 

63. a. 2x + 3y-4z= 12 <=> 2r cos 0 + 3r sin0 - 4z = 12 => r (2cos0 + 3 sin0) - 4z = 12 

b. 2x + 3y — 4z = 12 o 2psin0cos0 + 3psin0 — 4pcos0 = 12 => p(2sin0cos0 + 3 sin 0 sin 0 — 4cos0) = 12 

64. a. x 2 + y 2 = 4y o r 2 - 4r sin 0 = 0 <^=> r (r - 4 sin 0) = 0 => r - 4 sin 0 = 0 

b. x 2 + y 2 = 4y ^> (p sin 0 cos 0) 2 + (p sin 0 sin 0) 2 = 4p sin 0 sin 0 o p sin 0 (p sin 0 — 4 sin 0) = 0 => 
p sin 0 — 4 sin 0 = 0 
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66 



65. a. x 2 + z 2 = 4 <=> r 2 cos 2 0 + z 2 = 4 

b. x 2 + z 2 = 4 <£=> (p sin 0 cos 0) 2 + (p cos <fi) 2 — A<^>p 2 ^sin 2 0 cos 2 6 + cos 2 </>j = 4 

a. x 2 — j 2 — z 2 = 1 <=> r 2 cos 2 6 — r 2 sin 2 0 — z 2 = 1 r 2 {cos 2 0 — sin 2 6^ — z 2 = 1 <=> r 2 cos 20 — 1 = z 2 

b. x 2 — y 2 — z 2 = 1 <=> (p sin 0 cos 0) 2 — (p sin cj> sin 0) 2 — (p cos <fi) 2 = 1 <=> p 2 sin 2 0 cos 20 — p 2 cos 2 0=1^ 
p 2 ^sin 2 cj) cos 20 — cos 2 cf)j = 1 

67. r < z < 2. r = z => * 2 + y 2 = z 2 . The region is the solid 68. r 2 < z < 4 — r 2 . This region is the solid bounded above 
under the plane z = 2 and above the top half of the cone by the paraboloid z = 4 - r 2 and below by the paraboloid 



x 2 + v 2 = z 2 . 




z = r 2 . 




69. 



0 < 0 < 2-7T, 0 < <p < 5-, 0 < p < <3 sec 0. Observe that 
p — a sec 0 <=> p cos <fi = a <^> z = a. The region is the 
solid above the cone <p — ^ and below the plane z = . 



70. 




O<0<^-,p<2. This is the region bounded above by 
the sphere with radius 2 centered at the origin and below 
by the top half of the cone <j) = ^ . 




71. 



a. For Los Angeles, 0 = 90 - 34.06 = 55.94° and 0 = 360 - 1 18.25 = 241.75°, so the location of L.A. is 
L(3960, 241.75°, 55.94°). 

For Paris, 0 = 90 - 48.52 = 41.48° and 0 = 2.20°, so the location of Paris is P (3960, 2.20°, 41.48°). 

b. For Los Angeles, x = 3960 sin 55.94° cos 241.75° « -1552.8, y = 3960 sin 55.94° sin 241.75° % -2889.9, and 
z = 3960 cos 55.94° % 2217.8, so the location of L.A. in rectangular coordinates is (-1552.8, -2889.9, 2217.8). 
For Paris, x = 3960 sin 4 1.48° cos 2.20° « 2621.0, y = 3960 sin 4 1.48° sin 2.20° « 100.7, and 

z = 3960 cos 41. 48° w 2966.8, so the location of Paris in rectangular coordinates is (2621.0, 100.7, 2966.8). 

c. Let a = ot = (-0.39p, -0.73p, 0.56p) and b = ~ot> = (0.66p, 0.03p, 0.75p>. To find the angle rj> between a 



and b, we write cos i/> = 



a • b 



7 



p z (-0.39, -0.73, 0.56) • (0.66, 0.03, 0.75 



a| |b| p 2 yJ(-039) 2 + (-0.73) 2 + (0.56) 2 y/(0.66) 2 + (0.03) 2 + (0.75) 2 
81.9° = 1.43 radians. Therefore, the great circle distance between L.A. and Paris is about 



pt/j^ 3960 (1.43) ^ 5663 mi. 
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72. By the Pythagorean Theorem, the length of the geodesic 
between Pi (ri,O l9 z\) and P 2 (r 2 , 0 2 , Zi) is 



Z A 



= x /r2(0 2 -0 1 ) 2 + fa-Zl) 2 





r(0o-& 



73. True. The point (2, ^) can also be represented as ^2, ^^j, etc. 

74. True. Both represent the vertical plane that makes an angle of 45° with the positive x-axis. 

75. True. 0 — c in cylindrical coordinates represents a vertical plane, whereas 0 — c in spherical coordinates represents a 
half-plane. 



76. False. The spherical equation 0 = ^ represents a half-cone, whereas the rectangular equation x z + y z = z z represents the 
entire cone. 



2 _ Jl 
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Concept Review 



1. a. direction; magnitude 



2. a. cv; Id; c > 0; c < 0 



b. arrow; arrow; direction; length 



b. initial; terminal 



c. initial; A; terminal; B 



c. v + (— w) 



d. direction; magnitude 



3. a. (a\, a 2 ); 01 ; a 2\ scalar; (0,0) 
b. (ai + b u a 2 + b 2 ); {ca u ca 2 



4. a. 



a 



a 



b. (1,0); (0, 1); standard basis; ci\i + 

c. (cos#, sin#) 



5. a. (h, k, /); r 




+ x 2 y\ + y 2 z\+z 2 



2 



6. a. {x2-x\,y 2 - y\,z 2 - z\) 

b. (1,0,0); (0, 1,0); (0,0, 1) ; a { i + atf + a 3 k 



7. a. + a 2 b 2 + ^3^3; scalar 



8. a. a -b = 0 



b. V a • a 
a • b 



c. 



a||b| 



b. direction 



c. cos 2 OL + cos z /3 + cos z 7=1 



2 
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9. a. vector projection; vector component 
b. scalar component 



a 



10. a. orthogonal 
b. |a||b|sin0 



c. 0 



11. a. a • (b x c) 
b. |a • (b x c)| 



13. a. a (x - xq) + b (y — yo) + c (z — zq) = 0 
b. plane; n — (a, b, c); normal vectors 



12. a. x = xq + at, y = y Q + bt, z = Zq + ct 



b. 



x-xq y-yo z-zo 



a 



14. a. r cos0; r sin#; z; x z + y , — ; z 

x 



0 0 *? ✓ ^ 

b. psin</>cos#; p sin 0 sin 0; pcos</>; x + y + z ; — ; - 





Review Exercises 

1. 2a-3b = 2(2i-j + 3k) - 3 (i + 2j - k) = i - 8j + 9k 

2. a (b + c) = (2i - j + 3k) • [(i + 2j - k) + (3i - 2j + k)] = (21 - j + 3k) • (4i) = 8 

3. |3a + 2b| = |3(2i-j + 3k) + 2(i + 2j-k)| = |8i + j + 7k| = y/s 2 + l 2 + 7 2 = VTl4 

4. |a| + |c| = |2i-j + 3k| + |3i - 2j + k| = A /2 2 + (-1) 2 + 3 2 + A /3 2 + (-2) 2 + l 2 = 2^14 



5. a x c = 



i j k 

2-13 

3 -2 1 



= 5i + 7j - k 



6. Using the result of Exercise 5, we have c x a = — (a x c) = — 5i — 7j + k, so b x (c x a) = 



1 

1 



j k 

2 -1 



-5 -7 1 



= -5i+4j + 3k, 



and therefore |b x (c x a)| = J(-5) 2 + 4 2 + 3 2 = V50 = 5^2. 



7. a • (b x c) = 



2-1 3 
1 2 -1 
3 -2 1 



= -20 



8. la x al = 101 = 0 for all vectors a 



9. a x (b + c) = (2i - j + 3k) x [(i + 2j - k) + (3i - 2 j + k)] = (2i - j + 3k) x (4i) = 



i j k 

2-13 



0 0 



= 12j + 4k 



io. cos e = 



a • b 



a 



-3 



(2i-j + 3k)-(i + 2j-k) 

y 2 2 +(-i) 2 +3 2 7i 2 +2 2 +(-i) 2 



6 = cos 



2V21 



\ 2V21/ 



109.1 



O 



11. |c| = J3 2 + (-2) 2 + l 2 = sfU and the required unit vectors are U! = — = - + ^k and 



U9 - -— - + ^\ - ^5k 

2 — . 1 — 14 1 t 7 J T^ K - 



12. The required vector is v = —2a = — 2 (2i — j + 3k) — — 4i + 2j — 6k. 
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13. |b| = yjl 2 + 2 2 + (-1) 2 = v/6 and so cos ct = -±= = cos/3 = 



_ 76 



and cos 7 = —-!= = — 



76 
~5~ 



14. The scalar projection of b along a is 



b a (i + 2j-k)-(2i-j + 3k) 



a 



22 + (-1)2 + 3 2 




14 



3VT4 
14 



15. The vector projection of b onto a is 



projab = (^r) 



a = 



(i + 2j-k)-(2i-j + 3k) 

[ ( v /22 + (-l)2 + 3 2^ 2 J 



(2i- j + 3k) = (2i - j + 3k) = - - £ 



16. b x c = 



i j k 

1 2 -1 
3 -2 1 



= — 4j — 8k = — 4 (j + 2k), so the scalar projection of b x c onto a is 



(b x c) • a -4 G + 2k) • (2i - j + 3k) -20 



a 



10VI4 
7 



^22 + (-1)2 + 3 2 V^4 

17. Using the result of Exercise 7, we see that the required volume is V = |a • (b x c)| = |— 20| = 20. 

18. a. Yes, because a and b — c are both vectors. 

b. No, because b • c is a scalar and the cross product of a vector and a scalar is not defined. 

c. Yes, because both |a| b and |b| a x c are vectors and may be subtracted. 

19. a b = (2i - 3 j + 4k) • (3i + 6j + 3k) = 6 - 18 + 12 = 0, and so a and b are orthogonal. 

20. The two vectors are orthogonal provided (3i + xj — 2k) • (2xi — 3j + 6k) = 0 <=> 6x — 3x — 12 = 0 <=> x = 4. 

2 3 1 
1 2 3 
1 -3 c 



21. The vectors are coplanar provided a • (b x c) = 



= 2 (2c + 9) - 3 (c - 3) + 1 (-3 - 2) = c + 22 = 0 o 



c = -22. 



22. A vector orthogonal to both (3, 1, —2) and (2, 3, —2) is a = 



vectors orthogonal to the two given vectors are uj = — = 



„ a _ 4i + 2j + 7k 4v ^9 2v /69 

U2 --R--V42 + 2 2 + 72 --^ rl "^ J 



1 j k 

3 1 -2 

2 3-2 
4i + 2j + 7k 

a| y 4 2 + 22 + 72 

7V69 k 



= 4i + 2j + 7k, so the two unit 



a 



_ 4V69j , 2V69: ■ 7>/69 k d 
- -59-1 + -59-J + -g9~ k ana 



23. The figure shows a cube with side length a. The required angle is 0, where 



cos 6 — 



a, a, a 



a, —a, a 




O 




A 



a 



y/a 2 + a 2 + a 2 ^ 2 + (-a 2 ) + a 2 
1 



0, a 



V3^V3^2 3 



^^^cos" 1 i « 70.5° 




24. V = 



A% ■ (a£ x AZ^)| = |(0, 1,0) • [(2,0,0) x (3, -1,-1)]| = 



0 


1 


0 




2 


0 


0 


= |2|=2 


3 


-1 


-1 
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25. a. A vector perpendicular to the plane is n = x P^? = 



i j k 

3 1 3 

4 0 3 



= 3i + 3j - 4k. 



b. The area of the triangle is A = \ ¥t)x7& = \ |3i + 3j - 4k| = i^/3 2 + 3 2 + (-4) 2 = ^V34 

26. Let A (—3, —1,1) and B (2, 1, 1). Then the work done by F in moving the object is 
W = F • A% = (i + 2j + 4k) • (5i + 2j) = 5 + 4 = 9 ft-lb. 



27. The force is F 



= | F | f ±) = 20 ( , 21 j + 3k - ) = ^Hi - ±^Hj + ^v25k and the work done by F in moving 

Vw/ l v y 2 2 +( _ 1) 2 +3 2 y / ^ ^ ^ 



the particle from A (1 , 2, 1) to 5 (2, 1, 4) is W = F • ~A% = (2QVHi - ^21j + ^2Sk) (i - j + 3k) = 120 

28. The resultant force is F = Fj + F 2 = [(80 cos 60°) i + (80 sin 60°) j] + 

[(|F 2 | cos 30°) i - (|F 2 | sin 30°) j] = [(80) (±) + |F 2 | (^)]i + [(80) (^) - |F 2 | (|)] j. We want F to act 

along the positive x-axis, and so we require that (80) 

( :s r) - |F 2 | (?) = 0 t=> |F 2 | = 80V3 N. Therefore, 
F 2 = (80V3) (^r ) i " (80V3) (i) j = 120i - 40V3J- 



29. Let i"i = 7i and r 2 = 3i. Since 

Fi = (-10 cos 30°) i + (10 sin 30°) j = -5V3i + 5j andF 2 = -8j, we 
see that the torque about the point O is 





i j k 




• 

1 


• 

J 


k 


= n x F x + r 2 x F 2 = 


7 0 0 


+ 


3 


0 


0 




-5V3 5 0 




0 


-8 


0 



= 35k- 24k = Ilk 

30. v = i - 2j + 3k 

a. x = 2 + t, y = 3 - 2t, z = 1 + 3f 

31. v = (2 - (-1) , -1 - 2, 3 - (-4)) = (3, -3, 7} 
a. x = -1 + 3f, y = 2 - 3f, z = -4 + 7/ 

32. v = (-2,3,-1) 

a. x = 2 - 2f, y = - 1 + 3f , z = 3 - / 



b. 



x — 2 v — 3 z — 1 



b. 



b. 



1 


-2 


3 


Jt + 1 


y-2 


z + 4 


3 


-3 


7 


x — 2 


y + i 


z-3 


-2 


3 


-1 



i j k 

33. The direction vector is u x v = 1 —2 1 

3 2 5 

a. x = 1 + 6t, y = 2 + t, z = 4 - At 



= -12i - 2j + 8k = -2 (6i + j - 4k). 



b. 



x - 1 y-2 z-A 



1 



-4 



34. 2 [x - (-1)] - 3 (y - 2) + 5 (z - 3) = 0 <^> 2x - 3y + 5z = 7 



■4— > 1 > 



2 4 6 8 



35. A normal to the required plane is n = (2, 4, —3), so an equation of the plane is 2 (x + 2) + 4 (y — 4) — 3 (z — 3) = 0 

2* + 4y - 3z = 3. 
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36. Let P (-2, 1, 1), Q (2, -2, 4), and R (3, 1, 5). Then a normal to the plane is 

i j k 

4-3 3 



n = P~& x = 



0 4 



= — 12i — j + 15k = — (12i + j — 15k). Thus, an equation of the plane is 



12 [x - (-2)] + (y — 1) — 15 (z — 1) = 0 <=> I2x + y — I5z = -38. 

37. Here n = j, so an equation of the required plane is 0 (x — 3) + 1 (y — 2) + 0 (z — 2) = 0 <^> y = 2. 

38. We substitute x = 1 + 2t, y = -1 + *, z = 2 + 3* into 2x + 3y - 4z = 6, giving 2 (1 + 2t) + 3 (-1 + *) - 4 (2 + 3*) 

2 + 4* - 3 + 3* - 8 - \2t = 6 <=> * = -3. Thus, x = 1 + 2 (-3) = -5, y = -1 + (-3) = -4, and 
z = 2 + 3 (—3) — —7. The point of intersection is (—5, —4, —7). 

|2 (2) — 3 (1) + 4 (4) — 12| 5 5^29 



= 6 



39. D = 



V29 



29 



Solving the 



2 2 + (-3) 2 + 4 2 

40. A vector parallel to the line L\ : x — 3 — 3r, y = — 1 + 2t, z — 3 — 2t is vi = (—3, 2, —2), and a vector parallel to 

L 2 : * = 1+ 2t, y = 2 — 3t, z = 2 + Ms V2 = (2, —3, 1). Since vi is not a scalar multiple of V2, and L 2 are not parallel. 

3 - 3fi = 1 + 2*2 

Suppose L\ and L2 do intersect. Then there exist two numbers t\ and *2 such that — 1 + 2t\ =2 — 3*2 

3 - 2ti = 2 + t 2 

first two equations gives t\ — 0 and t2 = h and substituting these values into the third equation gives 3 — 2(0) = 2+lo 
3 = 3 and the system is satisfied. So the lines intersect at the point (3, —1, 3). 

41. Lj : x = 1 — 2t, y = 3 — *, z = 2* and L2 : * = 2 — 3*, y = 1 + *, z = — 1 + 3*. Assuming that and 

1 - 2t\ = 2- 3*2 

L2 intersect, there exist numbers t\ and *2 such that 3 — t\ — 1 + *2 

2*! = -1 + 3*2 

simultaneously, we find t\ — *2 = 1 , and substituting these values into the third equation gives 2 — — 1+3 = 2, so 
the system is satisfied. This shows that the lines intersect; the point of intersection is (—1, 2, 2). Vectors parallel 
to L\ and L 2 are vi = (—2, —1,2) and V2 = (—3, 1,3), respectively. Thus, the required angle is 0 such that 



Solving the first two equations 



cos 0 — 



|vi 


• v 2l 


Ivil 


|v 2 l 



(-2, -1,2) -(-3, 1,3>| 



11 



3^/19 



e 



_ _-i 1 ivT9 



cos 



57 



32.7°. 



(_ 2 )2 + (_1)2 + 2 2^ (_ 3) 2 + 12 + 3 2 

42. Normals to the planes 2x + 3y - 4z = 12 and 2x - 3y - 5z = 8 are ni = (2, 3, -4) and n 2 = (2, -3, -5), 
respectively. Since n\ is not a scalar multiple of n 2 , the normals (and therefore the planes) are not parallel. 
Also, ni • 112 = (2, 3, —4) • (2, —3, —5) = 15^0, so the two planes are not mutually perpendicular. 



cos 6 — 



ni • n 2 | 
nil |n 2 | 



15 



15 




, so 6 — cos 



-1 



15 



V29V38 



63.1° is the angle 



22 + 32 + (-4) 2 A /22 + (-3) 2 + (-5) 2 
between the two planes. 

43. Pick a point in the plane 2x + 4y — 6z = 6 by setting x = y = 0, obtaining (0, 0,-1). The required distance is 
l(0) + 2(0)-3(-l)-2| 1 714 



714 



14 



l 2 + 2 2 + (-3) 2 

44. Pick a point in the plane 2x — 3y — z = 2 by setting x = y = 0, obtaining (0, 0, —2). The required distance is 
|6 (0) - 9 (0) - 3 (-2) - 10| |-4| 2VT4 



D = 



6 2 + (-9) 2 + (-3) 2 



3VT4 



21 



45. D = 



|2 (3) + 4 (4) — 3 (5) — 12| |-5| 5V29 



2 2 + 4 2 + (-3) 2 



V29 



29 
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46. The cylinder x A + y z = 9 has parametric representation x = 3cos£, y = 3 sinf, 0 < / < lit. Since the curve of 

9 9 

intersection lies on both the cylinder x + y = 9 and the plane x + z = 5, we have 3 cos t + z = 5$=>z = 5 — 3 cos so 
the required curve is x = 3 cos y = 3 sin t, z — 5 — 3 cos t, 0 < t < 2iz. 



47. The region consists of all points lying on or inside the 48. The region consists of all points lying between the two 
(infinite) circular cylinder of radius 2 with axis the z-axis. cylinders with radii 1 and 2 and common axis the y-axis. 




49. The region consists of all points lying on or inside the 
prism shown in the diagram. 



50. The region consists of all points lying inside an elliptic 
cylinder with height 2 and axis the z-axis. 




Z A 




51. The surface is a plane perpendicular to the xy-plane. 52. The surface is a parabolic cylinder with directrix 
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53. The surface is a paraboloid. Observe that the trace on the 

plane x — 9 is the circle y 2 + z 2 = 9. This helps us make 
an accurate sketch of the surface. 



54. The surface is an elliptic hyperboloid of one sheet with 

2 2 2 

. x y z „ 

axis the z-axis. — H — T ^ — 1, so the trace on the 

2 2 3 2 6 2 




plane z = 8 is 



+ 



52 



= 1. 




55. The surface is an elliptic cone with axis the y-axis. 

0 0 0 

Ax + 9z = y , so the trace in the plane y = 6 is 

2 2 
+ -r = 1. 

3 2 2 2 



ZA 




2 2 2 

jc ~y z 

56. The surface — + — + — = lisan ellipsoid. 



2 2 3 2 5 2 



/ 



Z 1 




5 






\\ 




\ 




- Jr" 






2~ 


/ 




/ 



3 



57. The surface x 2 — z — y is a hyperbolic paraboloid. 




58. The surface is a cylinder with directrix z — sin y 




59. We are given that x — 1, y = 1, and z = \fl. In cylindrical coordinates, r — y/l 2 + l 2 = V5 and tan 0 = | = 1 



0 = J, so the point is {^Jl, ^, V2^. In spherical coordinates, p — J l 2 + 1 2 + (^) = 2 anc * cos 0 = p — 



72 



0 = so the point is (2, £ , 
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60. We are given r = 2, 6 — ^, and z = 4. In rectangular coordinates, x — r cos# = 2 cos ^ = V3 and 

v = r sin 0 — 2 sin ^ = 1, so the point is ^V5, 1, 4l. In spherical coordinates, p = Vr 2 + z 2 = -\/2 2 + 4 2 = 2V5 and 



COS 0 = |r = = -^=, SO (j) — COS 1 



and the point is (2>/5, ^ cos 1 . 



61 



62 
63 

64 



65 



66 



We are given p = 2, 6 — ^, and 0 = y. In rectangular coordinates, x = 2 sin y cos ^ = -y^, y = 2 sin y sin ^ = 
and z = 2 cos y = 1, so the point is 1^- In cylindrical coordinates, r — psin0 = 2 sin y = \/3 and 

z — p cos 0 = 2 cos y = 1 , so the point is C>/3, lj. 

z = —2 represents the plane parallel to the xv-plane passing through (0, 0, —2). 

0 — 31 represents the half-plane containing the z-axis making an angle of y with the positive x-axis. 

0 — ^. represents the upper half of the right circular cone with vertex the origin whose generator makes an angle of y with 
the positive z-axis. 

r — 2 sin 0 => r 2 = 2r sin 6 x 2 + y 2 = 2y <=> x 2 + (y — l) 2 = 1 in rectangular coordinates. This describes a right 
circular cylinder with radius 1 and axis parallel to the z-axis passing through (0, 1,0). 

p = 2 sec 0 pcos 0 = 2<=>z = 2in rectangular coordinates. This describes the plane containing the point (0, 0, 2) that 
is parallel to the xy-plane. 



67. a. x 2 + y 2 = 2 => r 2 = 2 => r = V5 

b. x 2 + y 2 = 2 => (psin0cos0) 2 + (psin0sin0) 2 = 2 p 2 sin 2 0 = 2 => psin0 = V2 => p — \/2csc0 



2 



68. a. x z + y z + z 2 = 9 => r z + z z = 9 



2 



b. x z + y 2 + z z = 9 => p z = 9 => p = 3 



2 



69. a. x z + y 2 + 2z z = 1 



b. x L + y 2 + 2z z = 1 



2 



7 



70. a. x z + y 2 + z z = 2y 



2 



b. x z + y z + z z = 2y 
71. 0 < r < z 9 0 < 0 < f 



r 2 + 2z 2 = l 

(x 2 + y 2 + z 2 ) + z 2 = 1 => p 2 + (pcos 0) 2 = 1 => p 2 (l + cos 2 0^ = 1 
r 2 + z 2 = 2r sin 0 

p 2 = 2p sin 0 sin 0 => p (p — 2 sin 0 sin 0) = 0 => p = 2 sin 0 sin 0 

72. 0 < 0 < f ,p < 2 






Challenge Problems 




1. a. |fa+b| z = (fa + b) (fa + b) = f z a a + f (a b) + f (b a) + b b = |a| 2 f 2 + 2 (a • b) f + |b| z > 0 for all values of t. 



7 



b. Since the quadratic function f (t) = |a| 2 f 2 + 2 (a • b) f + |b| z is nonnegative it has either one real double 
root or no real root. Thus its discriminant b 2 — Aac > 0, where a = |a| 2 ,Z? = 2(a-b), and c — |b| 2 ; that is, 
[2 (a • b)] 2 - 4 |a| 2 |b| 2 < 0 <=> 4 (a • b) 2 - 4 |a| 2 |b| 2 < 0 <^ (a • b) 2 < |a| 2 |b| 2 <=> |a • b| < |a| |b|. 
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2. From the figure, we have CA — + OA and 

= cd + C)i = cd-Wd = 'cd - OA, and 




so 



1 — > 


2 




2 


— > 






- 


CO 




OA 


. But 


CO 




OA 



CA CB = (CO + OA) • (CO - ~oVj = | CO 

(each represents the radius of the circle) so ck ■ C% = 0, showing that ck and 
Cl? are orthogonal and thus A ABC is a right triangle. 




3. a. Since c is perpendicular to both a and b, we have c • a = (xi + yj + zk) • (aji + a 2 ] + 03 k) = 01* + a 2 y + ^3^ — 0 an d 
c • b = (xi + yj + zk) • (b\i + Z?2j + 63k) = b\x + ^ + hz = 0. 



b. We solve the system 



a\x + a 2 y — —a^z 
b\x + b 2 y = -biz 



for x and y. Using Cramer's Rule, we find 



x — 



a 3 z a 2 
b 3 z b 2 



a 2 b 3 - a^bi 
a\b 2 - a 2 b\ 



z and y — 



a 3 z 
b 3 z 



a 3 bi -a x b 3 
a\b 2 - a 2 b\ 



Z. Observe that a\b 2 — a 2 b\ ^ 0 because a 



a\ a 2 " ~ " a\ a 2 

b\ b 2 b\ b 2 

and b are nonparallel. 

c. Since z is arbitrary, we choose it to be a\b 2 — a 2 b\. Then x — a 2 b$ — a^b 2 and y = a^b\ — a\b 3 , so 
c = xi + yj + zk = (<32^3 — ^3^2) 1 + ( a ?>b\ — ^1^3) j + (a\b 2 — a 2 b\) k = axb. 



4. A = 1 1 a x b|. Using the result of Exercise 11.4.44 (10.4.44 in ET), 
(a x b) • (c x d) = (a • c) (b • d) — (a • d) (b • c), we find 



c 



A 2 = \ |a x b| z = \ (a x b) • (a x b) 
= |[(aa) (b-b)-(a-b) (b ■ a)] 
= \ [|a| 2 |b| 2 - (a • b) 2 ] = \ [|a| 2 |b| 2 - |a| 2 |b| 2 cos 2 0] 
= ^|a| 2 |b| 2 (l-cos 2 0) 

q2 _|_ ^,2 

Using the Law of Cosines, c 2 = a 2 + b 2 — lab cos 6 => cos 6 = — 7 , we find 



2 _ 1 




lab 



A 2 = -a 2 b 2 
4 



1 - 



a 2 + b 2 — c 
lab 



a 



2 b 2 



4a 



b 2 - (a 2 + b 2 - c 2 ) 
4^2 



= ^ [lab - (a 2 + b 2 - c 2 )] [lab + (a 2 + 6 2 - c 2 )] = ^ (2aZ> - a 2 - b 2 + c 2 ) (2a/? + a 2 + b 2 - c 2 ) 

= ^ [c 2 - ( fl - Z>) 2 ] + 6) 2 - c 2 ] = ^ (c - a + ft) (c + a - b) {a + b - c) {a + b + c) 
+ /? + c\/<2 + Z? + c — 2c\/<2 + Z? + c — lb\ ( a + b + c — la m 

= s (s — c) (s — b) (s — a) 







That is, A = (s — a)(s — b) (s — c) where 5 = 



a + Z? + c 
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5. a. Suppose v = aa + /3b + 7c. Then v • (b x c) = (aa + /3b + 7c) • (b x c) = ol [a • (b x c)] + /3 [b • (b x c)] + 

v • (b x c) 

7 [c • (b x c)] = ol [a • (b x c)] since b • (b x c) = c • (b x c) = 0. Thus, ol = — . Similarly, we find 

a (b x c) 

— Z — { ^1 an( j — Z — J! — 51. Since a, b, and c are noncoplanar, each of the denominators is nonzero, and so ol, 

b • (a x c) c • (a x b) 

/3, and 7 are uniquely determined. Therefore, v can be represented as asserted. 



b. Here ol — 





3 


2 


4 






2 


-1 


1 




v • (b x c) 


3 


1 


2 


9 


a • (b x c) 


1 


3 


1 


-1 




2 


-1 


1 






3 


1 


2 





= -9,/3 = 





3 


2 4 






1 


3 1 




v • (a x c) 


3 


1 2 


-15 


b • (a x c) 


2 


-1 1 


1 




1 


3 1 






3 


1 2 





— — 15, and 



7 = 



v • (a x b) 
c • (a x b) 



3 
1 
2 



2 4 

3 1 
-1 1 



3 1 2 

1 3 1 

2 -1 1 



-14 



= 14, so v = -9 (1, 3, 1) - 15 (2, -1, 1) + 14 (3, 1, 2} = (3, 2, 4} 



6. 



a. The y-, and z-intercepts are — , — , and -, respectively. Referring to the 

a b c 

figure, we see that ~A% = 1 + (j^ J and ^£ = (~~) * + (~) k 



kz 



qo, 0, d/c) 



and the area of A ABC is 



1 

2 




A# x A 




1 

2 




1/2 





J 4 d 4 
+ ^7 + 



1/2 



b 2 c 2 



1 1 



a 2 b 2 




a 2 +b L + c 



2 , „2 



1/2 



'a, 0, 0) 



d 2 sja 2 + b 2 + c 2 



a 



2 b 2 c 2 



2a be 



b. Here a = \,b = 2, c = 3, and J = 6, so the required area is 



m 6Vl 2 + 22 + 3 2 



= 3>/l4. 



2- 1-2-3 

7. If the line intersects the paraboloid, then there exists a number to such that x = 2 + fy> J = 2?o, z = 24 + 16?q satisfy the 

equation z = 4x 2 + v 2 ; that is, 24 + 16fn = 4 (2 + fy) 2 + (2?o) 2 = 16 + 16^ + 4^ + 4^ <^> 8?q = 8 <^=> *o = ±1, and the 
points of intersection are (1, —2, 8) and (3, 2, 40). 

8. a. Using the result of Exercise 1 1.4.52 (10.4.52 in ET), we have ax (b x c) = (a • c) b — (a • b) c. Let s = a • c and 

/ = — a • b. Then a x (b x c) = sb + tc. 

b.s = ac=(l, -2, 4) • (-2, 4, 5) = 10 and t = -a • b = (1, -2, 4) - (2, 3, 2) = -4, so 
a x (b x c) = 10 (2, 3, 2} - 4 (-2, 4, 5) = (28, 14, 0). 




12.1 Concept Questions 



ETUI 



1. a. See page 985 (981 in ET). 
b. Answers will vary. 

2. a. See page 988 (984 in ET). 

b. Let r (t) = It, t 2 , V Then lim r (t) does not exist because lim does not exist. 

W \ t-lj *->l w t^lt-l 

3. a. See page 989 (985 in ET). 

b. Let r (t) = (t, r 2 , IrJ^. Then r (t) is defined on (—1, 1), but fails to be continuous at 0 because h (t) = fl/J is not 
continuous at 0. 




12.1 Vector-Valued Functions ET111 

1. g (t) = l/t is not defined at 0, so the domain of r is (-co, 0) U (0, oo). 



2. h (t) = VH-T is defined for t > —1, so the domain of r is [—1, oo). 

3. f (t) — s/t is defined for t >0,g(t)= — - — is not defined at 1, and h (t) = In t is defined for t > 0, so the domain of r is 

t X 

(0, l)U(l,oo). 

4. / (t) = —== is defined for t > 1, so the domain of r is (1, oo). 

y/t - 1 

5. / (t) = In t is defined for t > 0 and both g (t) = cosh t and h (t) = tanh t are defined everywhere, so the domain of r is 
(0, oo). 

6. / (t) = ifi is defined on (— oo, oo), g (t) = e^I 1 is defined on (— oo, 0) U (0, oo), and h (t) = is defined on 

t ~\~ 2 

(-co, -2) U (-2, oo), so the domain of r is (-co, -2) U (-2, 0) U (0, oo). 

7. The answer is c. The curve is the half-line x — y = z that lies in the first octant and passes through the origin. 

8. The answer is f. The curve is a circular helix that lies on the cylinder x + z — 4. 

9. The answer is e. The curve lies in the plane y — x. The highest point on the curve is (0, 0, 1), and the curve lies above the 
xy-plane. 

10. The answer is a. The curve starts at the origin and spirals upward on the cone + = z 2 , z > 0. 

2 2 

x y 

11. The answer is b. The curve starts at the point (2, 0, 1) and spirals upward on the elliptic cylinder — + — = 1 in a 
counterclockwise direction (viewed from above). 

12. The answer is d. The curve is a sine curve with period starting at the point (1,0, 0) and lying on the cylinder 
x 2 + y 1 = 1. 
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13. x — It and y — 3t + 1, so t = jx and 

y = 3 (j^x^ + 1 = \x + 1. If t — -1, then jc = -2 and 

y = —2, and if r = 2, then x = 4 and y — 1 . Thus, the 
curve is the line segment with initial point (—2, —2) and 
terminal point (4, 7). 



14. 



Here x — *Jt => t — x 2 and v = 4 — £, sov = 4 — x 2 . If 
? = 0, then x = 0 and y = 4. As t increases, x increases 
and y decreases, so the curve starts at (0, 4) and travels 

down the right side of the parabola y — A — x 2 . 

y a 







/ (4, 7) 


u 






1 1 1 1 1 vf— 


1 1 

1 


1 1 1 1 h- ► 

X 


(-2,-2) • 








15. x = t 2 



t — <Jx and y — t 3 , so y = {x x ^ — x 3 / 2 . If 16. Here x — 2shu and y — 3cosr. So 

2 ..2 



£ = — 1 , then x = 1 and y = — 1, and if t = 2, then x — A 
and y = 8. The curve starts out at (1, —1) and ends up at 
(4, 8). 

)>4 



(4,8) 



H h 




(1,-1) 



|j + |y = sin 2 r + cos 2 r= 1. If t = 0, then x = 0 and 

y = 3, and the curve starts out at (0, 3). As t increases 
from t — 0, x increases, and so for 0 < t < 2iz the curve 
is the ellipse traced out once in a clockwise direction. 

y * 




17. x — e l and y = e 2t , so y = (V) = x 2 , and the curve is 

contained in the parabola y — x 2 . As ? — > — oo, x ^ 0 
and y — > 0, and as ? — > oo, x — > oo and y — > oo, so the 
curve starts out from the origin (but does not include it) 
and extends indefinitely upward and rightward along the 
parabola. 

y± 




18. Here x — 1 + 2 cos t and y = 3 + 2 sin t, so 



2 



+ 



y-3 



f- 



cos 2 r + sin 2 1 — 1 o 



(x — l) 2 + (y — 3) 2 = 2 , showing that the curve is 
contained in the circle with radius 2 centered at (1, 3). If 
t — 0, then x — 3 and y = 3, and as t increases from 
t — 0, x decreases and y increases. Thus, the curve is 
traced once in a counterclockwise direction. 

y* 



-i 1 1 ^ 




^ 1 1 1 1 1 1 1 (->■ 
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19. x — 1 + t, y = 2 — t, z = 3 — 2t is the line passing 

through (1, 2, 3) and (0, 3, 5) (at t — — 1). As t increases, 
z decreases, so the orientation is downward. 




20. x = 2 + t, y = 3 - 2t, z = 2 + At, 0 < t < 1 is the line 
segment joining (2, 3, 2) (when t — 0) and (3, 1,6) (when 
£ = 1). As t increases, z also increases, so it is oriented 
upward. 



(3, 1, 6)^ 



(2, 3, 2) 




21. x = t, y = t z , z = t 3 . Since y — x z , the curve lies on the 

cylinder y — x 1 . Ast increases, so does z, so the curve 
twists and spirals upward, passing through (0, 0, 0) (at 
t = 0), (1, 1, 1) (when t = 1), and (2, 4, 8) (when t = 2). 



Z ' ■ 




22. x — 2 cos t, y = 4 sin t, z = 3. Since 

(f ) 2 + (?) 2 = cos2 r + sm2 1 ~ 1' me curve is an ellipse 
lying on the plane z — 3. At t — 0, x — 2 and y — 0. As t 
increases, x decreases and y increases, so the curve is 
traced counterclockwise as viewed from above. 




23. x = 2 cos t, y = 4 sin t, z = t. Since 
2 . /y\2 9, , „:„2, _ 



(f ) (?) = cos ^ s ? = 1, the curve is a helix 
lying on the elliptical cylinder ^x 2 + j^y 2 = 1. It starts 

out at (2, 0, 0) and makes one full turn, spiraling upward 
in a counterclockwise direction and ending at (2, 0, 27r). 




24. x — t,y — 2t, z = sin2/\ Since y = 2x, the curve lies on 
the plane y — 2x. Since z — sin 2t, the curve is in fact a 



sine curve. 
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25. x — t cos t, y = t sin t, z = t. Since 

( j) 2 + (y) 2 = cos2 r + sin2 1 = 1 ° 

* 2 + J 2 = £ 2 = z 2 , we see that the curve lies on the cone 

x 2 + y — z 2 • As t increases, z also increases, and so the 
curve spirals upward. 




27. r(f) = 2sin7rf i + 3cos7rf j + 0.1f k, 0 < t < 10 




26. x = cos?, y — e l sin J, z = e*. Since 

© 2 + (7) 2 = cos2f + sin2f = 1 ^ 

* 2 + y 2 = £ 2r = z , which is positive, the curve lies on 

the upper nappe of the cone x 2 + y 2 — z 2 • It starts out at 
(but does not include) the origin, and spirals upward. 



28. r 




29. r 0) = sin 3t cos ti + sin 3t sin t j + — k, -2-7T < t < 2n 30. r (t) = I sin t i + i cos r j + 

Z7T Z Z ' 



IOOtt 2 



k, 0 < r < IOtt 




Z 0.5 




31. a. x = Vl - 0.09 cos 2 lO^cosf, y = y/l -0.09 cos 2 lOt sinf, z = 0.3cosl0r. Thus, 

x 2 + v 2 + z 2 = (l - 0.09 cos 2 lOf) cos 2 1 + (\ - 0.09 cos 2 10?) sin 2 1 + 0.09 cos 2 lOt 

= (l - 0.09 cos 2 10*) (cos 2 1 + sin 2 ^ + 0.09 cos 2 \0t = 1 
so the curve lies on the sphere with radius 1 centered at the origin. 
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b. 




32. a. x — (1 + cos 12?) cos ?, y = (1 + cos 12?) sin ?, z = 1 + cos 12?. Thus, 

x + y 2 = (1 + cos 12?) 2 cos 2 ? + (1 + cos 12?) 2 sin 2 t = (1 + cos 12?) 2 = z 2 , so the curve lies on the cone 
x 2 + y 2 = z 2 for 0 < z < 2. 

b. 




33. x + y + 2z = 1 => z = 2 (1 — x — y), but x 2 + y 2 = 1 can be parametrized by x = cos ?, y = sin ?, 0 < ? < 27T, so the 

/ 1 — cos t — sin t \ 
curve is described by r (?) = (cos ?, sin ?, ) , 0 < ? < 27T. 

34. x 2 + y 2 = 4 has parametrization x — 2 cos ?, y = 2 sin ?, 0 < ? < 2-7T. Since z — xy, the curve can be represented by 
r (?) = (2 cos ?, 2 sin ?, 4 cos ? sin ?) = (2 cos ?, 2 sin ?, 2 sin 2?) , 0 < ? < 2-7T. 



35. 



x + y + z = 1 => z = 1— x — y. Substituting this into z = \A 2 + y 2 yields 1 — x — y = v^" 2 ~~Ky 2 
=> (1 - * - y) 2 = x 2 + y 2 => 1 + x 2 + y 2 - 2x - 2y + 2xy = x 2 + y 2 => 1 - 2* - 2y + 2xy = 0 

=> y (2* — 2) = 2x — 1 = 



2x - 1 

y = -. Let x — t. Then the required vector function is 



/ x , 2? - 1 2? - 1 \ / 2? - 1 -2? 2 + 2? - 1 

r(t)=(t, - — -, 1 - ?- - — -) = {t, 



2? -2 



2? -2 



36. Substituting z — x 2 -\-y L into x L + y z + z L — 1 gives z + z z = l=>z z + z — 1 = 0 => z 



2? -2 



2 _ 



2? -2 



2 _ 



since 



z > 0). The curve of intersection is the circle with radius yj v ^~ 1 lying on the plane z = v ^~ 1 , so the required vector 



function is r (?) = 



V^icos?, J^- sin?, 4pi 



37. lim [(? 2 + l) i + cos?j - 3k] = i + j - 



3k 



. * sin? \ / , sin? 
38. lim (e , , cos ? = lim e 1 , lim 

?-40\ ? / W->0 i?->0 ? *-*0 



lim cos? ) = (1, 1, 1) 
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39. lim 

r->2 



V?i + 



t z -A 



t 



t-2" + 1 



= lim V7i + lim (? + 2) j + lim k = V2i + 4j + |k 



40 



lim 



cos ? i + 



tan? 



j + ? In ? k = I lim cos ? 

t ' I \f->0+ 



| i + ( lim 

/ v->o+ t 



^j+flim ^)k 



= i + ( lim sec 2 1] j + lim (-?) k (by l'Hopital's Rule) = 
V->0+ / |_?->0 + J 



= i+J 



41 



lim ( ^ 



— f 



1 



2? 2 \ / 1 2 
: ) = ( lim lim -, lim ^~ 

t't 2 + ll \?->oo t^oo t t-><X) \ + (\/t 2 ) 



9 ■ ' 2 



= (0, 0, 2) 



42. lim 

t^—oo 



t - 1 

2? + 1 



i + <? 2 ' j + tan 



1 f kl = lim U + lin 



lim 6> 2/ j + lim tan" 1 f k = ii - 2-k 

x oo /— > — oo z z 



- U L- — 1 5 _ 



43. r (?) = V? + 1 i + jj- / (?) = V? + 1 is continuous on [—1, oo) and g (?) = )■ is continuous on (— oo, 0) and(0, oo), so r 
is continuous on [—1, 0) and (0, oo). 

44. The functions / (?) = sin?, g (?) = cos ?, and h (?) = tan -1 ? are continuous on (— oo, oo), and so r is continuous on 
(— oo, oo). 

45. Since / (?) = has domain (— oo, 0) U (0, oo), g (?) = — is continuous on [0, oo), and h (?) = te~ x ^ is 

t 1 | — 

continuous on (— oo, 0) and (0, oo), we see that r is continuous on (0, oo). 



46 



and 



. Since / (?) = 2?/ (t 2 — 4^ is continuous on (— oo, —2) U (—2, 2) U (2, oo), g (?) = sin -1 ? is continuous on [—1, 1], 
h(t) — Ift is continuous on (— oo, oo), we see that r is continuous on [—1, 1]. 

47. Since / (?) = e~ l is continuous on (— oo, oo), g (?) = cos V4 — ? is continuous on (— oo, 4], and /z (?) = 1/ ^? 2 — 1^ is 
continuous on (— oo, —1), (—1, 1), and (1, oo), we see thatr is continuous on (— oo, —1), (—1, 1), and (1, 4]. 

48. Since / (?) = 1/V? is continuous on (0, oo), g (?) = tan? is continuous at all numbers other than ? = ( 2 ^+ 1 ) 7r 

(k = 0, ±1, ±2, . . .), and h (?) = e~ l cos ? is continuous on (— oo, oo), we see that r is continuous on (0, y), , 

/3tt 5tt\ 

\T 9 ~2~/' — 

49. The airplane is moving along a circle of radius 44,000 ft lying on the plane z = 10,000. At ? = 0, the airplane is at the point 
(44000, 0, 10000) and 2 minutes (^ hour) later it is at the point ^44000 cos ^60 ^ , 44000 sin (60 ■ ^ , 10000). 
Therefore, the distance covered by the airplane is D = r0 = 44,000 (2) = 88,000 ft. 

50. r(l) = (1, l,e), so the temperature at the point (1, \,e) is 

T(l,l,e)= (x 2 + 2v 2 + 3z 2 ) I i 1 = l+2 + 36> 2 = 3(l+A 

V / 1(1,1, e) V / 

51. Let u (?) = (u\ (?) , u 2 (?) , «3 (?)> and v (?) = {v\ (?) , v 2 (?) , «3 (?)}• Then 

lim [u (?) + v (?)] = lim [(iq (?) , u 2 (?) , w 3 (0> + < y l (0 > v 2 (0 , «3 (0>1 

= lim (wi (?) + oi (?) , u 2 (?) + v 2 (?) , W3 (0 + ^3 (0> 
t— >a 

= I lim \ui (?) + vi (?)1 , lim \u 2 (?) + o 2 (01 > lim [ M 3 (0 + y 3 (0l 

lim u\ (?) + lim v\ (?) , lim u 2 (?) + lim v 2 (?) , lim ui, (?) + lim 03 (?) 

t^a t^>a t^>a t^a t^>a t^a 

— I lim u \ (?) , lim u 2 (?) , lim W3 (?)) + ( lim 01 (?) + lim v 2 (?) + lim 03 (?) 



t—>a 



t—>a 



t—>a 



= lim u (?) + lim v (?) 
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52. Let u (?) = (u\ (?) , u 2 (?) , u 3 (?)). Then 

lim cu (?) = lim c (wj (?) , W2 (0 » w 3 (0) = nm ( CM 1 (0 5 CM 2 (0 » CM 3 (0) 

= ( lim cwj (?) , lim cu 2 (?) , lim cu 3 (t)) = (c lim (?) , c lim W2 (?) , c lim W3 (?) 

\t—>a t->a t—>a j \ t^a t—>a t—>a 

= c ( lim u\ (?) , lim u 2 (0 ■> nm M 3 (0 / — c nm u (0 



53. Let u (?) = (u\ (?) , u 2 (?) , u 3 (?)> and v (?) = (v\ (?) , D2 (0 > y 3 (0>- Then 
lim [u (?) • v (?)] = lim [(wi (?) , u 2 (?) , w 3 (0> ' (»1 (0 > u 2 (0 , ^3 (0>1 

= lim \u\ (?) (?) + w 2 (0 V2 (0 + w 3 (?) ^3 0)1 



lim (?) 



lim v\ (?) 



+ 



lim u 2 (?) 

?^c/ 



lim t» 2 (0 

t^>a 



+ 



lim (?) 



lim y 3 (?) 



lim u (?) • lim v (?) 

t— >a t—>a 



54. Let u (?) = (u\ (?) , u 2 (?) , u 3 (?)) and v (?) = (v\ (?) , v 2 (?) , 03 (?)>. Then 

lim [u (?) x v (?)] = ( lim [u 2 (?) v 3 (?) - u 3 (?) v 2 (?)] , lim [u 3 (?) ox (t) - u\ (?) 03 (?)] , lim \u\ (?) v 2 (?) - w 2 (?) v 1 (?)] 
On the other hand, 

lim u (?) x lim v (?) = ( lim u\ (?) , lim u 2 (?) , lim u 3 (?) ) x ( lim v\ (?) , lim v 2 (?) , lim 03 (?) 

t—^a t^>a \t—>a t^>a t^>a j \t—>a t^>a t^>a 



lim u 2 (?) 

t—>a 



lim 03 (?) 



lim u 3 (?) 



lim v 2 (?) 



lim M3 (?) 




lim 01 (?) 




lim (?) 








t—>a 









lim 03 (?) 



lim u\ (?) 



lim U2 (0 

t—>a 



lim M2 (?) 

t—^a 



lim t»i (?) 



lim [ii 2 (?) 03 (?) - u 3 (?) u 2 (0] , lim [u 3 (?) v\(i)-u\ (?) y 3 (?)] , lim [u x (?) o 2 (0 - u 2 (?) t>i (?)] 



55. a. Let r (?) = (x (?) , y (?) , z (?)>. Since r is continuous at a, so are x, y, and z. |r (?)| = yj[x (?)] 2 + [y (?)] 2 + [z (?)] 2 
Since y, and z are continuous at a, so are x 2 , y 2 , and z 2 , and therefore V* 2 + y 2 + z 2 = [r (?)| is continuous at a. 



b. Consider r (?) = (?, ?, g (?)> on [—1, 1] where g (?) = 



r(t)\ = y/t 2 + t 2 + 1 = V2? 2 + 1 is continuous at 0. 



-1 if — 1 < ? < 0 
1 ifO < ? < 1 



Then r (?) is discontinuous at 0, but 



56 



/ (? + h) 2 - t 2 cos (t + h)- cos ? e t+h - e l \ 

• £?o\ * ' * ' / 



= ( lim 



(? + h) 2 — t 2 . cos (? + h) - cos ? — e r 



ft 



. lim 



ft 



, lim 



h 



= (2t,-sint,e t ) 



using the definition of the derivative. 
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57. lim 

r->0 



sin*. 1-cosr. ln(l + r 2 j 
1 + j + — -k 



t 



t 



cos t — e 



- o-t 



(lim \ [ _j_ | ij m 
f-»0 t ) y-»0 ? 



— cos ? 




+ 



In (l + ? 2 ) 



lim 

?->0 cos? — e 



-t 



= i+ (l im 

2? ; J 



+ 



it I (i + ? 2 ) 



lim 

t->0 sint + e 



-t 



k (using l'Hopital's Rule) 



= i+^j + 0k = i+±j 

58. a. We solve x + y + 2z — 2 and x 2 + y 2 — z = 0 simultaneously: 2x 2 + x + 2y 2 + y = 2 



2 



2 



2 



x 2 + + y 2 + ^y = 1. Completing the squares gives \x + \ j + + | j = § = ^"^j ' so 



9 /3V2\ 



+ 



3V2 



cos? 



)'+H 



+ 



3V2 • 



sin? 



VI cosr _ 3^2 sinr 



)k,0 



< ? < 2-7T. 



b. We want to find the maximum and minimum values of H (?) = D 2 = x 2 + y 2 + z 2 = ( — \ + cos ?^ + 

+ ^ sin ^) 2 + ? (i - ^ cos ' - ^ sin ') 2 - Let us write a = Then 

//' (?) = 2 ^— ^ + ex cos ^ (—a sin?) + 2 ^— ^ + exsin?^ (a cos?) + ^ ^| — a cos ? — asin?^ (a sin? — a cos?). 
After simplifying, we have H 1 (?) = (sin ? — cos ?) ^ — %p (cos ? + sin ?) j . Then H' (?) = 0 => sin ? — cos ? = 0 



because the quantity within the square brackets is never 0. Thus, H ' (?) = 0 tan t = 1 

From the table at right, we see that H has a maximum value 
at ^ and a minimum value at ^ . The corresponding points 



t = f or 3* 



on the curve are (—1, —1, 2) and 



? 


0 


7T 


5tt 

4 


2tt 


//(?) 


1.2376 


0.75 


2.8126 


1.2376 



59. False. The function represents a half-line in space with initial point (0, 0, 0), whereas Y2 represents the line in space that 
contains the half-line T\ . 

60. True. The functions /, g, and h have the form / (?) = a\ + b\t, g (?) = a2 + b2t, and h (?) = + £3?, 
so r (?) = / (?) i + g (?) j + h (?) k = (a\ + b\t) i + (#2 + ^2 ? ) j + + ^30 k with parametric equations 

x = a\ + b\t, y = «2 + ^2*> z = «3 + ^3? is the line passing through the point (a\ , a^, a^) and parallel to v = {b\ , b^, b^). 

61. True. Each point on the curve has coordinates (/ (?) , g (?) , c) and hence lies in the plane z — c. 

62. True. Since r is continuous at a, lim r (?) = r (a), and so L = r (a). 



122 Concept Questions 



1. a. See page 992 (988 in ET). 

b. See page 993 (989 in ET). 

c. Let r (?) = ^?, ? 2 + 1, |?|^. Since h (?) = |?| is not differentiable at 0, r' (0) does not exist. 

2. w ; (?) = £ [u (/ (?)) x v (/ (?))] = £[u(f (?))] x v (/ (?)) +u(/ (?)) x £ [v (/ (?))] 

= [u ; (/ (?)) /' (?)] x v (/ (?)) + u (/ (?)) x [V (/ (?)) /' (?)] = [u' (/ (?)) x v (/ (?)) + u (/ (?)) x v' (/ (?))] /' (?) 

3. a. See page 996 (992 in ET). 
b. See page 996 (992 in ET). 
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1. r (/) = /i + / 2 j + / 3 k r' (/) = i + 2/j + 3/ 2 k r" (?) = 2j + 6/k 



2. r(/) = V/i + -j + In/ k => r' (0 = -Li - L + -k=> r" (/) = -L_i+ 4j - -U 



t 



lyft t 2 t 



4/3/2 ,3* ,2 



3. r(f) = [t 2 -\,y/t 2 + \\ => r'(/) = (2/, 



and since 



d 



r" (0 = (2 : 



J/ 



/ (/ 2 + 1) 



-1/2' 



-" 2 + ,(..)(,2 + 1 )- 3 ' 2 a ,) 



l 



3/2' 



1 



(' 2 + 1) 



3/2 /• 



4. r(/) = (/cos?, / sin?, tan /) => r' (/) = ^cos/ — / sin/, sin/ + / cos/, sec 2 / 
r" (/) = I— t cos / — 2 sin /, 2 cos / — / sin /, 2 sec 2 / tan /) 



5. r (/) = (/ cos / — sin /, / sin / + cos /) => r' (/) = (— / sin /, / cos /) =^ r" (/) = (— sin / — / cos /, cos / — / sin /) 

6. r (0 = e- l \ + te l \ + ^" 2r k => r' (/) = -e^i + (/ + !) e'j - 2e~ 2t k => r" (/) = e^i + (/ + 2) e'j + 46>~ 2 'k 



7. r(/) = e r sin/i + e 'cos/j + tan 1 /k => r' (/) = (cos/ — sin/)<? l i — (cos / + sin/) e ' j + 



1 



/ 2 + 1 



r" (/) = -2e~ l cos / i + 2e~ l sin / j - 



— / 



-/ 



2/ 



(/ 2 + 1) 



8. r (/) = | sin 1 /, sec/, ln|/|j => r' (/) = ( 1 ^ sec /tan/, - ) => r" (/) 



/ 



yr^T 2 



r 



(I-/ 2 ) 



2\3/2 



( 



, sec / ( sec^ / + tan^ / 



1 



9. a. r(0 = VFi + (r-4)j=>r(2) = V5i - 2j; r' (/) = — =i+j 



2jt 



r' (2) = ^i+J 



b. x = y = / — 4 = x 2 — 4(x > 0), so the curve lies on the right 
portion of the parabola y — x — 4. 




10. a. r(/) = sin/i + cos/j=> r(f) = ^ (i + j); r' (/) = cos/i - sin/j 

^(f) = f (i-j) 

b. The curve traverses the circle x 2 + y 2 = 1 in the counterclockwise 
direction. 



r'(77/4) 
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11. a. r(0 = (4 cos r, 2 sin 0 =>r(f) = (2, v^; 

r' (r) = (-4 sin/, 2cosr) => r' (f ) = |-2>/3, l) 

b. x = 4 cos ? and y — 2 sin t, so the curve lies on the ellipse 

2 2 

16 + 4 ~ 

12. a. r (0 = f 2 i + r 3 j => r (1) = i+j; r' (t) = 2ti + 3/ 2 j => r r (1) = 2i + 3j 

b. x — t 2 and y = ? 3 , so the curve lies on the graph of x — y 2 / 3 . 



13. a. r (0 = (2 + 30 i + (1 - 2t) j => r (1) = 5i - j; r' (0 = 3i - 2j 
r'(l) = 3i-2j 

b. x = 2 + 3? and y = 1 — 2f, so the curve lies on the line 

<=>y = -\x + \. 




14. a. r (r) = e~ 2t] j => r (0) = (1, 1); r' (?) = (e { , -2e 2t 
y' (0) = (l,-2> 
b. x = e r and y = e~ 2t , so the curve lies on the graph of 

y = U)- 2 = x~ 2 = \ (x > 0). 

X A 



15. a. r(0 = secf i + 2tanf j =^> r(^) = V5i + 2j; 

r' (t) = sec r tan ti + 2 sec 2 f j => r' (f ) = V2i + 4j 

b. x = sec ? and y = 2 tan so the identity sec 2 1 — 1 + tan 2 ? gives 

9 /y\2 ? y 2 

x = 1 + ^— J <=> x — — = 1, a hyperbola that contains C. 
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16. a. r (t) — b cos 3 t\ + b sin- 3 f j 



3 



r(f) = ^M+^j; 



r' (0 = — 3Z? cos 2 ? sin f i + 3b sin 2 r cos t j 
r'(f)=-^i+^j 



r'(77/4) 



b. x = Z? cos 3 £ and y = b sin 3 so 



(») + © = 



astroidx 2 / 3 + y 2 / 3 = Z> 2 / 3 . 



cos 2 f + sin 2 1 



— 1 . The curve lies on the 




17. r (0 = t\ + 2rj + 3rk => r' (0 = i + 2j + 3k => r' (1) = i + 2j + 3k, so |r' (1)| = v / l 2 + 2 2 + 3 2 = >/l4, and therefore 

r'(l) _ i + 2j + 3k _ 7i4 : , yi4: , 

— 7= — — + J H — n - K - 



T(l) = 



^ (1)| 



VT4 



18. r(0 = H-l)* 2 *) => r'(0 = (1 - t)e' t 9 (2t + 3) e 2 ^ => r' (0) = (1,1,3), so 

Y > (0)| = Vl 2 + l 2 + 3 2 = VTl, and therefore T (0) = J^L = <k^> = (Vll , f , 3^T 



19. r(r) = 2sin2f i + 3cos2rj + 3k => r' (t) = 4 cos 2d - 6sin2?j : 

'(f) 



so 



r' (f) | = J2 2 + (~3V3j = V5T, and therefore T (£) = 



r' (£) = 2i - 3V3j, 



= ir( 2i - 3 ^) = a # i - 



3V93 : 



20. r (f ) = t sin r i + t cos / j + rk => r 7 (r) = (sin t + t cos t) i + (cos r — / sin /) j + k 



r' (5) = i - f j + k, so (r 7 (f )| = 7l + (-f) 2 + l = and therefore 



T(f) = 



r'(f)| 



(i-fj+k) = 



+ 7T 



8 + 7T 



(2i - ttJ + 2k). 



21. r (t) = d + r 2 j + r 3 k => r' (f) = i + 2rj + 3r 2 k, so a vector equation of the tangent line when t — 1 is 

r' (/) = r (1) + fr' (1) = (i + j + k) + t (i + 2j + 3k) = (1 + t) i + (1 + It) j + (1 + 30 k, and parametric equations are 
x = 1 + t, y = 1 + 2?, z = 1 + 3t. 

22. r (0 = (1 + 0i + (t 2 ~ 4) j + V?k => r' (f) = i + 2rj + ^y=k, so a vector equation of the tangent line when t — 4 is 

r' (0 = r (4) + tr' (4) = (51 + 12j + 2k) + t (i + 8j + ±k) = (5 + 1) i + (12 + 80 j + (2 + Jf) k and parametric 
equations are x — 5 + t, y = 12 + St, z = 2 + 

23. r (0 = V^+2i+ ^rj + -J—^ r' (t) = 1 



1 



At 



t + V + 4 



2VT+2 1 (t + l) 2 J ( f 2 + 4) 



k, so a vector equation of the tangent 



line when t = 2 is r' (0 = r (2) + ^ (2) = (2i + Ij + Ik) + 1 (|i - - £k) = (2 + \i) i + - £f ) j + ( J - I?) k 
and parametric equations are x — 2 + ^t, y = ^ — ^t, z = | — 

24. r (0 = 2 cos t i + r 2 j + 2 sin rk ^> r' (0 = — 2 sin t i + 2rj + 2 cos r k, so a vector equation of the tangent line when t = ^ is 
r r (0 = r (f ) + tr' (f ) = (^2i + tf j + V2k) + r (-V2i + f j + v^k) = - 0i + f (f + 0 J + + 0k 



2 

and parametric equations are x — \fl — V5r, v = tt- + z = V2 + \/2f. 
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25. r (?) = tcosti + ?sin?j + fe'k => r' (?) = (cos? — ?sin?)i + (sin? + ?cos?)j + (1 + t)e*k, 
so a vector equation of the tangent line when ? = ^ is 

r' (?) = r (£) + ?r' (£) = (^f i + £j + £ e^k) + - ?i + + ^) ?j + (1 + f ) ^/ 6 ?k and parametric 
equations are x = + - ?, y = £ + (± + ^) ?, z = %e n / 6 + (l + £) e w ' 6 f . 

26. r (?) = cos?i + sin? j + sin -1 ?k => r' (?) = — (sin? + cos?)i — e~ l (sin? — cos?) j H so a vector 

equation of the tangent line when ? = 0 is r' (?) = r (0) + ?r' (0) = i + ? (— i + j + k) = (1 — ?) i + ?j + ?k and parametric 
equations are x = 1 — t, y = t, z = t. 



27. / (ti + 2? 2 j + 3k) dt = \t 2 \ + |? 3 j + 3?k + C 

28. (?i + ? 2 j + ? 3 k) J? = ( \ ? 2 i + l ? 3 j + ^? 4 k) | J = \ i + l j + ^k 

29. / (VS + ji ~ ^ 3/2 k) ^ = §' 3/2 i + In |?| j - §? 5/2 k + C 

30. J 2 [VF^Ti+ -Lj + (2f- l) 5 k]d? = [I (?- I) 3 / 2 i + 2?!/ 2 j + ^(2?- l) 6 k] = (|i + 2V5j + ^k) - 
(2j + ^k) = 2 i + 2(V2-l)j + l| 2 k 

31. / (sin2?i + cos2?j + e _/ k) J? = -±cos2?i + ^sin2?j - e~ l k + C 

32. / (Wi + 2j - sec 2 * k) dt = (t - 1) e l i + 2?j - tan? k + C 

33. J ^? cos ? i + ? sin ? 2 j — te t2 kj dt = (cos ? + ? sin ?) i — ^ cos ? 2 j — ^e* 2 + C. (Note that we have integrated J ? cos ? dt by 
parts.) 



34 - / ( 1 + TT2?2 j " y= ?2 k ) J ' = tan_1 r 1 + ? ln ( 2 ' 2 + 0 j " sin ~ 1 ' k + c 

35. r(?) = / r' (?)</? = f (2i + 4?j - 6? 2 k) d? = 2?i + 2? 2 j - 2? 3 k + C and r (0) = i + k^C = i + k, so 
r (?) = (2t + 1) i + 2? 2 j - (2? 3 - l) k. 

36. r(?) = fr'(t)dt = J (2 sin2?i + 3cos 2?j + ?k) dt = - cos2? i + \ sin2? j + ±? 2 k + C 
and r (0) = i + 2j + ±k => -i + C = i + 2j + Ik => C = 2i + 2j + ±k, so 

r (?) = - cos 2? i + \ sin 2? j + \t 2 k + 2i + 2j + ik = (2 - cos 2?) i + (2 + § sin 2?) j + (±? 2 + ±) k. 

37. r (?) = JY (?) J? = / (2e 2 'i + 3e _f j + e'k) J? = e 2 M - 3^" r j + ^k + C and r (0) = i - j + k => 
i - 3j + k + C = i - j + k => C = 2j, so r (?) = e 2t i - (le' 1 - 2) j + e'k. 

38. r(?) = jr* (t)dt = j (yTTTi + + \*) dt = \ ( r + !) 3/2i + ^ In (? 2 + l) j + ln |?| k + C and 

r(3) = i+j + 2k^ i£i + I ln lOj + ln3k + C = i + j + 2k => C = (l - \ In lo) j + (2 - ln3)k, so 

r(?) = [§(? + l) 3 / 2 -^]i+ ln(? 2 + l) 1/2 +l-^lnl0 j + (In |?| + 2 - ln3)k. 



39 
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and 



. r'O) = Jr"(t)dt = /(VFi + sec 2 ?j + 6>'k)^ = §r 3 / 2 i + tan; j + e*k + Ci 
r' (0) = i + k <^ k + C { = i + k Ci = i, so r' (t) = (|? 3 / 2 + 1) i + tan? j + e'k. Next, 
r(0 = / [(l^ 372 + l)i + tanfj + e'kpf = (-^^ 5/2 + r) i - In |cos?| j + e'k + C 2 and r (0) = 2i + j - k <=> 
k + C 2 = 2i + j - k => C 2 = 2i + j - 2k, so r (0 = (^f 5/2 + f + 2) i - (In \cost\ - 1) j + (e l - 2) k. 



40. r'(0 = fr"(t)dt = f (3cos2r i + 4 sin 2* j + k)dt = § sin2*i - 2 cos 2/ j + fk + Ci and r' (0) = i + 2j 
=> -2j + Ci = i + 2j => Ci = i + 4j, so r' (t) = (§ sin2? + l) i + (4 - 2 cos 20 j + tk. Next, 

r (t) = J r' (t) dt = (-| cos2r + *) i . + (4* - sin 20 j + \t 2 k + C 2 and r (0) = 2i + j - k => -|i + C 2 = 2i + j - k 

C 2 = ^-i + j - k => r (0 = {t - § cos 2f + ±f) i + (At - sin 2t + 1) j + (^ 2 - l) k. 



41. f t [u (0 + v (0] = £ [{t 2 i - 2t\ + 2k) + (cos ti + sin t j + t 2 k)] = £ [(f 2 + cos tj i-(2t- sin 0 j + (2 + r 2 ) k] 

= (2?-sin0i-(2-cos0j + 2rk (1) 
On the other hand, 

u' (0 + y' (0 = ii {f { ~ 2t * + 2k ) + it ( cos 1 1 + sin % J + ?2]k ) = ( M ~ 2 ^ + (- sin M + cos r j + 2tk) 

= (It - sin 0 i + (cos t - 2) j + 2fk (2) 
The desired result follows by comparing (1) and (2). 



42. £ t [3u (0] = £ [3 (V 2 i - 2rj + 2k) J = (3r 2 i - 6fj + 6k) = 6ri - 6j. On the other hand, 
3u' (0 = 3^ (? 2 i - 2rj + 2k) = 3 (2d - 2j) = 6fi - 6j, and the result follows. 



43. £ [f (0 u (0] = ^ (t 2 i - 2t\ + 2k)] = £ (t 2 e 2t \ - 2te 2t \ + 2<? 2 'k) = 2e 2t (t 2 + r) i - 2<? 2/ (2t + 1) j + 4e 2f k. 
On the other hand, 

/' (0 u (0 + / (0 u r (0 = [£ (<? 2t )] (t 2 * ~ 2?j + 2k) + e 2t £ (t 2 i - 2t\ + 2k) = 2e 2t (t 2 \ - 2t\ + 2k) + e 2t (2ti - 2j 

= 2e 2t (t 2 + *) i - 2^ 2 ^ (2t + 1) j + 4e 2r k 
and the desired result follows. 



44. £ [u (0 • v (01 = £ [{t 2 i - 2t\ + 2k) • (cos ti + sin? j + r 2 k) J = £ [t 2 cos t - 2t sin t + 2? 2 ) 

= 2t cos r — t 2 sin r — 2 sin t — 2t cos t + 4? = — ? 2 sin r — 2 sin r + 4? 
On the other hand, 

u' (0 • v (0 + u (0 • v' (0 = (2d - 2j) • (cos t i + sin t j + ? 2 k) + (r 2 i - 2rj + 2k) • (- sin t i + cos t j + 2?k) 

= 2t cos t - 2 sin ? - t 2 sin r - 2t cos f + 4? = -t 2 sin r - 2 sin t + At 
and the desired result follows. 
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45. u (t) x v (t) = 



t 2 
cost 



j k 

-It 2 

sin t t 2 



= (-2t 3 -2sinr)i - (r 4 -2cosf)j + (t 2 sin t + 2t cos k, so 



2j [u (0 x v (01 = - (fo 2 + 2 cos i - (4t 3 + 2 sin ^ j + (t 2 cos t + 2 cos ^ k. On the other hand, 





• 

1 


• 

J 


k 




• 

i 


• 

J 


k 


u' (0 x v (0 + u (t) x V 0) = 


2t 


-2 


0 


+ 


t 2 


-It 


2 




cost 


sinr 


t 2 




— sin? 


cost 


2f 



= -2r 2 i - It 3 j + (2f sin r + 2 cos f ) k + {-At 2 - 2 cos i - (2r 3 + 2 sin r) j + (V 2 cos f - 2f sin /) k 

= - (6r 2 + 2cosr) i - (4r 3 + 2sinr) j + (/ 2 cosr + 2cosr) k 
and the desired result follows. 



• ft n [f (')] = 3? u ( e2r ) = ft { e4,[ ~ 2e2t i + 2k ) = 4eAt{ ~ 4e2t i = 4e2t if' 1 ~ j) • 0n the other hand ' 

«' (/ (0) /' (0 = (2d - 2j)| ;t=£ ,2 f • J^-e 2f = (2e 2 'i - 2j) (2e 2 ') = 4e 2 ' (e 2 '\ - j), and the desired result follows 



47. Let u (f) = x\ (t) i + y\ (t ) j + zi (f ) k and v (f) = x 2 (?) i + y 2 (f ) j + Z2 (0 k. Then 
£ [u (0 + v (f)] = £ {[*i (0 + x 2 (t)] i + [y, (f) + y 2 (t)]i + [ Zl (0 + z 2 (*)] k} 

= [x[ (t) + x' 2 (t)] i + [y[ (t) + y' 2 (f)] j + [z\ (t) + z' 2 (0] k 

= [x[ (t) i + y\ (t) j + z'j (0 k] + [x' 2 (t) i + y 2 (t ) j + z' 2 (0 k] = u' (f) + v' (0 



48. Let u (f) = x x {t) i + yi (f) j + zi (0 k and v (t) = x 2 (t) i + y 2 (0 j + Z2 (0 k. Then 

• v (01 = 37 {[*i (0 - *2 (0] i + [yi (t) - yi (0] j + [zi (0 - z 2 (0] k} 



37 [« (0 



= [x[ (t) - x' 2 (t)] i + [y[ (t) - y' 2 (0] j + [z\ (0 - z' 2 (t)] k 

= [x[ (t) i + y[ (t) j + z', (0 k] - [x 2 (f) i + y' 2 (t) j + z' 2 (0 k] = u' (0 - v' it) 



49. Let u (/) = x\ (/) i + y\ (t) j + zi (f) k. Then 

37 t cu (01 = 37 [ c *l (0 * + <?1 (0 J + czi (0 k] = cx'j (0 i + cy\ (t ) j + cz'j (f) k = c [x[ (t) i + y\ (f) j + z\ (f) k] 

= cu' (f) 



50. Let n (f) = x (t) i + y (t) j + z (r) k. Then 

£ [/ (t) u (0] = £ [f (t) x(t)i + f (t) y(t)i + f (t) z (0 k] 

= [/ (0 x' it) + /' (0 x (t)} i + [/ (0 y' (0 + /' (0 y (0] j + [/ (0 z' (0 + f (0 z (0] k 

= /' (0 \x (t)i + y (0 j + z (0 kl + / (0 fx' (0 i + y (0 j + z' (0 kl = /' (0 u (0 + / (0 u' (?) 
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51. Let u (?) = x { (?) i + y\ (?) j + z\ (?) k and v (?) = x 2 (?) i + y 2 (0 j + z 2 (0 k. Then 



u (?) x v (?) = 



i j k 

*i yi z\ 

x 2 y 2 z 2 



= (y\Z2-y2Z\)i- (x\z 2 -x 2 z\)i + (x x y 2 -x 2 y\) k, so 



^. ( u x v) = (y[z 2 + - y' 2 z\ - y 2 z^ i - (x[z 2 + - x' 2 z\ - x 2 z[) j + (xj^ + ~ 4^1 ~ ^2^1) k 



On the other hand, u' x v = 



i j k 



A y[ A 



x 2 y 2 z 2 



= {y[z 2 - y 2 z[) i - (x[z 2 - x 2 z\)i + (x[y 2 - x 2 y[) k 



and u x y' — 



1 J k 

*i y\ z\ 



x 2 z 2 



= {y\z 2 -y 2 z\)i - {x\z 2 -z\x' 2 )i + (x\y' 2 -x' 2 y { )k, so 



u' x v + u x v' = (y[z 2 - y 2 z\ + y\z 2 - y 2 z\) i - (x[z 2 - x 2 z[ + x x z' 2 - z\x' 2 )i + (x[y 2 - x 2 y[ + x\y' 2 - x' 2 y x ) k 
and the desired result follows. 
52. Let u (0 = x (?) i + y (?) j + z (?) k. Then 

i [u (/ (0)] = &[*(/ (0) i + y (/ (0) j + z (/ (0) k] = *' (/ (0) /' (0 i + y (/ (0) /' (0 J + z' (/ (0) /' (0 k 



= (/ (o) i + y (/ (o) j + z 7 (/ (0) k] /' (o = u r (/ (o) f (o 



53. 



54. 



^ [r (0 x r' (0] = r' (?) x r' (0 + r(f)x r" (?) = r (0 x r" (?) since r' (0 x r' (0 
£ {r (0 • [u (0 x v (0]} = r ; (0 • [u (0 x v (*)] + r (0 • £ [u (?) x v (?)] 

= r' (0 • [u (0 x v (01 + r (0 • [u' (?) x v (f ) + u it) x V (?)] 



= 0 



= y' (?) • [u (0 x v (01 + r (0 • [u' (0 x v (0] + r (?) • [u (?) x v' (?)] 

55. f t [r (-0 + r (I)] = r' (-?) (-1) + r' (}) * (f) = -r' (-?) - ^ (f) 

56. ^ [r (20 • r (? 2 ) J = r' {It) ■ r (V 2 ) (2) + r (2?) • r' (? 2 ) (2?) = 2r' (2f) • r (? 2 ) + 2tr (It) ■ r f (V 2 ) 



57. & {r (0 • [r' (t) x (t)]} = r> (t) ■ [r' (t) x (?)] + r (t) • % [r' (0 x r" (?)] 

= r r (0 • [r ; (0 x r" (?)] + r (t) • [r r/ (?) x r" (?) + r r (?) x r'" (?)] 
= r' (?) • [r' (?) x r" (?)] + r (?) ■ [r' (?) x r'" (?)] 

since r r/ (?) x r" (?) = 0. 

58. {u (?) x [v (?) x w (?)]} = u' (?) x [v (?) x w (?)] + u (?) x [v (?) x w (?)] r 

= u' (?) X [v (?) X W (?)] + U (?) X [V (?) X w (?) + v (?) x w' (?)] 

= u' (?) x [v (?) x w (?)] + u (?) x [v' (?) x w (?)] + u (?) x [v (?) x w r (?)] 

59. Let u (?) = x\ (?) i + y\ (?) j + z\ (?) k and v (?) = x 2 (?) i + y 2 (f) j + z 2 (0 k. Then 

Xf [u (?) + v (?)] dt = {[*! (?) + x 2 (?)] i + [y { (?) + J2 (?)] j + [ Zl (?) + z 2 (0] k} J? 

= Jj 7 [jci (?) + x 2 (?)] dt i + Xf [ yi (?) + J2 (?)] dt\ + Xf [zi (?) + z 2 (?)] ^ k 

= [Xf *1 (0 * + fa X 2 (0 » + [/a W (0 ^ + /« (0 dt] j + [jj Zl (0 dt + /* z 2 (?) dt] k 

= [Xf x x (?) J? i + X? W (0 dtj + fizi (0 * k] + [Xj 7 x 2 (?) J? i + /* y 2 (?) J? j + Xj 7 z 2 (0 dt k] 
= X? u (?) <i? + X? v (?) * 
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60. Let u (t) = x (t) i + y (t) j + z (0 k. Then 

/* cu (0 dt = ll c[x(t)l + y {t) j + z (0 k] dt = ^ [cx (0 i + cy (t) j + cz (0 k] </f 

= (t)dtl + tfcy (t)dti + fj>cz (t)dtk = cfix(t)dti + ctfy(t)dti + cfiz(t)dtk 
= c[^x(t)dti + ^y(t)dti + ^z(t)dtk\=c^u(t)dt 

61. a. Let r (t) = x (0 i + y (?) j + z (t) k and c = c\\ + + c 2 k. Then 

Xf c • r (0 <// = /* (cii + c 2 j + c 3 k) • [* (0 i + y (0 j + z (0 k] = /* [ci* (0 + c 2 y (0 + c 3 z (0] dt 

= d fix(t)dt + c 2 /j 7 y (0* + c 3 Xf z (0 A 
On the other hand, 

c • /* r (f) dt = (cii + c 2 j + c 3 k) • {/j 7 [jc (f) i + y (t) j + z (0 k] </f ) 

= (cii + Qj + c 3 k) • [fcx(f)dtl + /* y (t)dti + /* z (0 dtk\ 
= citfx (0 A + c 2 Xf y (0 A + c 3 Xf z (0 dt 
b. XT c • r (0 rf/ = /J 1 " (2i + 3j - k) • (sin t i + cos t j + fk) = XT ( 2 sin f + 3 cos t -t)dt 

= (-2cosf + 3sinf- ^ 2 )|q = 4 ~ I 71 " 2 
On the other hand, 

c- $r(t)dt = (2i + 3j - k) • /J 1 " (sinfi + cos? j + fk) A = (2i + 3j -k) • [- cosf i + sinf j + ^ 2 kj 



-|7T 

0 



= (2i + 3j - k) • (2i + ±7r 2 k) = 4 - \w 



62. False. If r (t) = c, then r' (0 = 0, the zero vector. 

63. True. ^ (|u| 2 ) = ^ (u • u) = u • u' + u' • u = u • u' + u • u' = 2u • u'. 

64. True. If r' (t) = 0, then r (t) = J r' (t) dt = J 0 dt = C. 

65. True. Using the result of Exercise 63, we have ^ |r (t)\ 2 = 2r (0 • r' (0, so if r (t) ■ r' (t) = 0, then £ |r (t)\ 2 = 0 
|r (0| = c, a constant, showing that r has constant length. 



12.3 Concept Questions 



ET113 



1. See page 1000 (996 in ET). 

2. a. See page 1001 (997 in ET). 

b. Let r (t) = (t 1 , t 3 , t 4 ^j. Then r' (t) = (it, 3t 2 , 4t 3 ^j. Since r' (t) = 0 at t = 0, we see that r is not smooth on the interval 
(—oo, oo). 

3. a. See page 1001 (997 in ET). 

r'(0 



b. See page 1003 (999 in ET). If t is not the arc length parameter, then T (t) = 



r'(0 



4. a. See page 1003 (999 in ET). b. See page 1004 (1000 in ET). c See page 1007 (1003 in ET) 
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r (?) = ti + 2?j + 3?k => r' (?) = i + 2j + 3k => |r' (?)| = Vl 2 + 2 2 + 3 2 = Vl4, so 
L = f b |r' (0| dt = Jq VTidt = 4>/l4. 

r (t) = (5t, 3? 2 , 4t 2] j => r' (t) = (5, 6t, St) => |r' (?)| = y]5 2 + (6?) 2 + (8?) 2 = ^25 + 100? 2 = 5^1 + 4? 2 , so 
L = j b |r' (0| dt = 5 J 0 2 v/l + 4t 2 dt = \ J 0 4 yfl + u 2 du (let w = 2?) 

= | + u 2 + i In (u + Vl + w 2 )]j| = § [2 VT7 + ^ In (4 + ^17)] 



r (r) = 4 sin t i + 3?j + 4 cos ? k => r 7 (?) = 4 cos ti + 3j - 4 sin t k 
|r' (?)| 2 = (4 cos*) 2 + 3 2 + (-4 sin*) 2 = 16 (cos 2 ? + sin 2 *) + 9 = 25 and so |r' (?)| 



= 5. Thus, 



L = f a |r' <fr = Jo5dt = IOtt. 



r (?) = a cos ? i + a sin t j + Z??k => r' (t) = —a sin ? i + a cos ? j + bk, so 

|i/ C0| 2 = (-asint) 2 + (a cos?) 2 + Z? 2 = a 2 (sin 2 ? + cos 2 ?) + b 2 = a 2 + b 2 and so |r' (?)| = y/a 2 + b 2 . Thus, 
L = Jj Ir 7 (f)| <fc = J 0 27r y/a 2 +b 2 dt = 27ry/a 2 +b 2 . 



r (?) = (e r cos ?, sin ?, e^) => r r (?) = (cos ? — sin t) , (sin t + cos ?) , e l ) => 
|r' (0| 2 = [e* (cost- sin?)] 2 + (cos? + sin?)] 2 + (^) 2 

= e 2 ' (cos 2 ? — 2 cos ? sin ? + sin 2 ? + cos 2 ? + 2 cos ? sin ? + sin 2 ? + l) = 3e 2 ' 

so |r' (?)| = VJ? 1 = yfie*. Thus, L = f b |r' (t)\ dt = J 271 " <&J dt = V3e* = V3 (e 2lz - l) 

r (?) = ? 2 i + ?cos?j + ?sin?k => r' (?) = 2?i+ (cos? - ?sin?)j + (sin? + ? cos?)k => 
I r' (?) 1 2 = (2?) 2 + (cos ? — ? sin ?) 2 + (sin ? + ? cos ?) 2 

= 4? 2 + cos 2 ? - 2? cos ? sin ? + ? 2 sin 2 ? + sin 2 ? + 2? sin ? cos ? + ? 2 cos 2 ? = 5? 2 + 1 



so 



r r (?) I = V5? 2 + 1. Thus, 



L = \ b a |r r (?) I dt = ^ 1 + (V5?) 2 dt = ^ f^y/l + u 2 du (let u = V5t) 

0 



TIT 



= ^ [%Uy/l +U 2 + \\n [ U + y/l+ M 2 )] 



r (?) = 2?i + ? 2 j + ln?k =1 r' (?) = 2i + 2?j + }k 

) 



^ln(V5 + V6)+^ 



//^|2 , ,2 1 4? 4 + 4f 2 +l ( 



2? 2 + 1 



t 



'(0| = 



2? 2 + 1 
? 



, ? > 0. Thus, 



L = ^ |r ; (?)| J? = J* 2 * dt = J* (it + j^j dt = (? 2 + In?) = (e 2 + l) - 1 = e 2 . 

r(?) = (cos? + ?sin?)i + (sin? — ?cos?)j + ? 2 k =^> r' (?) = ?cos?i + ? sin?j + 2?k 
^ |r r (?)| 2 = (?cos?) 2 + (?sin?) 2 + (2?) 2 = 5? 2 , so \r f (t)\ = V5t. Thus, 

L = $ b a \r>{t)\dt = j5SZ /2 tdt= f ? 2 



7T/2 

n 



- ^7T 2 

- ~s~ • 
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9. r (?) = ? sin?i + t cos? j + ?k => r' (?) = (? cos? + sin?) i + (cos? — ? sin?) j + k 
=> | r ' (?)| 2 = (?cos? + sin?) 2 + (cos? - ?sin?) 2 + 1 = ? 2 + 2. Thus, 



2-7T 

0 



L = Xf |r' (?) | dt = / 0 27r y/fi + 2dt = + In (? + v^+2)] 

^7rv / 4^^+ln 2 ^ + ^ 2 + -^7rV4^ 2 T2 + ln (y^TT+V^Tr) 




n 9 4 6 8 
_4 -2 0 z j 



10. 



r(?) = 2sin?i + 2cos?j + j? z k => r' (?) = 2cos?i - 2sin?j + ?k => 
|r' (?)| 2 = 4cos 2 ? + 4sin 2 ? + ? 2 = 4 + ? 2 . Thus, 

L = £ |r' (?)| </? = J 27r v^T4 J? = [1 ?y^+4 + 2 In (? + v^+4)] 
= 27rv / 7r 2 + 1 + 2 In (tt + Vtt 2 + l) 



2-7T 

0 




11. 



r(?) = (i + ?)i + (i + 2?)j + 3?k^r / (?) = i + 2j + 3k => |r'(?)| = Vl 2 + 2 2 + 3 2 = ^14, so 

s (?) = Jq Ir 7 (w)| = Jq a/T4^w = a/14?, ? > 0. Thus, ? = ;y=s = ^j^ s an ^ me required parametrization of C in 



ofsisr(? (5))= (l + ^)i + (i + 2^4^ j+ 3v^4, k5 , > 0 . 



12 



13 



14 



r (?) = 4 sin ? i + 4 cos ? j + 3?k => r' (?) = 4 cos ? i - 4 sin ? j + 3k => |r' (?) | = y (4 cos ?) 2 + (-4 sin ?) 2 + 3 2 = 5, 
s (?) = Jq \r f (u) \ du — Jq 5 du — 5?, ? > 0. Thus, ? = ^s, s > 0, and the required parametrization of C in terms of s 
r(? (s)) = 4sin^i + 4cos j + |sk, s > 0. 

r (?) = e* cos ? i + e l sin ? j + e* k => r' (?) = (cos ? — sin ?) i + e* (sin ? + cos ?) j + e* k 
=> |r^(0| 2 = ^ 2/ [(cos?-sin?) 2 + (sin? + cos?) 2 + lJ = 3e 2 ' => |r'(?)| = >/3<?', so 

s (?) = / 0 r |r' (u)\du = J 0 ' V3^ M du = V3 (<?' - l) => e f - 1 = ^-s <^> e f = 1 + 
= In (l + ^.s^, 5 > 0, and the required parametrization of C in terms of 5 is 

r (? (s)) = (l + ^j) cos (in (l + ^s)) i + (l + ^) sin (in (l + ^)) j + (l + ^) k, 5 > 0. 
r (?) = a cos 3 ? i + a sin 3 ? j + k => r' (?) = —3a cos 2 ? sin ? i + 3a sin 2 ? cos ? j => 

2 2 

| r' (?) | 2 = (— 3a cos 2 ? sin ?^ + (3a sin 2 ? cos ?^ = 9a 2 cos 2 ? sin 2 ? => | r' (?) | = 3<3 cos ? sin ?, so since ? 
is in [0, y], 5 (?) = Jq |r' (w)| du = 3a Jq cos w sinw du = ^a sin 2 u =\a sin 2 ?. Then ? = sin -1 



<^> ? 



? = 0 when s — 0, and ? = y when 5 = %a. Thus, the required parametrization of C in terms of s is 



(? (5)) = a cos 3 ^sin" 1 i + a sin 3 ^sin" 1 j + k, 0 



< .v < ^a. 



15 



r (?) = 2?i + 2?j + k => r' (?) = 2i + 2j => r /r (?) = Oi + 0j, so r' (?) x r" (?) = 0 => |r ; (?) x (?)| = 0. Also, 

1^(01= = 2V2, so K = P (0 >< <» I = 0 = p. 

|r'(0| 3 (2V2) 3 
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16. r (0 = ti + j + t 2 k => r' 0) = i + 2tk => r" (f) = 2k, so r' (r) x r" (0 = 



i , i / o k'(0 x r"(0l 2 

Also, |r' (0| = Vl+4r 2 , so = 1 i3 1 = —y2- 



i j k 

1 0 2f 
0 0 2 



= -2j => |r' (0 xr"(f)| =2, 



r' (0| 



(1 + 4/2) 



17. r (0 = ri + \t 2 \ + f 2 k => r' (?) = i + t\ + 2fk => r" (t) = j + 2k, so r' (f ) x r" (*) = 



i j k 

1 t 2t 
0 1 2 



= -2j + k 



r' (t) x r" (t) | = 
|r'(0xr" (0| 



(-2) 2 + 1 = 
V5 



V5. Also, |r'(0| = y/l + t 2 + 4t 2 = Vl + 5r 2 , 
V5 



so 



7 (0| 



(yr^) 3 (1 + 5^3/2- 



18. r (0 = (1 - 0 i + (1 + t) j + 3r 2 k => r' (t) = -i + j + 6rk => r" (0 = 6k, so r' (f ) x r" (r ) = 



i j k 

-1 1 6t 
0 0 6 



= 6i + 6j 



K = 



r' (0 x r" (0| = V6 2 + 6 2 = 6^2. Also, |r' (t)\ = ^/(-l) 2 + l 2 + (6t) 2 = 72 + 36?, so 
r' (0 x r" (0 1 6 V2 3 



'(0| 



(2 + 36r 2 ) 3 / 2 (l + 18f 2 ) 3/2 " 



19. r(/) = 2sinri + 2cosrj + 2tk => r' (t) = Icosti - 2sinrj + 2k => y" (t) = -2sinri - 2cosrj, 



so r' (/) x r" (t) = 



i j k 

2 cos? — 2sin£ 2 
— 2sinf —2 cos? 0 



= 4cosri — 4sinrj — 4k 



r' (0 x r" (0| = J (4 cost) 2 + (-4sinf) 2 + (~4) 2 = 4^2. Also, |r' (t)\ = J (2 cost) 2 + (-2sinf) 2 + 2 2 = 2^2, 
r>(t)xT»(t)\ 4V2 1 



so 



hi = 



' (0| 



(2V2) 



x3 4 



20. r (t) = [e l cos t, e* sin e ? ) => r' (t) = [e f (cos t - sin t) , e l (sin t + cos t) , e l ) => r" (t) = [-2e l sin t , 2e' cos ?, <?'), 



so r' (0 x r" (0 = 



i j k 

e* (cos r — sin t) e l (sin t + cos 



-2e l sin f 



2<?' cos t e l 



— [e 2t (sin t — cos r) , — e 2t (sin r + cos t) , 2e 2 ' 



=> \r' (t) x r" (t)\ = e 2t yj(s'm t - cos t) 2 + (sin f + cos t) 2 + 4 = V6e 2 '. Also, 

, 1 ti 0 1 r- f W (t) x r" (t)\ ^6e 2t V6 

y' (0 = e\Ucost- sinf) 2 + (sin? + cos?) 2 + 1 = yfie* , so n = ] — ^ = — T = - 

(V3^) 3 3 ^ 



V2 
3^ 



21. y = x 3 + 1 ^> / = 3x z =^ = 6.T, so ^ = 



2 _ ,.// 



y 



|6x 



6|* 



[l + (3/) 2 ] 3/2 [l + (3,2)2] 3/2 (1+9,4)3/2- 



22. y = x 4 ^>y , =4x 3 ^> y" = I2x 2 , so k, = 



12jc 



12* 



[l + frff 2 [l + (4,3) 2 l 3/2 (1 + 16,6)3/2- 
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23. y — sin 2x => y' — 2 cos 2x =^> y" — —4 sin 2x, so *c = 



—4 sin 2x 



4 I sin 2x 



[l + { yff 2 [i + (2cos2^] 3/2 (1 + W2,) 3 / 2 



1 



1 



1 



1 



24. y = \nx => / = - => y = — T , so k — 



X 



2 



x 



X 



X 



X 



A21 3 / 2 



[i + (/) 2 ] 




-1 3/2 



1 + 



1 \ 3 / 2 



(* 2 + 1) 



3/2 



25. y = e~ xl => y' = -2xe-* 2 => y" = 2 (2x 2 - l) 



e x , so 



2 \2x z - lie 



—x 



2\2x 2 -l\e 2x2 



K = 



+ 4jc 2 ^~ 2 ^ 2 ] + 



■2x 2 



4x2) 



3/2" 



26. y = secjc => y' = sec x tan * => y" = sec* ^sec 2 x + tan 2 x^, so = 



sec x I ^sec 2 x + tan 2 x) 
(l + sec 2 x tan 2 x) 3 ^ 2 



[iH-(y) 2 ] 372 



2|2* 2 -lU 2 * 2 



27. Using the result of Exercise 25, we see that k = 



,2x 2 



4* 2 ) 



3/2 



, so = 0 => \2x 2 — 1 



= 0 => x = and the 



required points are (-^, e~ 1/2 ) and e -1 / 2 ). 



1 1 „ 2 
28. y = * + y' = 1 T => y" = — , so / x=l = 0 and y 



x 



Thus, ^(1) = 



y"W\ 



X 



II 



x=\ 



= 2. 



y 



3- 



{i + [/(D] 2 ) 3/2 o + ° 2 ) 



3/2 



= 2. Therefore, the 



2- 



radius of curvature of the circle is Since / | x=1 =0, the tangent line to 

the curve y — x + l/x at the point (1, 2) is horizontal, and the normal line 

is vertical. Also, y" (x) > 0 for x > 0, showing that the graph is concave 
upward on (0, 00). The center of the required circle is 

2 

^1, 2 + 2) = (l, |j and an equation is (x — l) 2 + (y — |j = 



1 



0 




1 



29. 



v = => y' = e x => y" = so k = 



y 



[l + (yff 2 (1+**) 



2^3/2 



. To find the maximum value of k, we find 



(2e 2x - l) e x 

n f (x) = — — 5 ^ 2 = 0 => x = — 2 In 2, the only critical number of n. Since k/ (x) > 0 for x < — \ In 2 and 



(l+e 2 *) 



«' (x) < 0 for x > — ^ In 2, we see that x — — )^\xi2 — Xw. gives a relative maximum value for n which is in fact the 
absolute maximum. The required point is thus ^ln ^) . 



30. Using the result of Exercise 24, we have n (x) = 



x 



(x 2 + 1) 



3/2 



2jc 2 - 1 /9 
(x) = — — : -^7^ = 0 => x = ^ (since x > 0), 



(* 2 + 1) 



5/2 



the only critical number of hi. Since k! (x) > 0 for x < ^ anc * CO < 0 for x > we see that ^ gives the absolute 



maximum value for hi. The required point is thus In ^ Y 
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31. 



1 , 1 

xy = 1 => y = — => y — — 



x 



x 



y" = 



2 



, so hi = 



y 



X 



x 



x 



[n-(/) 2 f (i + ^) 3/2 ( 1 + * 4 ) 



jj^ . By symmetry, it 



suffices to consider the case where x > 0: n (x) = 



2jc 



6* 2 (* 4 - l) 

— — => k! ( x ) = ^-^f- = 0 => x = 1 is the only 

(l+^4) 3 / 2 (l+^4) 5 / 2 

critical number of hi in (0, oo). The First Derivative Test shows that 1 gives the relative (and therefore absolute) maximum 
value for hi, so by symmetry the required points are (—1, —1) and (1, 1). 



32. Ax 1 + 9y 2 = 36 has vector representation r (t) = 3 cos ti + 2 sin t j + Ok => r' (/) = — 3 sin f i + 2 cos f j 



and r"(f) = -3cosfi - 2sinf j. r' (t) x r" (?) = 



— 3sinf 2 cos? 0 
— 3cosr — 2shu 0 



= 6k and 



■' (0| = V9 sin 2 / + 4 cos 2 1 = y/4 + 5 sin 2 so ^ (0 = ^ (?) X F ^ = 



6 



r'(0| 3 



(4 + 5 sin 2 f ) 



. Clearly the denominator 



is minimized when t — 0 or t — 7r, so k is maximized there, and the required points are (—3, 0) and (3, 0). 

33. The answer is b. Note that the curvature of the curve is smallest at x — 0 and largest at the endpoints x — — 4 and x — 4. 

34. The answer is a. Observe that the curvature of the curve increases without bound as we approach x — 0, and decreases 
toward 0 as x — > zboo. 

35. The answer is d. Note that the curvature of the curve is 0 between x = —I and x — 0, and between x — 0 and x = 1, 
because the concavity of the curve changes in these intervals. Also, the curvature approaches 0 as x — > ±oo. 

36. The answer is c. The curvature is maximized at some point in the intervals (—2, 0) and (0, 2), and it tends to 0 as x — > ±oo 



2l2* 2 -lle 2 * 2 



37. Using the result of Exercise 25, we have k (x) = 



(e 2xl + 4x 2 ) 



3/2" 




-2 



0 



38. y = ln(l+;t 2 ) 



2x 



X = 



1 + * 



! (' - > 2 ) 

(1+* 2 ) 2 



, SO 
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39. Let r (/) = / (t) i + g (t)j + Ok. Then r' (0 = /' (/) i + g' (t)j and r" (0 = /" (t) i + g" (?) j, 



so r 1 (t) x r" (0 = 



«(0 = 



i j k 

fit) g'{t) 0 

/"(O g"(0 o 

r'(Oxr"(r)| \f(t)g"(t)-g'(t)f"{t)\ 



= [f (0 g" (') ~ g' (0 /" (0] k. Then 



■'(0| 



([/'(0] 2 +[s'(0] 2 ) 3/2 ' 



40. / (?) = cos J 

l( 



so (?) = 



> f (?) = - sin? =^> /" (?) = - cos ? and g (?) = ? sin? => g' (?) = sin? + ?cos? =^> g" (?) = 2 cos?-? sin?, 
sin?) (2 cos? — ? sin?) — (sin? + ? cos?) (— cos?)| |? — sin? cos ?| 



[(- sin ?) 2 + (sin ? + ? cos ?) 2 j 



3/2 



(2 sin 2 ? + 2? sin ? cos ? + ? 2 cos 2 ?) 



\3/2* 



41. * = ? — sin?, y = 1 — cos? => x' = 1 — cos?, / = sin? => x" — sin?, y" = cos?. Thus, 

|(1 — cos?) cos? — (sin?) sin? | 0 



K{t) = 



[(l-cos?) 2 + (sin?) 2 ] 



3/2 



(2 -2 cos?) 3 / 2 



= 0 provided that ? ^ 2mr,n an integer. 



42. a 



First draw the normal line, then draw the osculating circle with center 
lying on the normal line. Because the curvature is 2, the radius of the 



b. 



osculating circle is p = — = ^ . 

™, „ „ _ l : ■ 

P 5/8 



8 
5 



0 




x 2 v 2 

43 - a -y + T = 1 



j 2 = 1 ^9 - x 2 ^ => y = ±1^9 - x 2 . By symmetry, it suffices to look at y = | ^9 - 



x f 2 



—2x 



y 



y 



II 



2 
3 



(»- 



vl/2 



-1/2 



9^ 



(9 - X 2 ) 



2\3/2 



, so 



k(x) — — 



(9 - x 2 ) 



2\3/2 



162 



1 + 



—2x 



2 1 3/2 (81 -5x 2 ) 3/2 



3 y^2 



. The curvature is the same for y = — | — 



x 2 . 



b. The curvature at (3, 0) is n (3) = 



162 3 4 , 

777 = T P — T and an 

(81-5-9) 3 / 2 4^3 



equation of the osculating circle is (x — |^ + y 2 = ^. The curvature at 



(0, 2) is k. (0) = 



162 

81372 



circle is x 2 + (y + § j = ^ 



2 9 

- => p = - and an equation of the osculating 



c. 
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44. Let r (t) = t 2 i + f 3 j + Ok. Then r' (t) = 2ti + 3? 2 j and r" (t) = 2i + 6rj, so r' (?) x r" (f ) = 



1 j k 

2/ 3t 2 0 

2 6? 0 



= 6r 2 k and 



r f (Qxr"(Q| 
|r'(0| 3 



6t 



6 6 

— ttt = — t Thus, lim (f) — lim — ; ^~ 

(4? 2 + 9r 4 ) 3/2 |*|(4 + 9f 2 ) /->0 |/| (4 + 9f 2 ) 



= oo. 



45 - a - ^ = a? Jo cos i 7 ™ 2 Jw = cos and W = It Jo sin i 7 ™ 2 du = sin so 77 = 77 = 



J 



7T 



• l ? 
sin j* 7 " 

cos 2 7r?2 



tan jirt 2 



d 2 y 
d^ 2 



d 
It 



7Tt 



dx 
dt 



COS llTt 2 



COS 3 Jr7T? 2 



b. K (t) = 



[ 



1 + 



1 // 

y 




irt 




7T? 


3 1 4.1 

COS J w7Tf z 


COS 7=r7T? Z 

Z 


(yff 2 (l+tan2'^) 3/2 


SeC 3 ^7T? 2 



= 7T |?| = izt since £ > 0. 



46. Let r (0) = xi + yj = r cos 0 i + r sin 0 j. Then x = r cos 0 and y — r sin 0 => jc' (0) = — r sin 0 + r' cos 0 and 

y f = r cos 0 + r' sin 0 => x" (0) = -r cos 0 - 2r' sin 0 + r" cos 0 and y" (0) = -r sin 0 + 2r' cos 0 + r" sin 0. Using the 
result of Exercise 39, we have 



x'y" - y'x" 



{*>? + (yff 2 

I (/ cos 0 — v sin 0) (r" sin 0 + 2/ cos 0 - r sin 0) - (r cos 0 + r' sin 0) (r" cos 0 - 2/ sin 0 - r cos 0) | 



2 2~l 

(r' cos 0 — r sin 0) + (r cos 0 + r' sin 0) 



2l 3 / 2 



2(r') 2 -rr" + r 2 



[(rf + r 2 ] 



3/2 



47. r = 



+ r 

1 + sin 0 => r' — cos 0 
2 cos 2 0 - (1 + sin 0) (- sin 0) + (1 + sin 0) 2 



r" = — sin 0, so 



2cos 2 0 + sin0 + sin 2 0 + 1 + 2sin0 + sin 2 0 



[ 



cos 2 0 + (l + sin0) 2 ] 



3 (1 + sin0) 



( 



cos 2 0+ 1 + 2 sin 0 + sin 2 0 J 



3V2 



|3 + 3sin0| _ _ 
(2 + 2sin0) 3 / 2 ~ 2 v / 2(l + sin0) 3 / 2 ~ 4V1 + sin0 



48. r = e° r' = e° r" = e° , so n = 



2,20 _ e e e e + ,20 



2e 



26 



(2«2») 



2eW -V2 e -0 



49. Let r (t) = a cos t i + a sin t j + Z??k. Then r' (?) = — <3 sin ti + <3 cos t j + Z?k and 

i j k 

r" (t) = —a cos t i — a sin ? j, so r' (>) x r" (t) = 



a sin t a cos r b 
a cos r —a sin t 0 

2 



= ab sin r i — a/? cos ? j + ^rk. 



Thus, |r' (0 x r /r (0| 2 = (afcsinf) 2 + (-aft cos 0 2 + (« 2 ) = « 2 (« 2 + ^ 2 ) and 



r r (0| 2 = (-a sinf) 2 + (a cos r) 2 + b 2 = a 2 + b 2 . Finally, = 



r'CO x r"(f)| a{a 2 ^b 2 ^ 



1/2 



(t)\ 
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50. Let r(t) = acosti + bs'mt} + ctk. Then r 7 (t) = — asinri + boost} + ck and 



x" (t) — —acosti — b sin t j, so r' (?) x r" (?) = 



J 



—a sin t bcost c 
—a cost —bs'mt 0 



= be sin ? i — ac cos t j + tf/?k. 



Thus, | r' (0 x r" (f ) | 2 = (be sin r) 2 + (-ac cos tj 1 + (afc) 2 = b 2 c 2 sin 2 * + a 2 c 2 cos 2 1 + a 2 /? 2 
and |r'(0| 2 = (-asmt) 2 + (bcost) 2 + c 2 = a 2 sin 2 f + b 2 cos 2 1 + c 2 . Finally, 
Ir 7 (0 x r" (f)| y/b 2 c 2 sin 2 f + a 2 c 2 cos 2 1 + a 2 /? 2 



7 (0| 



\3/2 " 



^<3"- sin 

51. r (t) = ? cos ? i + t sin ? j + fk => r' (t) — (cos t — t sin t) i + (sin r + r cos t) j + k 



r' (f)| 2 = (cosr - f sinf) 2 + (sin f + r cos r) 2 + 1 

= cos 2 ? - It cost sin? + r 2 sin 2 r + sin 2 ? + 2?cos? sin? + t 2 cos 2 1 + 1=2^1+ r 2 ^ 



so 



l = £ y (t)\dt = V2/ 27r JT+fidt = V2[i?Vi + ? 2 + £ in (* + vTTT 2 )] 

= ^|^7rV / l+47r 2 + ^ln (2tt + v 7 ! + 4tt 2 )] 



2tt 

0 



52. Differentiating implicitly, we have 3x 2 + 3yV = 9y + 9xy' (1) and 6* + 6y (y'f + 3y 2 y" = 18/ + 9xy" (2). 
If x = 2 and y = 4, then (1) gives 3 (2) 2 + 3 (4) 2 / = 9 (4) + 9 (2) / => / = |. Substituting this into (2) 

gives 6 (2) + 6 (4) + 3 (4) 2 y" = 18 + 9 (2) y" => y" = Then using Equation 5, we obtain 



K = 



y 



54 
T25 



1 + 



(0 



0.2057. 



53. True. If C is smooth, then both ^ and ^ are continuous on / and furthermore ifc ^ 0 and ^ 7^ 0 on /. Thus, 

4^- = 4^44r exists on /. 

ax ax j at 

54. False. The function y (t) — \t \ is not differentiable at 0, and so r is not smooth in any interval containing t = 0. 



55. True. Since / has an inflection point at a, f" (a) — 0, so k (a) — 



y"(a)\ 



= 0. 



/7T 1 I 

56. True. C is a straight line in space, so its curvature is zero everywhere and hence ^4- =0. 

57. True. The curve is a semicircle and hence has constant curvature. 

58. False. Let C : r (t) = t 2 i + f 3 j on (—00, 00). Then r' (f) = 2ti + 3/ 2 j is continuous on (—00, 00), but r' (0) = Oi + Oj 
and so C is not smooth on (—00, 00). 



= 0 




12.4 Concept Questions 



ET 114 



1. a. See page 1011 (1007 in ET). 



b. Seepage 1011 (1007 in ET) 



2. a. r (0) 

c. v(0 

d. r (0 



hj b. v(0) = (|vo|cosa)i + (|vq| sino:)j = oo COSQ; i + uo sma j 

-g*i + vo = cos ol i + (vq sin a - gt) j 

(vq cos a) t\ + (h + vq sin a ? — ^g? 2 ) j 
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1. r (0 = ti + (4 - t 2 ) j => v (f) = r> (t) = i - 2fj => 
a(0=v' (0 = -2j,sor(l)=i + 3j,v(l)=i-2j, 



a (1) = -2j, and |v (1)| = Jl + (-2) 2 = J5. 




2. r (0 = [t 2 - 4, 2f| => v (f ) = r' (f ) = (2*, 2) => 
a (0 = (2, 0), so r (1) = (-3, 2), v (1) = (2, 2), 
a (1) = (2, 0), and |v (1)| = y/2 2 + 2 2 = 2^2. 




3. r (t) = cos t i + 3 sin / j => v (f ) = — sin t i + 3 cos ? j 



B(0 = 



-cosfi-3sinfj,sor(f) = + l^j 



(f)= _f i+ V2 j;a(f)= _^ i _3V2. and 

■(f)i =VT^I=^5- 




5. r (?) = cos t i + sin t j + rk = 
v (t) = — sin ti + cos ? j + k 

sor(f)=j+fk,v(f) = 

|v (f ) I = vT+T = V2. 



=> a (r) = — cos r i — sin / j, 
-i + k,a(f) = -j, and 



4. r (f) = e'i + e~'j => v (f) = e'i - => 
a (f) = e'i + e-'j, so r (0) = i + j, v (0) = i - j, 
a (0) = i + j, and |v (0)| = VTTT = VI 




6. r (f) = |f, f 2 , f 3 | => v (0 = (l, 2t, 3r 

a (0 = (0, 2, 6r>, so r (1) = {1,1, 1), v (1) = {1,2, 3), 
a (1) = (0, 2, 6), and |v (1)| = Vl+4 + 9 = Vl4. 
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7. r (?) = t\ + ? 2 j + (? 2 - 4) k => v (?) = i + 2rj + 2?k => a (0 = 2j + 2k and |v (01 = v / l + 4? 2 + 4? 2 = V8? 2 + 1 



1 1 \ / 1 1 



8. r (0 = (VU + VF, r)=» v (0 = ^ lj=> a (,) = {- ^ 0) and 

, . n 1 /2FTT 

9 1 1 2 / : r v^? 6 + ? 4 + 1 

9. r(0 = d + ? 2 j+yk^v(0 = i + 2?j-^k^a(0 = 2j + ^kand|v(0l= A /l+4r 2 + ^- = ^ 

10. r (0 = e l i + e~ l \ + ? 2 k => v (0 = e l \ - e~ l \ + 2?k => a (0 = e'i + e~ l \ + 2k and |v (01 = y/e 2t + e~ 2t +4t 2 . 

11. r (0 = e* {cost, sin?, 1) => v (0 = e t {cost — sin?, cost + sin?, 1> => a (0 = ^ (— 2 sin?, 2 cos?, 1) and 



|v(OI = e'y (cos? - sinO 2 + (cos? + sinO 2 + 1 = V3e ? - 

12. r(0 = tcosti + ?sin?j + ? 2 k => v (0 = (cos? — ?sin?)i + (sin? + ?cos?)j + 2?k 
=^> a(?) = — (2 sin? + ?cos?)i + (2 cos? — ? sin?)j + 2k and 



|v(?)| = y (cos? - ?sin?) 2 + (sin? + ?cos?) 2 + 4? 2 = V^? 2 + 1. 

13. v (?) = /a (?) dt = J (-32k) dt = -32?k + Ci and v (0) = Ci = i + 2j, so v (?) = i + 2j - 32?k. 
r (?) = / v (?) dt = J (i + 2j - 32?k) dt = ?i + 2?j - 16? 2 k + C 2 and r (0) = C 2 = 128k, so 

r (?) = t\ + 2?j + (l28 - 16? 2 ) k. 

14. v (?) = /a (?) J? = / (2i + ?k) J? = 2?i + ±? 2 k + Ci and v (0) = C { = k, so v (?) = 2?i + (j^t 2 + l) k. 

r (?) = / v (?) dt — J [2?i + (i? 2 + l) kj dt = ? 2 i + (£r 3 + ?) k + C 2 and r (0) = C 2 = 0, so r (?) = ? 2 i + + k. 

15. v(?) = ja(t)dt = J [i — ?j + (1 + ?)k] dt = ti - \t 2 \ + (? + ^? 2 ) k + Ci 
and v(0) = Ci = i + k, so v(?) = (? + l)i - \t % \ + (\t 2 + ?+ l) k. 

r (?) = J v (?) dt = J [(? + l)i - I? 2 j + (I? 2 + t + l) k] dt = (i? 2 + ?) i - <L? 3 j + (^? 3 + ±? 2 + ?) k + C 2 and 

r(0) = C 2 =j + k, sor(?) = (i? 2 + ?)i+(l-^? 3 )j + (^? 3 + I? 2 + ? + l)k. 

16. v(?) = fa(t)dt = f(e t 9 0 9 e- t )dt = (e { , 0, -e' 1 ) + Ci and v(0) = (1,0,-1) + Ci = (1,2,0) 

Ci = (0,2, 1), sov(?) = (e',2, 1 -e- l \ r(?) = J\(t)dt = f(e f ,2 9 X-e'^dt = [e f t It, t + e~ l ) + C 2 and 
r (0) = (1, 0, 1) + C 2 = (3, 1, 2) C 2 = (2, 1, 1), so r (?) = (e f + 2, 2? + 1, *"' + ?+ l). 

17. v (?) = J a (?) J? = J (— cos ? i — sin ? j + k) dt = — sin ? i + cos ? j + ?k + C \ and 
v(0) = j + Ci = 2k => Ci = -j + 2k, so v(?) = -sin?i + (cos? - l)j + (f + 2)k. 

r(?) = f \(t)dt = J[-sin?i + (cos? - l)j + (? + 2)k] dt = cos ? i + (sin? - ?)j + ^? 2 + 2?j k + C 2 and 

r (0) = i + C 2 = i => C 2 = 0, so r (?) = cos?i + (sin? - ?)j + (ft 2 + 2?) k. 

18. v(?) = fa(t)dt = J (cosh?,sinh?,0)(i? = (sinh?, cosh?, 0) + Ci and v (0) = (0, 1,0) + Ci = (0,1,1) ^ 

Ci = (0, 0, 1), so v (?) = (sinh?, cosh?, 1). r (?) = J v (?) J? = J (sinh?, cosh?, 1} dt = (cosh?, sinh?, ?) + C 2 and 
r(0) = (1,0,0) + C 2 = (1,0,0) => C 2 =0, sor(?) = (cosh?, sinh?, ?). 

19. Let v (?) denote the velocity of the particle. Then by assumption, |v (?)| = c <=> |v| 2 = c 2 , where c is a constant. Since 

|v| 2 = v • v, we have v • v = c 2 , so -f- (v • v) = v • V + V • v = ^— (c 2 ) = 0<=>2v-v / = 2v-a = 0=>v-a = 0. Thus, the 

dt dt \ J 

velocity and acceleration vectors are orthogonal. 

20. a = 0, so v (?) = JO dt — C\, where Ci is a constant vector, r (?) = J v (?) dt — J C\ dt = Ci? + C 2 , where C 2 is a 
constant vector. But r (?) = C i ? + C 2 is a vector equation of a straight line and so the motion is rectilinear. 
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21. Let r (?) = x (?) i + y (?) j + z (?) k. Then v (?) = r' (?) = x' (?) i + y' (?) j + z' (?) k. Since 
v (?) is always orthogonal to r (?), we have v (?) • r (?) = 0 <=> xi' + yy' + zz' — 0. Now 

^ [lx (t)] 2 + [y (?)] 2 + [z (?)] 2 } = 2x (?) x' (?) + 2y (?) y' (?) + 2z (?) z' (?) and so xx' + yy' + zz' = 0 implies that 

if {[* (0] 2 + (0] 2 + U (0] 2 } — 0 <=> * 2 + y 2 + z 2 = c, a constant. Since this equation describes a sphere with radius 
^/c centered at the origin, the trajectory of the particle lies on such a sphere. 

22. Let r (?) = x (?) i + y (?) j + z (?) k. Then v (?) = r' (f) = *' (0 i + y' (?) j + z' (?) k. Since v (?) is always parallel to 



r (?), we have r x v = 0 



i j k 



* y z 

x' y t! 



= {yz f - zy f ) i - (xz' - zx') j + (xy' - x'y) k = 0. Thus, yz' - zy' = 0, 



xz' — zx' — 0, and xy' — x'y = 0 



jc' y' z' y' z' 

— = — — —. Integrating the equation — = — with respect to ? yields 

x y z y z 



In |y| = In \z\ + In \c\ \ — In \c\z\ <=> |y| = \c\z\ <=> y = where = ± \c\ |. Similarly, * = an d y — a 3^ f° r 
constants ^2 an d Letting z — ?, a parameter, we have i = J - a^t.z — ?. These are parametric equations of a line 
through the origin, so the trajectory of the particle lies on such a line. 

23. a. r (?) = (v 0 cos ex) ti + Uvq sin a) ? - ±g? 2 ] j = (1500 cos 30°) ?i + [(1500 sin 30°) t - 16r 2 ] j = 750V3?i + 
^750? — 16? 2 ^ j. The projectile strikes the ground when 750? — 16? 2 = 0<=>? = 0or? = The range of the 



375 



projectile is 750^3 • ^ % 60,892 ft. 

b. Here y (?) = 750? — 16? 2 => y' (?) = 750 — 32? = 0 => t — so the maximum height attained by the projectile is 

HW)=750(^)-16(^) 2 « 8789ft. 

c. r' (?) = 750V3i + (750 - 32?) j, so v (^75) = 750V3i + [750 - 32 (^r)] j = 750V3i - 750j. Therefore, the speed 



of the projectile at impact is |v {^f} ' — 



y(750V3) 2 + (-750) 2 = 1500 ft/s. 



24 



. a. r(0 = (1500cos60°)?i + [(1500 sin 60°) t - 16? 2 ] j = 750ri + ^750V3r - \6t 2 ^ j = x(r)i + y (0j- 

Setting y (0 = 750 V3r - 16r 2 = 0 gives t = 0 or t = 2Z|>/I. The range of the projectile is 
x = 750 (^^) » 60,892 ft. 

b. y (r) = 750 V3r - \6t 2 => y r (?) = 750^3 - 32? = 0 <^ r = ^F^- Therefore, the maximum height is 



« 26,367 ft. 



,(32VI) =75 oV3(32VI)-16(32WI) 
c. v (0 = r' (0 = 750i + ^750^3 - 32?) j, so v (^^) = 750i + [750^3 - 32 ^ j j = 75Qi _ 750> /3j. 

Therefore, the speed of the projectile at impact is | v (^^) | = ^(750) 2 + ^-750^/5) 2 = 1500 ft/s. 

25. a. r (f ) = (o 0 cos a) ti + [/t + (o 0 sin ol) t - \gt 2 ^ j = (1500 cos 30°) ti + [200 + (1500 sin 30°) t - I6t 2 j j = 750V3ri + 
(200 + 750? - 16? 2 ) j = x (t) i + y (0 j. The projectile strikes the ground when 200 + 750? - 16? 2 = 0 <=^ 



8? 2 - 375? - 100 = 0. Solving, we find ? = 
x (47.1) = 750V3 (47.1) % 61,185 ft. 



375±y(-375) 2 -4(8)(-100) 

IB 



47.1 s. Therefore, the range is approximately 
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b. y (t) = 200 + 750? - 16? z => y f (?) = 750 - 32? = 0 => t = so the maximum height attained by the projectile is 
y (Wfj =200 + 750 (2^) - 16 ^ 8989 ft. 

c. v (0 = r' (0 = 750V3i + (750 - 32?) j. v (47.1) % 750V3i + [750 - 32 (47.1)] j % 750^3i - 757.2j, so the speed of 

the projectile at impact is |v (47.1)| « J (l50Vf) 2 + (-757.2) 2 % 1504 ft/s. 

26. r(?) = (2000 cos 0°)?i + [500 + (2000 sin 0°)?- 16? 2 ]j = 2000?i + (500 - 16? 2 ) j = x (t)i + y (0 j. Setting 

y (?) = 0 gives 500 — 16? = 0 => ? ^ 5.6, so the shell strikes the ground approximately 5.6 s after the gun is fired. 
x (5.6) « 2000 (5.6) = 1 1,200, so the shell strikes the ground approximately 1 1,200 ft from the base of the hill. 

27. r (?) = (500 cos a) ?i + [(500 sin a) t - 16? 2 j j = * (?) i + y (?) j. We want x (?) = 1200 and y (?) = 0; that is, 

1 25 sin ot 

(500 cos a) t — 1200 and (500 sin a) t — 16? 2 = 0. The second equation gives ? = (we reject t — 0). Thus, 

4800 

(500 cos a) (125 sin a) = 4800 <^> 2 sin a cos ct = — — <=> sin 2a = 0. 1536. Thus, a % 4.4°. The angle of elevation 

v J v J 250-125 6 

is approximately 4.4°. 

28. r(0 = (i) 0 cos45°)?i+ [(o 0 sin45°)?- 16? 2 ]j = ^v 0 ti + ^v 0 t - 16? 2 )j. Wesetx(?) = 250 and y (?) = 0, giving 



^v 0 t = 250 
^o 0 * - I6t 2 = 0 



The second equation gives t = ^-vq (we reject ? = 0). Substituting into the first equation 



gives (^©o) (ll D o) = 250 => v 2 = 250 • 32 => ?; 0 » 89 ft/s. 

29. a. r(?) = a cosu>?i + a sina;?j => v(?) = r' (?) = — au s'mutt i + aw cos a;? j. Since 

v (?) • r (?) = — a 2 cj cos a;? sin cj? + a 2 a; sin ujt cos a;/ = 0, we see that v and r are orthogonal. 

b. a (?) — y' (?) = — au) 2 cos cj? i — au) 2 sin cj? j = —u) 2 r (?). Since r (?) points away from the origin, a (?) points toward 
the origin. 

c. The speed is |v(?)| = y/ a 2 w 2 sin 2 u)t + # 2 u; 2 cos 2 cot = au) and 
|a(f)l= -u> 2 r(?) = w 2 |r(0l = u 2 \l a 2 cos 2 cjf + a 2 sin 2 a;? = au? 2 . 



r i ?i ( y o cos °0 * — r I 

30. r (?) = (do cos a) ti + (vq sin ex) ? — ^gt A j. We require that . } The second equation gives 

L J (o 0 sina:)? - ±gt z = 0 I 



2un sin a 
r = 0 or t = — 

8 



. Substituting this into the first equation gives (dq cos a.) ( V ° Sm — ) = 

V 8 ) 



rg 

r <^> 2 sin ol cos a = ^r- 

y 0 



rg 1 i rg 

<=^> sin lex — — ^ ex — - sin 1 — . 

-o 2 2 »0 



31. r(0 = (o 0 cos60°)?i+ ^(y 0 sin60°)? - 16? 2 jj = ^v 0 ti + {^-v 0 t - 16r 2 ) j = x (?) i + y (?) j. Setting v (?) = 0 gives 

? (^^0 - 16^ = 0 => ? = 0 or ? = ^yoo, so ^ (0 = 2 U 0 (ij u o) = 3T y o ^ ?; 0 = (^T^^) We rec l uire that 
150 < x < 180. Then J • 150 < y 0 < a/^J^ • 180 ^ 74.4 ft/s < v 0 < 81.6 ft/s. 
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dx 



dy 



dz 



32. a. F= <2[E+(vxB)]. Letting r(f) = x (t)i + y (r)j + z (t)k so that v = + ^-j + ^k, 



we find v x B = 



dx 
It 



j k 

dy dz 
~clt It 



BOO 



F = e[a + i>(gj-^k)] = fi^j + (2(£-ii^)iL 

d 2 x d 2 y J 2 z F 1 
b. Using Newton's Law, F = ma, we find a = — T i H T j H T k = — = — 

dt 1 dt 1 dt 1 m m 



dt 




B 



dy 
dt 




Thus, 



QB d 2 x d 2 y dz d 2 z 

letting oj — , we have — 0, — - = uj 



(E dy\ 



m dt 2 ' dt 2 dt' dt 2 

c. x (t) = C\t + C2 => x' (t) = Ci => x" it) — 0, and so the first equation in the last line of part b is 



E E 

satisfied, y (?) — C3 coster + C4 sinu^ H 1 + C5 => y' (t) — — C3CJ sino;? + C^cosu?? H 

2? B 

y" (t) — — C3CJ 2 cos cctf — C4U; 2 sin cut, and z (0 = C4 cos cjf — C3 sin utf + Cg => z! it) — —C4UJ sin tot — C^uo cos u)t 
=> z" (t) = — C4U? 2 coscctf + C3W 2 sinutf. Substituting these expressions into the second equation of part b 

d 2 y 999 

— T = — C^U3 A cos u>t — C4ur sinut — —uj (C4 s'mujt + C3 cosutf) = u>z (t), and so it is satisfied. 



gives 



dt 2 



. d 2 z 



Finally, the left-hand side of the third equation is — T = — Cd^ cos utf + C3ur sinutf and the right-hand side is 



dt 2 



(jj 



(E dy\ \E ( E\~\ 9 9 

I — — — 1 = (jj — — I — C3CJ sinutf + C4U? cos cj? + — I I = — C^uj l cosujt + C3ur sinutf, and so they are 



equal. These calculations show that the general solution of the system in part b is as claimed. 

d. x (0) = 0 => C 2 = 0, x' (0) = 0 => Ci = 0, y (0) = 0 => C 3 + C 5 = 0, / (0) = 0 => C 4 u> + - = 0 

B 

=> c 4 = — ^- z (0) = 0 => c 4 + c 6 = 0 => C 6 = z' (0) = 0 => -c 3 = 0 => c 3 = 0 => 

is EE 

C5 = 0. Thus, the trajectory of the particle is x (?) = 0, y (t) = sinu?r H f = (a;? — sinujt), 

ujB B ojB 



E E 
z (t) — COS UJt + 



(1 — cos cj?), the parametric equations of a cycloid. 



ujB ojB ujB 

33. Let us assume without loss of generality that the model train is at the origin at t — 0 and is moving to the right with vq > 0. 
Then the position of the ball bearing at time t is r (t) = (v cos a) ti + ^(v sin a)t — \6t 2 j j where 

v sin ol 

~ _ '16 



^0 . »1 
COS OL — — , sin OL — — 



and v = Jvq + v f . The ball bearing returns to the train when (v sin ol — \6t)t = 0 



t = 



16 

horizontal distance traveled by the ball bearing is x (y^) — ( v cos — v (~) ( j^) = 9 ^ ut me tra ^ n nave 

(V]\ VqV] 
— j = — — ft. This means that the ball bearing will end up at the same location on the train 



v 



1 = — . The 



v 



\6v 



from which it was released. 

34. a. r (t) = |r (01 ^ 2 = r • r <=^> 2rr r = r • r r + r' • r = 2r • r r <=^> r • r' = rr r 

b. If v = y' is perpendicular to r, then r • r' = 0 => rr r = 0. Thus, J rr ; dt — 0 ^> ^r 2 = Q <=> r 2 = C where C = 2Ci 

This shows that the orbit r (t) is nonzero, so the particle is moving in a circular orbit with radius «Jc centered at the 
origin. 

c. If the orbit is circular, then |r| is constant. This implies that r' — 0 => rr' — 0 => r • r r = 0. This says that the position 
and velocity vectors are orthogonal. 
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35. r 0) = jf, ? 2 , ? 3 ^ => r' (?) = ^1, 2t, 3t 2 j. At ? = 1, r (1) = (1, 1, 1) and r' (1) = (1,2, 3), so the trajectory of the particle is 

r (?) — (1 + ?, 1 + 2?, 1 + 3?). Its position vector at t — 2 is r (2) = (3, 5, 7); in other words, the particle is at the point 
(3,5,7). 



36. a. r (?) = (vq cos a) ti + ^(oq sin ex) t — jgt 2 ~^ j. This is equivalent to the parametric equations 



1 0 

x (?) = (vq cos ct) ?, y (?) = (vq sin at)t — jgt . 



b. Solving the first equation for ? gives t — 



x 



. Substituting this into the second equation in part a gives 



x 



y — (vq sin a) 

Vq COS OL 

projectile is a parabola. 



)-H 



OQ COS OL 



Vq COS CK 

2 

= (tan cm) x — 



8 



2vq cos 2 a 



x 2 , showing that the trajectory of the 



37. True, r' (?) = ■ |r' (?)| = |r' (?)| = |r' (?)| T (?) since r' (?) # 0. 



38. False. Letr(?) = (a cos?, a sin?), where a > 0. Thenv(?) = r' (?) = (— a sin?, <3 cos?) and so 
|v (?)| = \a\ \l sin 2 ? + cos 2 ? = a, so the speed is constant. But a (?) = V (?) = (—a cos?, —a sin?) 7^ 0 




1. a. See page 1018 (1014 in ET) 



b. Seepage 1018 (1014 in ET) 



2. a. See page 1020 (1016 in ET) 



b. See page 1020 (1016 in ET) 
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1. r (?) = ti + 2? 2 j => r' (?) = i + 4?j, so T (?) = = 



i + 4?j 



1 



i + 



4? 



W| J\2 + (4t) 2 v 7 ! + 16? 2 v 7 ! + 16? 2 



J 



T' (?) = - 



16? 



i + 



(1 + 16? 2 ) 3/2 (l + 16? 2 ) 3/2 

i2 



■ 

J 



T / (0| 2 = 



16? 



(l + 16? 2 ) 3/2 _ 
4 



+ 



-i2 



16 



2 



1 + 16? 2 



. Thus, N (?) = 



_(l + 16? 2 ) 3/2 _ (1 + 16? 2 ) 
T'(?) 4? 1 



1 + 



T' (?) 



particular, T (1) = + 4$Zj and N (1) = + #j. 



T'«| Vl + 16? 2 Vl + 16? 2 



j. In 



I7~ ,_r ~T7 





i 












!/(!.2) 




\ 1 

1 1 1 1 1 


K— H 1 1 1 1 






1 


H 1— > 

X 
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2. 



o , r'O) 2fi-2i t 

r (0 = t 2 i - 2ti => r' (0 = 2ti - 2j, so T (0 = = = -== 



1 



i — 



T' (0 = 



1 



(' 2 + 1) 



T'(0| 2 = 



3/2 



1 



i + 



t 



(' 2 + 1) 

-i2 

+ 



3/2 



J 



_(' 2 + l) 3/2 _ _(' 2 + l) 3/2 _ 



-.2 



-for) 



2 



1 T' fr) 

T'(f)| = 7rT - r .Thus,N(0 = 



f 2 +l 



i H j . In particular, 



T'(/)| y^Tf v^Tf 



T(l) = ^i-^jandN(l) = ^i+^j. 




3. r (f) = t 2 i + t 3 j => r' (f) = 2fi + 3f 2 j, so T (f) = 



r' (f) 2d + 3/ 2 j 



i + 



3/ 



r'(0| V4t 2 + 9t 4 + v / 4 + 9f2 



• 

J 



r (t) = - 



(4 + 9t 2 ) 



3/2 



i + 



12 



T(0| 2 = 



18? 



(4 + 9r 2 ) 3/2 _ 



(4 + 9r 2 ) 

-i2 

+ 



3/2 



■ 

J 



12 



-i2 



36 



/ i 6 T*(0 
T' (t)\ = -rr-^r- Thus > N (0 = 



_(4 + 9r 2 ) 3/2 _ (4 + 9f 2 ) 2 

3? 2 



4 + 9r 2 



i + 



T' (0 v^T^ 2 v^+9^ 2 



j- In 



H 1 i 



particular, T (1) = h^-i + and N (1) = + ^f^j. 



T3 



T3 




4. r(f) = (2 + cosr)i + (3 — sinf)j => r' (?) = — sinri — cos^j, so 



T(f) = 



r' (t) — sinri — cosrj 
r '(0| V sin 2 t + cos 2 1 



= — sin t\ — cos? j 



T / (0 = -cosM + sin?j=> |T*(f)| = Vcos 2 1 + sin 2 1 = 1. Thus, 
N(0 = , T /^i =- cos H + sin rj. In particular, T(^) =-^i- 

N(f) = -#+fj- 



#jand 




f) 



5. r (/) = i + rj + t 2 k => r' (f) = j + 2/k => |r' (f)| = Vl + 4r 2 => T (/) = t- 



r'(f) 



1 



j + 



It 



(0 Vl + 4/ 2 v/l+4r 2 



r (o = - 



4f 



j + 



N(0 = 



(l+4/ 2 ) 3/2 (l+4/ 2 ) 3/2 

Tfr) _ 2f 1 
T' (0 ,/TT^2 J ,/TT4^ 



T'(0| = 



16/ 



4 



N (1+4/ 2 ) 3 + (1 + 4/2) 3 4/2+1 
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6. r 0) = ti + t 2 i + |/ 3 k => r' 0) = i + 2rj + 2t 2 k 

2t 2 . 



T(f) = 



r' (0| 



1 



2t 



i + 



T'(0| 2 = 



1 + 2r 2 1 + 2r 2 

-i2 

+ 



J + 



4/ 



N(0 = 



T'(0 



2/ . 



2-4r 2 



1 + 2r 2 

n2 



|r' (0| = Vl+4f 2 + 4f 4 = (l + 2? 2 ) => 

4? . 2-4? 2 . 4? 
T' (0 = — — i + — j + 



+ 



At 



(l+2r 2 ) 

n2 



(l+2? 2 ) z (l+2? 2 ) 



_(l + 2r 2 ) z _ _(l+2? 2 ) z _ (1 + 2^) 



T'(0| = ~ 



+ 2t 2 



1 -2? 2 
i+- ^rj + 



It 



\ + 2t 2 1 + 2? 2 1 + 2t 2 



7. r(f) = (sin2r,cos2f,3?> => r' (0 = (2 cos 2?, -2 sin 2?, 3} => ^(Ol = 7(2 cos 2r) 2 + (-2sin2f) 2 + 3 2 = VT5 



T(f) = 



N(0 = 



^ = (^ C0S 2t i -^ sm2t i ^)^r(t) = {-^ sin 2?, - ^ cos 2*, o) 



r'(*)| 
T' (0 



T3 



T'«| 



= (- sin 2t, - cos 2/,0) 



8. r (t) = 2cosf i + j + 2sin?k=> r' (t) = -2 sin? i + 2cos?k 



r' (t) 

r'O) = 2 => T (f ) = , , , = -sinfi + cosfk 

|r'(0| 



r (0 = -cos*i-sin*k=> |T' (*)| = l=>N(f) = 



T'(0| 



= — cos r i — sin r k 



9. r (?) = \f? cos r, e ? sin t,e l ) => r' (?) = If? (cos ? — sin t) , (sin ? + cos t) , 

Ir'COl 2 = e 2r (cos 2 ?-2cos?sin? + sin 2 ? + sin 2 ? + 2sin?cos? + cos 2 ? + = 3e 2 ' => ^(Ol = >/3e' =^> 

T (0 = p-^y = | ^ (cos t - sin 0 , ^ (cos * + sin 0 , => T' (f) = (- sin t - cos ?) , ^ (- sin ? + cos f ) , o' 



T' (0| = 



(0| 

_ V6 



N(0 = 



V2 



T'(0| 



= ( - ^ (sin ? + cos ?) , ^ (cos t - sin ?) , 0 



10. r (0 = 2d + ? 2 j + lnf k => r' (0 = 2i + 2rj + -k => |r' (?)| = ^4 + 4? 2 + -I = 2f2 + 1 



2/ 



i + 



2? 



2 



j + 



1 



(f)| 2r 2 + 1 2? 2 + l 2? 2 + l 



k => T' (0 = 



2-4? 2 



■i + 



4t 



At 



J 



(2? 2 +l) z (2? 2 + l) z (2? 2 + l) 



T' (0| 2 = 



2-4? 2 



-i2 



+ 



At 



-.2 



+ 



_(2? 2 +l) z _ _(2r 2 + l) z _ _ (2r 2 +l)\ (2? 2 + l) 



At 



-i2 



V (t)\ = 



2t 2 + \ 



N(0 = 



r (o 



i -it 



2 



i + 



2t 



2t 



J - 



T'(0| 2r 2 + l 2/ 2 + T 2r 2 +l 



11. r(0 = ri+ (f 2 +4)j ^ ^(0 = i + 2rj => r ;/ (0 = 2j => r ; (?) x r" (0 = 



(Q • r" (Q (i + 2f j) • (2j) 4? 
a T — r7 - 7j — = ; — — / and a-^ — 



r' (t) x r" (0 1 



i j k 

1 2? 0 

0 2 0 

|2k| 



= 2k, so 



'(0| 



Vl+4r 2 Vl+4r 2 



• r (0| 



>/l ~\-At 2 y/l+At 2 ' 



12. r (0 = (2t 2 — l)i + 2rj=> r r (?) = 4*i + 2j => r /r (0 = 4i => r r (0 x r r/ (t) = 



i j k 

At 2 0 
4 0 0 



= -8k ^ 1^(0 xr"(0| =8, 



so aj — 



y' (0 • r" (0 (4ri + 2j) • (4i) 



v> (t) 



J]6t 2 + A JAt 2 -A- 1 



8? J Ir 7 (0x^(01 

and <3]y — — 



8 



?^/4r 2 4- 1 JAt 2 4- 1 
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13. r (?) = ?i + ? 2 j + ? 3 k => r 7 (f) = i + 2?j + 3? 2 k => r" (0 = 2j + 6?k 



x / (?) x x" (?) = 



i j k 

1 2? 3? 2 
0 2 6? 



= 6? 2 i - 6?j + 2k => |r' (?) x r" (?)| = V36? 4 + 36? 2 + 4 = 2^9? 4 + 9? 2 + 1, 



so 



r' (0 • r" (?) 0 + 2d + 3 ^ k ) ' (2j + 6rk) + 4? 

a j — 77771 — = / . = = i an d a N = 



'(0| 



x/V + 4? 2 + 1 



x/9? 4 + 4? 2 + 1 



r' (0 x r" (0 1 _ 2VV + 9? 2 + 1 
r'(?)| " y/9t 4 + 4? 2 + 1 



14. r (0 = ? 2 i + ? 3 j + ? 2 k => r' (?) = 2?i + 3/ 2 j + 2?k => r" (?) = 2i + 6/j + 2k 



r' (0 x x" (?) = 



1 j k 

2? 3? 2 2? 

2 6t 2 



= -6t 2 i + 6? z k = -6? z (i - k), so 



r r (0 • x" (?) ( 2ri + 3 ' 2 J + 2rk ) * ( 2i + + 2k ) 18f 3 + 8? 2 ( 9?2 + 4 ) 



a N = 



r 7 (0 x r" (0 



74,2 + ^4 + 4r 2 

6^2t 



\t\ y/9t 2 + 8 V9? 2 + 8 



and 



' (0| 



\t\ V9? 2 + 8 V9? 2 + 8 ' 



15. r (?) = 2sin?i + 2cos? j + ?k => x' (t) = 2cos?i - 2sin?j + k => x" (t) = -2sin?i - 2cos?j 



x' it) x x" (t) = 



2 cos? —2 sin? 1 
—2 sin? —2 cos? 0 



= 2cos?i — 2sin?j — 4k, so 



_ r'(?)-r"(?) _ (2cos?i-2sin?j + k)- (-2sin?i - 2cos? j) _ 0 



a N = 



\r' (0| 
|r / (?)xr // (?)| 
| r' (0| 



V4cos 2 ? + 4sin 2 ? + 1 
\l 4 cos 2 f + 4 sin 2 ? + 16 2^5 



V5 



= 0 and 



V5 



V5 



= 2. 



16. r (?) = cos 2 ?i + sin z ?j + ?k x' (?) = — 2 cos? sin? i + 2 sin? cos ?j + k = — sin2?i + sin2?j + k 



2 



r" (?) = -2 cos 2? i + 2 cos 2? j => r' (?) x x" (?) = 



J 



— sin 2? sin 2? 1 
—2 cos 2? 2 cos 2? 0 



= — 2 cos 2? i — 2 cos 2? j, 



so aj — 



x' (?) • x" (?) (- sin 2? i + sin 2? j + k) • (-2 cos 2? i + 2 cos 2? j) 4 sin 2? cos 2? 



a N = 



|r'(?)| 

1^(0x^(0 1 
|r' (0| 



V sin 2 2? + sin 2 2? + 1 
74 cos 2 2? + 4 cos 2 2? 2V2|cos2?| 



>/2sin 2 2? + 1 



and 



V2sin 2 2? + 1 



V2sin 2 2?+ 1 



17. r(?) = e* (cos?, sin?, 1) => r' (?) = e* (cos? - sin?, cos? + sin?, 1> =^> x" (?) = e l (-2 sin?, 2 cos ?, 1) 



x' (?) x r r/ (?) = 



i j k 

e l (cos ? — sin ?) e l (cos ? + sin ?) e* 



-2e l sin ? 



2e r cos ? g r 



_ .2/ 



c ' (sin ? — cos ?, — sin ? — cos ?, 2) 



r' (?) x x" (?)| 2 = [<? 2 ' (sin? - cos?)] + \-e 2t (sin? + cos?)] + 4e 4t = 6e 4t =1 \x ; (?) x x" (?)| = V6e 2t 
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Also, |r'0)| 2 = ^ 2/ |^(cosr-sin0 2 + (cosr + sin0 2 + l] = 3e 2t => \r* (t)\ = Vie*. Thus, 



a j — 



a N = 



y' (t) ■ r" (t) e l {cost - sin cos? + sinf, 1) • [V (-2 sin t, 2 cost, 1)] 3e 

|r'«| = ~ ~~ 

r' (0x^(0 1 «JZe 2 



it 



— *j3e l and 



' (0| 



18. r (t) = (t cos t, t sin t, 4) => r' (t) = (cos t — t sin t, sin t + t cos t, 0) => x" (t) = (—t cos r — 2 sin t, 2 cost — t sin t, 0) 



r' (0 x r" (0 = 



cos t — t sin t sin t + ? cos £ 0 
— rcosr — 2sinr 2 cos? — fsinf 0 



- (' 2 + 2 ) 



Ir* (t) x r" (t)\ = t 2 + 2. Also, |r'(f)| = yj (cost - t sint) 2 + (sint + t cost) 2 = >Jt 2 + 1 and 
r' (?) • x" (t) — (cos ? — t sin sin t + r cos 0) • (— t cos t — 2 sin t, 2 cos t — t sin t, 0) = t, so 
r' (0 • r" (0 



«T = 



'(0| 



f i |r'(f)xr"(0| / 2 + 2 

and — 1 — 



'(0| 



19. a, 





b. At point A, the vector ajT points in the same 

direction as T (the direction of motion) and so the 
particle is accelerating at A. At point B, the 
vector ajT points in a direction opposite that of 
T, and so the particle is decelerating at B. 



20. a, 




b. From the figure, note that ajT has direction opposite that of T (the 
direction of motion), so the particle is decelerating. 

c. r' (t 0 ) = v (t 0 ) = 3i + 4j and r" (t 0 ) = a (t 0 ) = 5i - 5j, so 
r' (to) • r" (t 0 ) (31 + 4j) • (51 - 5j) 



in part b. 



= — 1, verifying the assertion 



21. 



a. We are given that at some time to, r' (to) — v (fy) = 2i + 3j — 6k, and r" (fy) = a (?o) = — 6i — 4j + 3k. 

r' (f 0 ) • r" (lb) (2i + 3J - 6k) • (-6i - 4 j + 3k) 42 



Thus, a j (to) = 



■' (to) I 



22 + 3 2 + (-6) 2 



r' fo) x r" (f 0 ) = 



1 j k 

2 3-6 
6-4 3 



= -15i + 30j + 10k, and 



, ^ \r> (t 0 ) x r" (t 0 )\ 7(- 15)2 + 302 + 102 35 

flN(f0) = — = 1 = T =5 - 

b. Since aj < 0, the particle is decelerating. 



= - y = -6, 
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22. a. At some instant of time tQ, r' (tQ) = v (tQ) = (2, 3, 6), and y" (to) = a (to) = (—6, —4, 3). Thus, 



«T (to) = = <2 ' 3 ' 6> ' ( " 6 '" 4 ' 3> =~U to) x r" Oo) = 

1 ; |r'(f 0 )| V4 + 9 + 36 7' 



1 J 

2 3 



k 

6 



-6 -4 3 



= 33i - 42j + 10k, and 



,r'(ro)xr"(r 0 )| y 3 3 2 + (-42) 2 + 10 2 

(2 N (?()) = ; ; = % 7.76. 



|r'(*o)| 7 
b. Since <2j < 0, the particle is decelerating. 



23. a. Here x = cos t and j = sin? , so x -\- y — cos ? + sin t = 1, an equation of a circle centered at the origin, 
b. v (0 = l^-2t sin ? 2 , It cos j and a (0 = ^-2 sin t 2 - At 2 cos t 2 , 2 cos t 2 - At 2 sin t 2 ^j, so 

a r + v v = (-2 sin t 2 - At 2 cos t 2 ^ cos t 2 + (2 cos t 2 - At 2 sin ? 2 ) sin t 2 + (-2/ sin t 2 ^ 2 + ^2f cos f 2 ) 2 

= -2 sin t 2 cos f 2 - 4f 2 cos 2 1 2 + 2 cos f 2 sin ? 2 - 4? 2 sin 2 1 2 + 4r 2 sin 2 1 2 + 4? 2 cos 2 r 2 = 0 
Since v • v = Ivl 2 > 0, we see that a • r < 0. 



24. The position vector is r (t) = (vq cos a) t\ + ^(vq sin a) t — jgt 2 ~^ j, so r' (t) = (vq cos a) i + (vq sin a. — gt) j 

and y" (t) = — gj. Therefore, |r' (t)\ = aJ(vq cos a) 2 + (vq sin a — gt) 2 = — (2?;og sin a) f + g 2 ^ 2 , 
r'0) • r"(f) = [(u 0 cosa)i + (w 0 sina-g0j] • (~gi) = 8 2 t ~ v 0 gsincx, 



and r' (t) x r" (t) = 



vq cos ol vq sin cx — gt 0 



0 



0 



= — (i)Qg cos a) k. Thus, 



<2J = 



r' (0 • r" (0 
|r'(0| 



gn-ungsina 



2*2 



and «n (0 = 



»g - (2o 0 gsino:)r + 



r' (0 x r" (0 1 



VQg cos a 



2,2 



og - (2o 0 g sin cx) t + 



25. Since the velocity is constant, we have |v| 2 = v • v = c, a positive constant. Then ^ (v • v) = i (c) => v • v' + \ f • x = 0 
=> 2v • v' = 0 <^> v • a = 0; that is, a is orthogonal to v. But v is tangent to C, and so a is orthogonal to C. 



26. Using the result of Exercise 25, we see that y' (t) • r" (t) = 0 and so aj = 0. Therefore, a = a n N = 



[r'COx r" (0| 



y (0| 



N and 



a = 



r' (0 x r ;/ (?) I 



. On the other hand, n(t) = 



K (0| 

a| = \r f (t)\ k (t), proving the result. 



r f 0) x r" (0| 

(0| 3 



1 



r' (t) x r" it) I 



^(Ol 2 . I r/ W| 



1 



y (0| 



a <=> 



27. Since the plane curve is the graph of a function /, it has representation r (f) = (t, f (?)). Thus, r' (/) = (l, /' (r)) and 



r" (f) = (0, /" (0), so r' (?) x r" (t ) = 



i j k 

1 fit) 0 
0 f"(t) 0 



= /" (r) k and <a N (t) = 



|r'(0xr"(r)| 



I/" (0| 



''(0| 



Vi + [/'(0] 



. If the 



point (xn, yn) = (?n> / ( f u)) i s an inflection point, then /" (fn) = 0 and so ani (/n) = 0. 
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28. 



r (t) = ti + 2t 2 j + r 3 k => r' (f ) = i + 4rj + 3t 2 k => r" (t) = 4j + 6rk, 

r' (0 i + 4f j + 3r 2 k 



so 



r'0)| = Vl + 16r 2 + 9f 4 => T(0 = 



r' (0 1 



2? (8 + 9t 2 ) 4 (l - 9r 4 ) 

T' (0 = " J —Tn i + — T7o"j + 



7i + 16r 2 + 9? 4 ^ 
6r + 8r 2 ) 



(1 + 1 6 ,2 + ^4)3/2 ^ + l6f2 + 9f4 )3/2 ^ + ^ + ^3/2 



k. At f = 1, 



T(l) 



= 1 + 4 J + 3k = v|6 (i + 4 j + 3k y Also? T / (1) = — 1 ( _ 34i _ 32 j + 54k) = V26 ( _ 17i _ 16 j + 2?k)> 



Since N(l) = 



VI + 16 + 9 
T'(l) 



T' (1)| 



26V26 

, T' (1) has the same direction as N (1), and we see that a vector normal to the osculating plane is 



v = (i + 4j + 3k) x (— 17i - 16j + 27k) = 



1 

1 



j k 

4 3 



-17 -16 27 



= 156i - 78j + 52k = 26 (6i - 3 j + 2k), so we may take 



29. 



n = 6i — 3j + 2k. Also, a point on the plane is (1, 2, 1), so the plane has equation 6 (x — 1) — 3 (y — 2) + 2 (z — 1) = 0 

6jc - 3y + 2z = 2. 

e 2 ' + l 



r(0 = (e?',e - ', V2r) => r'O) = -e"', V2j, so |r'0)| = Je 2t + e 



-2? 



+ 2 = 



T(f) = 



r' (0| 



,2/ + 1 



it 



1 



2t + 1 ' g 2/ + 1 ' ^2r + ! 



T' (0 = 



2e 2 ' 



2e 2t V2e'(l-e 2 ') 



p + 1) 2 ' p + l) z p + 1) 



2' 



, so T (0) = ^) and T' (0) = [\, \, 0). Since 



a = 2T (0) = ( 1, -1, V5) is parallel to T (0) and b = 21* (0) = (1, 1, 0) is parallel to N (0), the normal to the osculating 



plane is n = a x b = 



i j k 

1 -1 V2 

1 1 0 



= -y/2i + V2j + 2k. Also the point (1, 1, 0) is on the plane, so an equation of the 



plane is -*/l(x - 1) + V5 (y - 1) + 2z = 0 => -y/2x + V2y + 2z = 0ox-y - V5z = 0. 



30. r (0 = f i + 2r 2 j + t 3 k => r' (f) = i + 4f j + 3r 2 k => T (f) = 



r r (0 



i + 4f j + 3r 2 k 



r' (0 1 Vl + 16f 2 + 9r 4 



T'( 0 = - - — i- — ^ [-2r (8 + 9, 2 ) i + 4 (l - 9^) j + ft (l + 8, 2 ) k] => 

j [_ 2 , ( 8 + 9r 2)] 2 + [4 (l _ 9f 4)] 2 + [ & (! + 8? 2)] 2 j 



T'(?)| 2 = 



(l + 16f 2 +9f 4 ) 3 

W| l + 16? 2 + 9r 4 

T* (?) 1 



N(0 = 



T' (0 1 2>/4 + 9f 2 + 36fVl + 16f 2 + 9f 4 



[-2f (8 + 9? 2 ) i + 4 (l - 9? 4 ) j + 6f (l + 8? 2 ) k] and 



B = T x N = 



1 



2^4 + 9^ 2 + 36r 4 (1 + I6t 2 + 9t 4 ) 



j k 

At 3t 2 

-2r(^8 + 9r 2 ) 4 - 9r 4 ) 6r (l + 8; 2 ) 



1 

1 



1 



Ja 4- Q^ 2 4- ^t 4 



(6t 2 i - 3t] + 2k) 
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31. 



r(f) = 2coshfi + 2sinhf j + 2tk => r' (t) = 2sinhri + 2coshJj + 2k => 
1^(0 1 = \A sinh 2 1 + 4 cosh 2 1 + 4 = 2 V2 V 1 + sinh 2 1 = 2>/2coshf, so 

T(r) = pl^- = ^tanrni + + ^sechrk, V (t) = ^ ^sech 2 1 i — sech * tanh t , 

T'(0| = ^ Vsech 4 f + sech 2 1 tanh 2 f = ^sechf, N(0 = — f — , = sech f i - tanh r k, and 

T (?) | 



B I x N = 



V2 



i j k 

tanh £ 1 sech t 
sech? 0 —tanh? 



= Y- (-tanhfi+j -sech?k) 



r' T 

32. B = T x N = — x 



T' 



r'x'P, ^ d ( y' \ 
but T = — — I 

" dt \\A) 



y'\ T 



. Using the 



fact that r' x r' = 0, r' x T' = 



/ |(r / xr // )-r / xr / (^ |r'|) r / 



x r 



. Also, because r' and 



T' are orthogonal, we have 


r' 


T' 




r 


/ 


T sin f = 


r' x T' 


B = T x N = 


r' 


xT' 


r' 


X 


r" 




r' 










r' 




T' 




r' 




Y f 


X 


r" 




r / x r // 


• 



y' x r" 




y' x r" 




r' 






r' 





, so 



33. r (f) = (t, 2t 2 , t 3 j => y / (0 = (l, 4/, 3f 2 ) => r" (0 = (0, 4, 6f>, so r' (r) x y" (t) = 

and |r'(0 xr"(f)| = J {l2t 2 ) 2 + (-6f) 2 + 4 2 = 2<s/36f 4 + 9? 2 + 4. Thus, 
r' (f) x r" (?) 1 



i j k 

1 At 3t 2 
0 4 6r 



= (l2r 2 ,-6?,4 



B(0 = 



(0 x y" (0 1 V36^ 4 + 9t 2 + 4 



(6r 2 i-3?j + 2k). 



34. a. |B| 2 = B B = 1 because B is a unit vector, so -— (B B) = B 



d 



This shows that 

d 



dB 



dB 

ds 



ds 

£(TxN) T 



ds 



is orthogonal to B. Next, B = T x N 



dB dB 

+ 



ds ds 



dB 

B = 2 B = 0. 

ds 



ds 
IT 



'xN + TxN' 1 / , T „ \ TxN'. 

—\ = H( Tx M +TxN j = TT (sl 



(since T x T = 0). This shows 



dB 



that - — is orthogonal to T and N', and therefore it is orthogonal to T. 

ds 

b. Since B, T, and N are mutually orthogonal and is orthogonal to both B and T, we see that must be parallel to N. 

Therefore, there exists a scalar r (t) such that ^ = r (t) N. 

c. Since a plane curve lies in the osculating plane (the plane determined by T and N), we see that B is a constant unit vector 

that is always orthogonal to the plane. Therefore ^f- = 0. But = t (t) N and since N / 0, we conclude that 
r (0 = 0. 
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35. r (?) — cos ? i + sin ? j + ?k => r' (?) = — sin ? i + cos ? j + k => x" (?) = — cos t i — sin ? j 



x>" (?) = sin?i - cos?j. So r' (0 x r" (?) = 



J 



— sin t cos ? 1 

— cos t — sin ? 0 



= sin?i — cos? j + k and 



r(0 = 



(r' x r") • r w (sin ? i - cos ? j + k) • (sin t i - cos ? j) 1 



r' x r A 



sin 2 ? + cos 2 ? + 1 



36. r (?) = (? - sin?)i + (1 - cos?)j + ?k => r' (?) = (1 - cos?)i + sin?j + k => x" (?) = sin?i + cos?j 



r'" (?) = cos?i - sin?j, so r' (?) x x" (?) = 



i j k 

1 — cos t sin ? 1 
sin ? cos ? 0 



= — cos ? i + sin ? j + (cos ? — 1) k 



and |r' (?) x r" (?)| 2 = cos 2 ? + sin 2 ? + (cos? - l) 2 = cos 2 ? - 2 cos? + 2. Therefore, 

[— cos ? i + sin ? j + (cos ? — 1) k] • (cos ? i — sin ? j) 1 



r(0 = 



(r' x r") • r"' 



cos 2 ? — 2 cos ? + 2 



cos 2 ? — 2 cos ? + 2 



37. a. The area swept out by r (?) in the time interval [?q, ?i] is given by A — Jq 1 r 2 dO where 0 (?q) = 0q an d # (h) — 0 



1 



By the Fundamental Theorem of Calculus, Part 1, we have ^ = ffj* \r 2 dej = \r 2 ^. 
b. Since r lies in a plane, we can write r = r cos 0 i + r sin 0 j. Let c = ck, where c > 0. Then 



c = r x r — 



i j k 

r cos 0 r sin 0 0 

r'cos0-rsin0^ r' sin 0 + r cos 0^ 0 

= (rr' cos 0 sin 0 + r 2 cos 2 0^- - rr f cos 0 sin 0 + r 2 sin 2 0^) k = 



2d0 



Since c — ck, we have c — r 



dA _ \JldQ _ 1 



c. Using the results of parts a and b, we have ^ = 2 r W = 2 C - 



38. 



a. Using the result of Exercise 37c, we have — => A = ^c? + Using the condition A (0) = 0 gives & = 0, so 

2nab 



A (?) = ^ct. Since A (r) is the area of the ellipse, we have = nab 



T = 



c c 
b. From <? = and d — — , we find — 

Gm b Gm b/e 



2 db ed 

— ed. Next, from r = we have r + er cos 0 — ed 



y/x 2 + y 2 + ex = ed => x 2 + y 2 = e 2 d 2 - 2e 2 dx + e 2 x 2 



(x + e 2 d) 



1 + e cos 0 

2 



2 



+ 



= l=>a = 



ed 



ed 




ed 



1-e 



— e 



2 .2 



«/- - c- \ b L c L b 



— a 



= — . Therefore, 



a 



a 



Gm 



— ed — 



9 Air 2 a 2 b 2 9 9 9 <2 

c. Using the results of parts a and b, we have T L — = = 47r z a z /? z • 



a 

47r 2 a 3 



= where k — 



4-7T 



2 
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39. The length of the major axis is 



\ 



(6.67 x 10 _u ) (l.99 x 10 30 ) (365.26 • 24 • 3600) 



4tt 2 



2.99 x 10 11 m. 



9 4?tV 

40. From Exercise 38, we have T z = . Letting the subscripts s, m, and e denote the quantities pertaining to the satellite, 

Gm 



i T?GM e , a 4n 2 al ~ T 2 , Jr. 2 
the moon, and the earth respectively, we have — — — = — and M e — so a* = -4r<2™ => a s — i -^-a m . Thus, 

r/i ui ffl i m V 1 m 



24 2 

a s = */ T (238,850) « 26,331 mi. 

(27.32- 24) 2 



41. 



a. The position function of the projectile is r (t) = (oq cos a) f i + + (dq sin a) t — jgt 2 ~^ j, 

where g is the constant of acceleration due to gravity. (See Equation 2 on page 1020/1016 
in ET.) Then r' (t) = (t>ocoso:)i + (vq sin a — gt)} and r" (t) = — gj. Therefore, 

r' (f ) • r" (0 _ [(vq cos a) i + (v 0 sin a - gf ) j] ' _ g(gt- »0 sin a) 



(0| 



yj (vq cos a) 2 + (vq sin a - gt) 



(vq cos a) 2 + (vq sin a: — gf ) 



Next, r' (0 x r" (t) = 



vq cos a: vq sin ol — gt 0 



0 



<2 N = 



r' (Qxr"(Q 1 

I*' col 



-g 



gVQ COS OL 



0 



= — gDQ COS OL k, SO 



(dq cos ol) 2 + (dq sin a — gt) 2 



vq sin CK 

b. The projectile is at its maximum height when vq sin a: — gt — Ool = . At this point, 



g 



«T = a T (OLforinayj = 0 and a N = a N (0| Muosina ) /g = 



gL>0 C0S OL 

(vq cos a) 



= 8- 



42. a. Here u 0 = 5 0°> a = 45°, and g = 9.8, so 

9.8 (9.8/ - 500 sin 45°) 9 - 8 ( 9 - 8? ~ 250 ^ 2 ) 



a N = 



(500cos45°) 2 + (500 sin 45° - 9.8f) 2 V96.04? 2 - 4900^2? + 250,000 
9.8 (500) cos 45° 2450 V5 



and 



v / 96.04r 2 - 4900V2r + 250,000 >/96.04f 2 - 4900^ + 250,000* 



r- 250V2 

b. Using the result of part a, we see that «x (0 = 0 if 9.8r - 250V2 = 0 <=> t = — — — % 36.1. Since a T (t) < 0 if 

9.8 

0 < t < 36.1 and aj (t) > 0 if t > 36.1, we see that the shell decelerates until it reaches its maximum height 
approximately 36 s after it was fired, then accelerates until it hits the ground. 
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43. p = — where k — 



r' x r" 





r' 


3 


r' 


2 


r' x r" 







. Letr(?) = (x(t),y(t),z (t)). Then 



r' = (x' t y', z') and r" = (*", y", z"). v = \r'\ = J (xf + (/) 2 + (zf => o' = 



^ + yy + z y 
J {x f + ( y f + ( z f 

r 1 x r" = (y Z " - y'Y, - x'z", x'y" - x"y') => 

|r' x r"\ 2 = (y'z" - y"z') 2 + (x"z' - x'z") 2 + {x'y" - x"y') 2 

= [yf (z'f ~ 2y'y"z'z" + (y'f {zf + (x'f (zf - 2x'x"z'z" + (xf (z'f 

+ (xf (y'f - 2x'x"y'y" + (x'f (yf 

= (*'f + (yf + (zf] + (y'f [(*'? + (yf + (zf] + (z'f [(*f + (yf + (zf] 

- [(xf (x'f + (yf (y'f + (zf (z'f + 2x'x"y'y" + 2x'x"z'z" + 2y'y"z'z"] 

Thus, 



r' 


X 






r' 





\ 



fv'^ 2 _i_ f v /A2 -4- f^ 2 - I J + ^ ) + ( z z ) + ^ * y y + 2 * * z z + 2y j z z 

*') + (/) +(z / ) 



\ 



(x'f + (y) 2 + (z'f - 



x'x" + y'y" + z'z" 



.v(*f + (yf+(*f- 



= V(*") +(/') + (z") "(»') 



a2 . / A 2 



SO /> 



/\2 



J (x'f + (yf + (z'f - (vf 



44. r (f) = t\ + sinr j + cosf k => r' (?) = i + cost j — shirk => r" (f) = — sinf j — cosr k, so x' — 1, / = cosr, 

= -sinf,*" = 0, y" = -sinr, z" = —cost, and w = r' = J 1 + (cos?) 2 + (-sin?) 2 = V2=> */ = 0. Thus, 



z = 



(xf + (y) 2 + (z') 



p = 



1 + cos 2 t + sin 2 f 



v /(x") 2 + (y) 2 + (z") 2 -( i /) 2 J{- sinf) 2 + (-cos0 2 -0 



1 = 2 

1 



/ / j 

45. True. T = — = -=> T* = -r", so N 



46. True. Let r (f ) = x (t) i + Oj + Ok. Then r' = 

(x\0, ())•(*", 0,0) 



r 








r 






- r // 











#T — 



x 



! 



= x" = 



(x',0,0) and r 

d 2 x 
It 1 ' 



a 



= (*",0,0), SO 



47. False. Take r(f) = (l,/ 3 \. Then r' (t) = (o, 3t 2 ) and r" (t) = (0,6t). 



s(t) = ft\i'(u)\du = ti 




du = 3 fQU 2 du = t 3 , sot = 5 1 / 3 andr(r (s)) = (l,s). Then r r (s) = (0, 1) and 



48. 



y" (s) — (0, 0), so x" (t) is not a scalar multiple of r" (s). 

True. Let r (0 = x (t) i + y (f) j + z (0 k. Then r r (t) = x' (t) i + / (0 j + z' (t) k and r ,r (r) = x /r (0 i + y" (0 j + z" (t) k, 

2 , 



so 



o = Ir'COl = J (xf + (yf + (z') 



V — 



x'x" + y'y" + z'z" 

y M 2 + ( y) 2 + (z0 



r • r 



— aj and 



0 2 

— — Kir = 





X 






r' 


3 



2 _ 




X 











D 



= flj^- Theorem 6, a = ajT + a^N = u'T H N. 
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Chapter 12 Review 



ET 11 





Concept Review 



1. a. (/ (t) , g (t) ,h (/)); real- valued; t; parameter 

2. a. terminal; parameter 



b. parameter interval; real numbers 
b. initial; terminal 



3. a. 



4. a. 



lim / (r); lim g (f); lim h (t) 
t—>a t—>a t—>a 



lim 



r(t + h)-r (Q 

h 



5. a. u' 0) • v(0 + u(0 • V (0; 

u' (t) x v (0 + u (0 x V (t) 

6. a. (Jf(t)dt,Jg(t)dtJh(t)dt) 

7. /* y/[f'(t)] 2 + [g' (t)] 2 + [V (t)] 2 dt 



8. a. parametrized 



b. Jq |r' (u)\ du 



9. a. 



ds 



b. 



g (q| 



c. 



b. r (a); continuous 
b. (/' (0 , g' (t) , hi (f)) 

b. u' (/ (0) f (0 



b. lfif(t)dt, fig(t)dt,fih(t)dt 



r' (?) x r" (f) | 
|r'(0| 3 



c. arc length 



d. 



y 



n 



[i + (/) 2 ] 



e. radius of curvature; radius; tangent line; circle of curvature 
10. v (t) = r' (0; v = \\ (01 = |r' (0|; a (0 = v' (0 = r" (t); concave 



11. a. 



r' (o r (o 



c. 



^(0-^(0. | r ' W x *"(0| 



b. T; N; o ; : /^o 2 ; tangential; normal 



'Ml 



r'CO 



Review Exercises 



1. x = 2 + 3t and v = 2t — 1, so 

jc-2' 



2. x = r 3 and v — 



y = 2 



9 7 

1 = ^x — ^. As / increases, both x and 



y increase and so the orientation is upward. 



y = t 2 , so y = (x 1 / 3 ^ = x 2 / 3 . Also, as t 

increases from 0 to 2, x increases from 0 to 8 and y 
increases from 0 to 4, giving the indicated orientation. 






y * 


i 






l- 


h — 1 1 1 1 1 1 


H 1 1 1 1 1— 




— i — i 


1 


X 


-> 

X 
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3. x = cos t — 1, y = sin ? + 2, and z = 2, so 

1 = cos 2 ? + sin 2 ? = (x + l) 2 + (y - 2) 2 . This shows 

that the curve lies on the circle with radius 1 centered at 
(—1,2, 2) on the plane z = 2. 



4. 



Z A 



x — 2 cos ?, y = 3 sin ?, and z = ? 2 , so 

1 = cos 2 ? + sin 2 1 — {^j "1" (j) an d the curve lies on 

2 2 

the elliptic cylinder — + — = 1 . 





5. We require that 5 — t > 0, t ^ 0, and 1 + t > 0 simultaneously. This gives the domain of r as (— 1 , 0) U (0, 5) 



6. lim r(?) — 
e*-l 



lim n i + lim 

f->0+ 1 + ? 2 /->0+ 



\ sin t ) 



+ lim 



1 



? 



. Using the facts that lim 



t 



— 1 and 



t^o+ sin? 



lim 

?->0+ 



? 



lim <?' = 1 (by l'Hopital's Rule), we find lim r (?) = Oi + 1 • Oj + lk = k. 

f->0+ f->0+ 



, e< t 2 

y/t + 1 is continuous on [—1, oo), - is continuous on (-co, 2), and — ^ is continuous on (— oo, 1) and (1, oo), 



V2^7 

so r (?) is continuous on [—1, 1) and (1,2). 

2 



(f-1) 



8. r' (?) = cos 2 w dw] i + Jq sinwdwjj = cos 2 ?i + (sin? 2 ) ^ (? 2 ) j = cos 2 ?i + 2? sin? 2 j 

9. r (0 = yfti + ? 2 j + — !—k => r' (0 = -i-i + 2?j - ■ 1 , k => r" (0 = - -Lyi + 2j + — 2 —^k 



t + 1 



2y/t 



10 



11 



(? + l) 2 4? 3 / 2 (? + l) 3 

r (?) = e~ l \ + ?cos? j + ? sin?k => r' (?) = — + (cos? — ?sin?)j + (sin? + ?cos?)k 
r" (?) = e~ l i - (2sin? + ?cos?)j + (2cos? - ? sin?)k 

r (?) = (t 2 + l) i + 2?j + In ? k => r' (?) = 2t\ + 2j + -k => r" (?) = 2i - -^k 



t 



t 



12. r(?) = (?sin?,?cos?,e 2 ' 



r' (?) = ^?cos? + sin?, cos? — ? sin?, 2e 2t ^j 



x" (?) = (2 cos ? — ? sin ?, — ? cos ? — 2 sin ?, 4^ 



2? 



13. Let r (?) = (? 2 + l) i + (2? - 3) j + (? 3 + l) k. Then r' (?) = 2?i + 2 j + 3? 2 k => r' (0) = 2j. Also, r (0) = i - 3j + k, so 
parametric equations of the required tangent line are * = l,y = — 3 + 2?,z = 1. 

14. Letr(?) = (?cos? - sin?)i + (? sin? + cos?)j + ? 2 k. Thenr' (?) = -? sin? i + ? cos ? j + 2?k => r' (y) = -yi + 7rk. Also, 

2 2 

r (y) = — i + yj + ^-k, so parametric equations of the required tangent line are x — — \ — ^-t, y = y, z = ^- + 7r?. 



15. / (V?i + e~ 2t j + jij-k) </? = | ? 3 / 2 i - j + In |? + 1 1 k + C 

16. (2?i + ? 2 j + ? 3 / 2 k) dt = (? 2 i + ^? 3 j + §? 5 / 2 k) |^ = i + |j + §k 

17. r(?) = jr' (t)dt = J(2V?i + 3cos27r?j-^k) J? = f? 3 / 2 i+ ^ sin27r? j + e^k + C. Next,r(0) = i + 2 j 
0i + 0j + k + C = i + 2j^C = i + 2j-k, sor(?) = (l? 3 / 2 + l)i+(j F sin27r? + 2)j + (^- l)k. 
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18 



19 



r' (?) = J r" (?) dt = J (2i + ?j + e^k) dt = 2?i + ±? 2 j - e~ l k + Ci and r' (0) = i + k 
=> Oi + Oj - k + Ci = i + k => Ci = i + 2k, so r' (?) = (2? + l)i + ±? 2 j + (2 - e"') k. 

r(0 = JY(?)J? = j[(2f + l)i+|f 2 j + (2-e-')k]<fc = (? 2 + f) i + ^? 3 j + (2? + «?-') k + C 2 , so 

r (0) = 2i+j+3k = 0i+0j+k+C 2 => C 2 = 2i+j+2k. Therefore, r (?) = (t 2 + ? + 2) i+(£r 3 + l) j + (2f + £T* + 2) k. 

r (?) = ti + ? 2 j + ? 3 k => r' (?) = i + 2?j + 3? 2 k => |r' (?)| = Vl+4? 2 + 9? 4 



T(0 = 



r'Wl 



T' (?) = 1 ^ [-2? (2 + 9t 2 ) i + (2 - 18? 4 ) j + 6? (l + 2? 2 ) kl. r' (1) = i + 2j + 3k 

(1 +4r 2 + 9r 4 ) 3/Z L V } V y V y J 

and T' (1) = ± (-llVl4i - 8Vl4j + 9>/l4k), so |r' (1)| = VT5 and |l* (1)| = Therefore, 
T(l) = -^ = ^5(i + 2j + 3k) andN(l) = ^^- = ^ (-lli-8j + 9k). 



20 



r(0 = 2cos?i + 2sin? j + e l k => if (?) = -2sin?i + 2cos?j + e l k 

r'(?) 



(0| = J(-2smt) 2 + (2cost) 2 + e 2t = V '4 + e 2 ' => T (?) = 



1 



'(0| % /4+^ 



(-2sin?i + 2cos?j + e'k) 



r (0 = 



1 



(4 + e 2t ) 



2t\V 2 



J2 [-4 cos t + e 2? (sin t - cos ?)] i - 2 ^4 sin ? + e 2t (sin ? + cos ?)] j + 4^ f kJ . Since 



21 



22, 



23, 



r' (0) = 2j + k, we have |r' (0)| = V5, T' (0) = (5i + j - 2k), |T' (0)| = + l 2 + (-2) 2 = 2^1 

T(0) = pf|[ = ^ (2j +kX andN(0) = i^wr = (5i +j " 2k) - 

r(?) = 2sin2?i + 2cos2?j + 3?k => r' (?) = 4cos2?i - 4sin2?j + 3k, so 
L = f% |r' (t)\dt = J 0 2 7(4 cos It) 2 + (-4 sin It) 2 + 3 2 dt = J 0 2 5 dt = 10. 
r (?) = V2?i + \t 2 \ + ln?k => v' (?) = V2i + fj + jK so 

L = SaV (0 1 * = fl (V2) 2 + ^ + (f ) 2 * = II ^ dt = II {* + t) * = {b 2 + ln 0 1 \ = \ + ln 2 ' 
r (?) = ?i + ? 2 j + ? 3 k => r 7 (?) = i + 2?j + 3? 2 k ^ r" (?) = 2j + 6?k, so |r r (?)| = Vl+4? 2 + 9? 4 , 



(?) x r" (?) = 



i j k 

1 2? 3? 2 
0 2 6? 



= 6? 2 i - 6?j + 2k, and |r r (?) x r" (?)| = 2>/l + 9? 2 + 9? 4 . Thus, 



r' (?) x r /r (?) I 2y/ 1 + 9? 2 + 9? 4 



|r'(?)| 3 (i +4 ? 2 + 9? 4 ) 3/2 ' 

24. r (?) = ? sin ? i + ? cos ? j + ?k => r r (?) = (? cos ? + sin ?) i + (cos ? — ? sin ?) j + k 



r" (?) = (2cos? - ?sin?)i - (2sin? + ?cos?)j, so |r r (?)| = yf[t cos t + sin ?) 2 + (cos ? - ? sin ?) 2 + l 2 = V? 2 + 2, 



r' (?) x r" (?) = 



? cos ? + sin ? cos ? — ? sin ? 1 
2 cos? — ? sin? — 2 sin? — ? cos? 0 



= (?cos? + 2sin?)i+ (2cos ? - ? sin?) j - (t 2 + 2) k, 



and 



^(0xr"(0| = 



n 5 (?) x r 7/ (?) I V? 4 + 5? 2 + 8 

V? 4 + 5? 2 + 8. Thus, k = ——^ ^ = - — 

|r'(?)| 3 f? 2 + 2) 3/2 
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25. y — x — \x 2 



y' = \-\x 



y" = -\ 



n = 



y 



I! 



1 

2 



[i +( y) 2 f 2 [i + (i-^)T 2 (* 2 -**+*r 



. Next, 



K ' = 4 (x 2 - Ax + 8) 5/2 (2x - 4) = - 



12(jc — 2) 



(x 2 - 4x + 8) 

number of tt. The First Derivative Test implies that /-c attains a maximum at (2, 1). 



T-pr . Setting k! = 0 gives x = 2 and so 2 is a critical 

J/Z 



26. y = e x => y' = —e x => y" — e x => k = 



— x 



— x 



[i + (y f] 3/2 [i + ( _ e -) 2 ] 3/2 (i + ,-^) 3 / 2 



. Next, 



K - 7E 



e 



—x 



(l + e- 2 *) 



-3/2 



" 3/2 + ,- (-§) (l + e - 2 *y 5/ \-2e- 2 *) 



= e~ x 



(l + e" 2 *) 5/2 [- (l + e" 2 *) + 3e- 2x ] = 



(-l + 2<r 2 *) 

^(l + £ >-2*) 5 / 2 



= 0 <=> 2<? _2x = 1 <=> x = i In 2. 



1 



The First Derivative Test shows that the critical number ^ In 2 gives rise to a relative (and hence absolute) maximum of n 
Thus, k attains its maximum at ^ln V5, ^) . 



27. r (0 = 2d + e~ 2t j + cos f k => v (f) = r 7 (0 = 2i - 2e~ 2 ' j - sin t k => a (?) = v' (0 = r" (f ) = 4^-^j - cos t k and 
|v(0l = y/4 + 4e~ 4t + sin 2 1. 



28. r(0 = fe~'i + cos2fj + sin2fk => v(0 = (1 - 0 - 2 sin 2? j + 2 cos 2? k 



-t 



a (0 = y' (t) = {t-2) e'H - 4 cos It j - 4 sin 2f k and | v (01 =7(1 - 0 2 ^~ 2 ' + 4. 



29. v (0 = /a (0 = / (ti + ±? 2 j + 3k) dt = \t 2 \ + £f 3 j + 3rk + Ci and 

v(0) = 2i + 3j + k^ Ci = 2i + 3j + k, so v(0 = (\t 2 + 2) i + (^t 3 + 3) j + (3* + l)k. 

r (0 = / v (0 dt = J [(^ 2 + 2) i + (£f 3 + 3) j + (3? + 1) k] </* = + 2?) i + + 3f) j + (|? 2 + f) k + C 2 

and r (0) = 0 => C 2 = 0, so r (t) = ^t 3 + 2f ) i + (^ 4 + 3?) j + (^ 2 + r) k 



30. v (0 = fa(t)dt = j (eH + e"'j + rk) = e'i - e"'j + £f 2 k + Ci and v (0) = 2i 
=> i- j + Ci = 2i => Ci = i + j, so v(0 = (e l + l)i - («?-' - l)j + \t 2 k. 

r(t) = J\ (t) dt = J [(<?' + 1) i - (e"' - 1) j + ^ 2 k] = (e? + t)i+ {e~ l + j + ^ 3 k + C 2 and r (0) 
i + j + C 2 = i + k => C 2 = -j + k, so r (0 = (** +t)l+ {e^ + t - l) j + (£f 3 + l) k 



= i + k^ 



31. r (0 = i + t} + r 2 k => r' (t) = j + 2?k => r r/ (?) = 2k => r f (t) x x» (t) = 



i j k 

0 1 It 
0 0 2 



— 2i, so 



r' (0 • r r/ (0 



r' (0 



4? J Ir' (0x^(01 

and — - — 



1 +4^ 2 



r'(t) 



J] +4f 2 
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32. r (t) = 2cosM + 3sinr j + tk => r' (t) = -2sinM + 3cosrj + k => x" (t) = -2cosM - 3shu j 



r' (t) x r" (0 = 



J 



—2 sin t 3 cos ? 1 
— 2cos? —3 sin/ 0 



= 3 sin ti — 2 cos /J + 6k, so 



aj — 



r' (t) ■ x" (t) 



r'(0 



-5 sin t cos t V5 sin t cos f , W (t) x r" (t) I 

and fljy — 



5 ( 8 + sin2 0 /iT^7 



^5(1 + cos 2 f) V 1 + cos 2 1 



•'Ml 



^(l+cos 2 ?) Vl + cos 2 / 



33. r(f) = cosM + sin2rj => r' (?) = — sinM + 2cos2rj => r" (t) = — cosri — 4 sin 2? j => 



r' (?) x r" (0 = 



■ 

J 



— sin t 2 cos 2t 0 

— cos? —4 sin 2t 0 



= (4 sin t sin 2? + 2 cos f cos 2t) k = 2 (2 sin ? sin 2? + cos t cos 2?) k, so 



r' (?) • v" (t) sin ? cos t - 8 sin 2r cos 2t 
a j — — | — f — and — 



r' (0 x r" (t)\ 2 12 sin t sin 2f + cos t cos 2?| 



r'(0 



\/ sin 2 ? + 4 cos 2 2t 



'(0| 



si sin 2 t + 4 cos 2 2? 



34. r (0 = V2ti + e r i + <?"'k => r' (0 = V2i + e l \ - e~ l k => r" (t) = e l \ + e~ l k 



r' (t) x r" (t) = 



i J * 

V2 e< -e-t 



0 e [ e 



t „—t 



_ _ It , i 

= 2i - V2<?~ r j + V2e r k. Also, |r' (t)\ = y/2 + e 2t + e~ 2t = = e f + e - ', 



so = 



e 2 ' - £" 2 ' 



(e' + e-*) (J-e^) 



a N = 



r* (0 • r" (/) 
|r' (0| " 

r' (?) x r" (0 1 ^4 + 2e" 2 ' + 2e 2t ^2 (7+7^) 



^-1 



and 



' (0| 



35. a. We use Formula 2 from Section 12.4 (11.4 in ET) with vq = 40, ol — 45°, and /i = 7, obtaining 
r (f) = (40 cos 45°) i + [7 + (40 sin 45°) t - \ (32) r 2 J j = 20VM + ^7 + 20^ - 16r 2 ) j. 



b. The shot hits the ground when 7 + 20 - 16? 2 = 0 => t = 



-20V2 ± y(20V2) 2 -4(-16) (7) 



2 (-16) 

1 .98785. We reject the negative root, so her put is approximately x (1 .98785) % 20^2 (1 .98785) ^ 56.2 ft. 



-0.22009 or 




Challenge Problems 



1. 



a. Parametric equations for C are x — a\t 2 + b\t + c, y = «2^ 2 + + c, z = ^3? 2 + ^3? + c 
Put £ = 0, t — — 1, and t = 1 in succession to obtain the three points Po (c, c, c), 

P\ {a\ — b\ + c, ci2 — b2 + c, — + c), and P2 + ^1 + c > a 2 + ^2 + c > ^3 + ^3 + c ) 
respectively. Consider the plane containing these three points. The normal to this plane is 



n = P 0 ^l x P 0 P 2 = 



.1 



a\ -b\ a 2 - b 2 a 3 - b 3 



a\ +b\ C12 + b 2 «3 + b 3 
an equation of the plane is 



= 2 («2^3 — a 3^2) i — 2 (a\b 3 — b\a^) j + 2 (a\b2 — ^2^1) t so 



(fl 2 ^3 - a 3^2) (jc - c) - (fli^ 3 - fcifl 3 ) (y - c) + (fli^ 2 - «2^l) (z - c) = 0 



(1) 
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To show that C lies in this plane, we substitute the expressions for x, y and z into (1). The left-hand side is 

(#2^3 — a 3^2) (a\t 2 + b\t^ — (a\b2> — a^b\) {ajt 2 + btf^ + (#1^2 — a 2^\) ( a 3* 2 + upon simplification, 

this is seen to be equal to 0. This shows that C lies on the plane. 



b. Equation ( 1 ) is seen to be equivalent to 



x — c y — c z — c 



a 2 



a 3 



b\ b2 b 3 



= 0 by expanding the latter. 



2. a. Let 0 be measured in a counterclockwise direction with the ray initially on 
the positive *-axis. Then Y\ (?) = 10 cos 0 (?) i + 10 sin 0 (?) j + 2k and 

r 2 (f) = 10 cos (0 (?) + f ) i + 10 sin (0 (?) + f ) j + 2k = - 10 sin 0 (?) i + 10 cos 0 (?) j + 2k. But 

0 = 300 r = 30? radians, so ri (?) = 10 cos 30? i + 10 sin 30? j + 2k and r 2 (0 = -10 sin 30? i + 10 cos 30? j + 2k. 

b. r = r 2 — r\ = — 10 (sin 30t + cos 30?) i + 10 (cos 30? — sin 30?) j. The vector r describes the position of Plane 2 as seen 

by the pilot in Plane 1. Since |r| = 10^ (sin 30? + cos 30?) 2 + (cos 30? - sin 30?) 2 = 10V5 « 14.14, we see that Pilot 1 
sees Plane 2 circling him in a uniform circular motion with a constant radius of about 14.14 miles. 

c. r' (?) = —300 (cos 30? — sin 30?) i — 300 (sin 30? + cos 30?) j. The vector r' describes the relative velocity of Plane 2 as 
seen by Pilot 1 . 

d. r" (?) = 9000 (sin 30? + cos 30?) i - 9000 (cos 30? - sin 30?) j. The vector r" describes the relative acceleration of 
Plane 2 as seen by Pilot 1 . 

a. The position of the bullet is Y\ (?) = (vq cos 0) ?i + ^(uq sin 0) t — jgt 2 ~^ j, but 

d ... h 



3. 



cos 6 — 



ri (0 = 



yjd 2 + h 2 

vpd 
jd 2 + h 2 



and sin 0 — 



Vd 2 + h 2 



, so 



?i + 



v 0 h 



* It 2 

y/d^+h 2 2 



j . The position of the target is 




r 2 (?) = d\ + (h — \gt 2 j j. In order to hit the target, the bullet must reach the line 

x — d before the target hits the ground. But the target strikes the ground when r 2 (?) = di, that is, when ? satisfies 
h — \gt 2 = 0 => ? = +J2h/g (we reject the negative root). Thus, the target is on or above the ground for ? < y/2h/g. 



Now the bullet reaches x — d when 



v 0 d 



y/d 2 + h 2 



Jd^+h 2 c . __ u y/d^Th 2 

t = d <=> t = . Since t < +J2h/g, we have < 



2h 



»0 



«0 



8 



*>0 > 



\ 



8 (d 2 + h 2 ) 



2h 



(1). This inequality gives the initial speed the bullet must have in order to hit the target. 



y/d 2 + h 2 

Suppose condition (1) is satisfied. Then the position of the bullet at ? = is 



"0 



y/d 2 + h 2 



VQd 



y/d 2 Th 2 \. 



»0 



y/d 2 + h 2 \ v 0 

8 (d 2 + h 2 ) 



i + 



v 0 h 



y/d 2 + h 2 \ g /y/d 2 + h 2 



y/d 2 + h 2 



^0 



2 



«0 



J 



= di + 



h- 



2v 2 



J 



The position of the target is 

y/d T +h 2 \ . [. g{y/<P + h 2 

2 



«0 



«0 



h- 



( 



g(d 2 + h 




y/d 2 + h 2 



J — r l 



"0 
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yjd 2 + h 2 

showing that the bullet and the target are at the same point at t = . Thus, the bullet hits the target at that point 



«0 



in time. 



1 „.2 



b. The distance the target has fallen when it is hit is ^gt L — jg 



y/jm?\ 2 g (d 2 + h 2 ) 



»0 



2v 2 



4. a. / mx" it) dt = J [-mg} - kr' (t)] dt =^> mx' (t) = -mgtj - kr (t) + C. The conditions r (0) = 0 and 

r' (0) = v (0) = vq give mr' (0) — —kr (0) + C = C => C = mvn, so we have mr' it) — —mgt\ — kr (t) + m\Q 
r' (t) + Jj-r (t) = — gt] + vq, as was to be shown. 

b. Multiplying both sides of the last equation in part a by g(*/ m )*, we have 



gw»v. ^_ + L e (k/m)t r = _ gte {k/m)t^ + g(*/m)f v ^ ^_ L(£/m)/ r l = _ gte (k/m)tj + gtf/m)^ Integrating 
dt m dt I J 



(k/m)t 



both sides with respect to t, we have e^/ m )'r = — 



W t Wm)t _ ?LA e (k/m)t 
k k 2 



j + ™e(*/m)/ v + d 
A: 



2 

me m 

Using the condition r (0) = 0, we have 0 = — =-j + — vq + D 

k l k 



so e Wm)t T = - 




mg 



t - 



m2 S \ e (k/m)t . 



k 2 



+ 



k 2 



r(0 = 



m 2 g 
k 2 



[■- 



-(k/m)t 



; . m r 

J + TL 



-(fc/m) 



2 



D = - 



m g . m 



j Vq. Thus, 



5. a. We use the result of Exercise 4 with vo = vq cos ol i + un sin a: j: 

r( 0 = f[l- (f) 0 cos ai + D 0 sin a j) + [l - *-(*/»)'] - ^t 



• 

J 



moo cos a 



Thus, the required parametric equations are 



rng 

V 



2 




x (0 = "-^^ [! _ «-<*/»)*] , y (0 = ^ + fl^p [i _ e -(k/m) t _ 



b . we have — ^— = j _ e -(k,m), ^ ,-<*/„), = j _ _J?_ = "*»0 cos " ~ ^ 

mug cos ol mvQ cos a mvQ cos a: 



m / mun cos a — &x \ m / mon cos a \ _ 

= In I I = — In I I . Therefore, 

k \ mvQ cos ol J k \mvQ cos ol — kx J 

(mvQ cos ol \ 
mvQ cos ol — kx ) 



- m 2 g mi)Q sin ol \ kx mg m ^ 

^ k 2 k ) mvQ cos ol k k 



mg \ m 2 g ( mi)Q cos ol — kx 
+ tan ol I x H ^— In 



^oocosa / A: 2 \ mDQCOSQ: 

(^^ + tana ) JC + ^i n ( 1 k JLJ) 

\ kvn cos a / k z \ mvn cos ol / 
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c. Here m = = 50 slugs, v 0 = 1200 (jj^j = 1760 ft/s, and ol = 30 



O 



Thus, 



10000 



J = 



1600 



A: (1760) cos 30 



O 



+ tan 30 



o 



X 



5000 - - 



50 2 • 32 , B 1 

+ — mil- 



kx 



50 (1760) 



0 




0 



50000 



le+5 



/ 20 V3 V3\ 80,000 , / V3kx 
I 1 I x H = — In I 1 

\33k 3 J k 2 \ 132,000 



2 3 4 
x* X J x^ 



d. We use the Taylor series expansion from Table 9.1 in Section 9.8 (8.8 in ET): \n(l + x) = x — — + — 

Z~ J) H" 



+ 



-1 < x < 1. Thus, 

mg 




&t>0 cos a 



= (tan a) x + 



m 2 g 

+ tan a. I x H — In 



k 2 




kx 



mvQ cos a. 



mg 



Jcvq cos ol 



X 



+ 



= (tan ol) x + 



ra 2 g 

£ 2 



moo cos 




kx 



x — 



mg 



mvQ cos 
2 ~ 7 A:.* 



sa/ 3 \ 



m/jQ cos a 



mug cos ol 



+ 



&i>0 cos ol kt)Q cos a: 



1 m z g ( 



mvQ cos a 
i ///~ 

+ 



1 m z g / 
3 ^ ^ 



3 1 2 

m g 



mvQ cos a 



-i 



kx 



mvQ cos a: 



+ 



l 



— (tan a) x — - 



8 



2 1 
x L - - 



kg 



2 (vq cos a) 2 3 m (vq cos a) 3 



* 3 - 



1 g o 

So if k is very small, then y ^ (tan ex) quadratic in In this case, the trajectory of the projectile 



2 (vq cos ol) 2 



closely resembles a parabola. 



6. Suppose the particle is released at the point P. Then (J? • = 0. But 

P (R cos t, R sin r) and Q (a, b), where a 2 + b 2 > R 2 , so 

ot = Rcosti + Psinr j and = (a - Rcost, b - Rsint). Thus, 
ot ~P& = (Rcosti + Rs'mtj) • [(a - Rcost)i+ (b - PsinOj] 
= Ra cos t - R 2 cos 2 1 + Rb sin t - R 2 sin 2 1 = 0 

=> Z? sin t + a cos t — R. Dividing both sides by gives 

b a R , . . 

sin ? H , cos t — - (1). There is a unique 



Va 2 + b 2 



Ja 2 + Z> 2 



Va 2 + /> 2 



angle 0 with 0 < <fi < 2n such that sin <fi = 



V« 2 + ^ 



and 



COS0 — 



a 

















/ \ 




/ Y 




\ — > 


\ 0 


j X 




a 



y/a 2 + b 2 



. Rewriting (1) in terms of <fi, we obtain sin <fi sin t + cos 0 cos t — 



R 



y/a 2 + b 2 



cos (4> — t) = 



R 



y/a 2 + £ 2 



t = (/) — cos 




2 + /? 2 



+ 2^7r, /: an integer. 
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7. a. r = r cos 6 i + r sin 0 j, sou r = — = 

r 



r cos0i + r sin0j 



= cos0i + sin#j and 



UQ = 



dr/dO — r sin0i + r cos 0j 



= — sin0i + cos0j. 



dr dr du r dr 

b. r = ru r , so v (0 = — = — u r + r — — = —u, + r 

dt dt dt dt 

uq = — sin 0 i + cos 0 j). 



. dO d0\ 
sin 0— -l + cos 0— j I — 

dt dr) 



dr dO 

u r + r— u# (since 



dt 



dt 



a(0 = 



d 2 r du r J0 d 2 0 d0 diifl 
— - = — ru r + — + — —ug + r—- T \iQ + r- — 

J? 2 dt dt dt dt u dt 2 dt dt 

d 2 r drdUrdO dr dO d 2 0 dO dxx e dO 

"r + ——ttt— + — — uq + r— T x\ e + r 



dt 2 
d 2 r 
= d? Ur + 

d 2 r „ 



dt dO dt dt dt 



dt 2 



dt dO dt 



dr dO 



dt dt 



"0 + 



dr dO 



d 2 0 



dt dt 



u e + r -rr u o 



dt 2 




do 



dt 




dr dO 



dt dt 



u e +r 



d 2 6 

It 2 



"0 




dO 

dt 



\ 2 



d l r 
It 2 



-a 



2 



U r + 



d 2 0 drdO 
r— r + 2 — — 
dt 2 dt dt 



U0 



8. Using Newton's Second Law of Motion and the result of Exercise 7b, we can write the total force acting on a particle as 



F — F r u r + Fquq, where F r —m 



d l r 
dt 2 



- mr {T) 



d 6 *> 
and Fq — mr — y + 2m 



dr dO 



equation by r, we have rFQ — mr 



, d 2 6 „ dr dO 
+ 2mr 



we have 




mr 



d0_ 

dt 



).. 



dt 2 
2 d0 
dt 



dt dt 



d ( 
— — I mr 

dt \ 



dt 2 
dO 



dt dt 



. Multiplying both sides of the second 



dt 



In the case of a central force field, Fq = 0 and so 



////■- — = C. This implies Kepler's Second Law, which states that the radius vector in a 



central force field sweeps over area at a constant rate, since the rate at which the vector r sweeps out area is 
dr 



dA _ 1 2 d0 



dt 



2 dt 



9. a. Here — = 2=>r = 2t + C, where C is a constant. But r — 0 at t — 0, and so C — 0. Therefore, r — 2t. Also, 

dt 

dO 30-2tt . , . dr dO 

— 7T radians per second. Using the result of Exercise 7, we have v = — u r + r — uq = 2u r + izruQ 



dt 



and a — 



60 
~d 2 r 
dt 2 



dt 



dt 




dO 

dt 



U r + 



d 2 6 dr dO 



uq = -It (tt 2 ) u r + 2 (2) (7r) uq = -2n 2 tu r + Attuq. 



dt 2 ' dt dt 

At t — 3, r — 6, so v = 2u r + 6-kuq and a = — 67r 2 u r + 4-7TU0. Therefore, the speed of 
the ant at t = 3 is |v| = ->/4 + 36-7T 2 % 18.96 cm/s. The magnitude of its acceleration is 



a| = V36tt 4 + 16tt 2 = 27r v / 97r 2 + 4 « 60.54 cm/s 2 . 



dr dO 9 
b. The Coriolis acceleration at t — 3 is 2— — u# = 2 (2) (7r) u# = 4-7TU0, so its magnitude is 4-7T cm/s . 



dO dt 



10. a. 



2- 



1 -- 



0 




b. Here x (t) = ^ [t 2 - At + 8), y (t) = ^ (?>t 2 - 6t + 4^, 0 < t < 3. At the instant 

dy dy dy/dt dy 
the boat is closest to the shoreline, — =0. But — = , so — = 0 if 

dx dx dx/dt dx 



dy dx dy d 

JL = o and — # 0. -f- = — 
at at at at 



(3t 2 — 6t -h 4^ J = j (6t - 6) = 0 



t = 1. 



Note that 



dx 
dt 



= ^ (2f - 4) = - 1 / 0, so the boat is closest to the 



0 



1 



shoreline when t = 1 . The distance of the boat from the shoreline is 
y(l) = i (3-6 + 4) = i,or * mile. 
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c. The velocity of the boat when t = 1 is r' (1) = [± (It - 4) i + 1 § (6; - 6) j]^ = - |i. Its 
speed at t — 1 is |v (1)| = ^ (1)| = — |i = | miles per minute, and its acceleration at t — 1 is 



a(l)=|r"(l)| = [l(2)i+l(6)j] (=i = §i+fj 



11. a. By the Chain Rule, 



dT dTds dT dT/dt 



dt 



ds dt ds ds/dt 



. Multiplying numerator and denominator by 



dT 

dt 



gives 





dT 


dT 




dT 


dT 




dT 


dT 


dt 


dt 




dt 


dt 




dt 


ds 


ds 


dT 




dT 


ds 




ds 




dt 


dt 




dt 


dt 




dt 



N = 



dT 

ds 



N = kN. 



b. T x B = T x (T x N) = (T N)T - 
N = -TxB = BxT. Next, N x B = 

c. From part b, we have N = B x T, so 

dN _ d (B ^ _ 

ds ds 



(T • T)N = -N since T ■ N = 0 and T ■ T = |T| 2 = 1. Thus, 

Nx (T x N) = (N • N) T — (N • T) N = T since N • N = |N| 2 = 1 andN-T 



dB dT 

x T + B x — (Theorem 12.2.2/1 1.2.2 in ET) 



= 0 



ds 



ds 



= (-2N) x T + B x («N) 
= -t (N x T) + k (B x N) 



(Exercise 12.5.34/1 1.5.34 in ET and part a) 
(Theorem 12.2.2/11.2.2 in ET) 



12. 



From part b, we have NxB = T=>BxN = -T. Also, N x T = -T x N = -B, so 
dN 

— — = — t (-B) + k (-T) = -kT + rB. 

ds 

dT ? 

r' = r' T = s'T, so r" = s"T + s'T' = s"T + s f — s f = s f/ T + k (s'Yn (see Exercise 11a.) 

ds 

v" = s"'T + s"T' + «' (5 7 ) 2 N + 2ks's"N + « (sf N' = s"'T + s"^s' + (/) 2 N + 2ks's"N + k (sf ^s'. Using 

v ' v ' ds v 7 y 7 ds 

dT dN 
the results — = /-cN and = — nT + rB from Exercise 1 1, we have 



x>" = s"'T + sV (kN) + ^ (s ; ) 2 N + 2ns' s"N + ^ (s') 3 (-kT + rB) 
= p" - k 2 (sf] T + [3#wV' + rc' (y) 2 ] N + k.t (s') 3 B 

so r' x r" = (s'T) x [V'T + ^ (^) 2 n] = (T x T) + k (sf (T xN) = k (s') 3 B and 

(r' x r") • r'" = (sf b] • j|V" - n 1 (sf] T + [3f»V + k' (sf] N + nr (sf bJ. Using the facts that B T = 0, 



B • N = 0, and B • B = 1, we have (r' x r") • r'" = k 2 t (sf. Therefore, 



(r' x r") 

I jj x j.A 



./// 



2_/_a6 



K T 



(*') 



= T. 



k(s') 
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B.l Concept Questions ET12.1 

See page 1034 (1030 in ET). Answers will vary. 2. See page 1036 (1032 in ET). Answers will vary. 

See page 1039 (1035 in ET). Answers will vary. 4. See page 1042 (1038 in ET). Answers will vary. 



B.l Functions of Two or More Variables ET 12.1 

a. / (1, 2) = l 2 + 3 (1) (2) - 2(1) + 3 = 8 

b. / (2, 1) = 2 2 + 3 (2) (1) - 2(2) + 3 = 9 

c. / (2h 9 3k) = (2h) 2 + 3 (2h) (3k) - 2 (2h) + 3 = Ah 2 + 18M -Ah + 3 

d. / (x + h, y) = (x + h) 2 + 3 (x + h) y - 2 (x + h) + 3 = x 2 + 2xh + h 2 + 3xy + 3hy -2x-2h + 3 

e. / (x, y + k) = x 2 + 3x (y + k) - 2x + 3 = x 2 + 3xy + 3xk - 2x + 3 

a. g(-l,2) = 



b. g(2,-l) = 



c. g (u, -v) = 



d. g (2, a) = 



2(-l)(2) 


-4 2 


2 (-1) 2 + 3(2) 2 


14 7 


2(2) (-1) 


-4 4 


2 (2) 2 + 3 (-l) 2 


11 11 


2 (II) (-D) 


2wo 


2( M )2 + 3(-d) 2 


~~ 2m 2 + 3 V 2 


2 (2) (a) 


Aa 



2 (2)2 + 3 (a) 2 8 + 3a 2 

2(u + v)v 2uv + 2v 



e. g (u + o, d) = — , , -, 

2{u + v) 2 + 3 (v) 2 2u 2 + 4uv + 5v 2 

a. / (1, 2, 3) = yi 2 + 2 (2) 2 + 3 (3 2 ) = 6 

b. / (0, 2, -1) = yjo 2 + 2 (2)2 + 3 (-l) 2 = vTT 

c. / (t, -t, t) = yjt 1 + 2 (-0 2 + 3t 2 = V6 \t\ 

d. / (u, u - 1, w + 1) = ^2 _|_ 2 (w - I) 2 + 3 (m + l) 2 = vW + 2m + 5 

e. f(-x,x, -2x) = y/(-x) 2 + 2x 2 + 3 (-2x) 2 = ^15 |*| 

a. g (2, 0, 3) = 2e°/ 3 = 2 

b. g(l,ln3, 1) = (l)^ 3 )/ 1 =3 

c. g (-1, -1, -1) = (-1) e(- x )/(-l) = -e 

d. g (?, f, t) = te 1 ! 1 = te 

e. g (r + /i, s + it, f + /) = (r + /i) g ('+*)/('+*) 
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5. Since / (x, y) = x + 3y — 1 is defined for all pairs (x, y) of real numbers, the domain of / is 
{(jc, y) | — oo < x < oo, — oo < y < oo}. The range of / is (z \ — oo < z < oo}. 

6. Since g (x, y) = x 2 + 2y 2 + 3 is defined for all pairs (x, y) of real numbers, the domain of g is 
{(x, y) | — oo < x < oo, — oo < y < oo). Since g (x, y) > 3 for all (x, y), the range of g is [z \ z > 3}. 

7. Since w 7^ 0, the domain of / is {(w, u) | 1/ ^ v}. The range of / is [z | —00 < z < 00}. 

8. We require that the radicand x — 2y > 0, so the domain of h is {(x,y) \ x > 2y). Since h can assume only nonnegative 
values, the range of h is {z \ z > 0). 

9. We require that the radicand 4 — x 2 — y 2 > 0 <=> x 2 + y 2 < 4, so the domain of g is y) | x 2 + y 2 < 4 J . The range of 
g is {z I 0 < z < 2}. 

10. We require that xy — 1 > 0 <=> xy > 1, so the domain of is {(x, y) | xy > 1}. The range of h is [z | —00 < z < 00}. 

11. We require that the radicand 9 — x 2 — y 2 — z 2 > 0 jc 2 + y 2 + z 2 < 9, so the domain of / is 

y, z)\x 2 + y 2 + z 2 < 9j. The range of / is {z | 0 < z < 3}. 

12. We require that y + z^0<=>z / — y, so the domain of g is {(*, y, z) | z 7^ — y}. The range of g is {z | —00 < z < 00}. 

13. Since tanx is not defined for x = y + H7r, n any integer, the domain of h is {(m, 0, | u 7^ y + «7r, w an integer}. The 
range of h is {z | —00 < z < 00}. 

14. We require that the radicand 4 — x 2 — y 2 — z 2 > 0 <=> x 2 + y 2 + z 2 < 4. But x 2 + y 2 + z 2 7^ 4 as well, because division 
by zero is not allowed. Thus, the domain of / is y, z) | * 2 + y 2 + z 2 < 4j . The range of / is j^j, 00^ . 



15. The domain of / is 

l(x,y) \ x > 0 and y > 0} 



16. The domain of g is 

l(x 9 y) I v ^2x} 



17. The domain of / is 

{(«, v) I u 7^ v, u 7^ —v] 







Hi 




■ 


■ 






/ 


/ 





18. The domain of /i is 

{(x,y) I xy > 1} 



19. The domain of / is 

{(x,y)|x>0,y>0) 



20. The domain of h is 

{(x,y) I x < y < x + 1} 
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X 




28. 




29 




31. a. The altitude at A is 200 ft. It is 400 ft at B. 

b. If you move north from A, you will be ascending. You will also be 
ascending if you move east from B, because you will be moving toward a 
level curve with a larger value. 

c. It is steeper at C where the level curves are closer together than at A. 

32. The point P is between the level curves with values —3.6 and —3.8, but closer to the former. We estimate the value of / at 
P to be approximately —3.68. The point Q is between the level curves with values 8 and 12.5. We estimate the value of / 
there to be approximately 10.5. 

33. c. 34. e. 35. a. 36. b. 37. d. 38. f. 





45. 



46. 



Section 13.1 Functions of Two or More Variables ET Section 12.1 195 




53. The level surfaces 2x + Ay — 3z + 1 = k are a family of parallel planes with normal vector (2, 4, — 3). 

54. The level surfaces 2x 2 + 3y 2 + 6z 2 = k consist of a family of ellipsoids (if k > 0) and the point (0, 0, 0) (if k — 0). 

55. The level surfaces x 2 + y 2 — z 2 = k consist of a cone with vertex the origin and axis the z-axis (if k = 0), a family of 
hyperboloids of one sheet with axis the z-axis (if k > 0), and a family of hyperboloids of two sheets with axis the z-axis (if 
k < 0). 

56. The level surfaces — x 2 — y 2 + z + 2 = k<^>z — k + 2 = x 2 + y 2 dxe, a. family of paraboloids with center (0, 0, k — 2) and 
axis the z-axis. 



57. a. 58. f. 59. c. 60. b. 61. e. 62. d. 
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63. a. 



64. a. 



65. a. 




Section 13.1 Functions of Two or More Variables ET Section 12.1 197 



66. a. 




b. 




X 



67. k = f (3, 4) = V^ 2 + 4 2 = 5, so an equation is jx 2 + y 2 = 5. 

68. k = / (-1, 2, -3) = (2x 2 + 3y 2 - z) I = 2 (-1) 2 + 3 (2) 2 - (-3) = 17, so an equation is 2x 2 + 3y 2 - z = 17 

V / I ( 1,2, 3) 

69. No. Suppose the level curves / (x, y) = ci and / (x, y) = C2 intersect at a point (xq, yo) and c\ ^ C2- Then 

/ ( x 0> yo) — c \ an( * / (*0> Jo) — c 2 where c\ # C2- Thus, / takes on two distinct values at (xq, yo), contradicting the 
definition of a function. 

70. The level set of / for k = 0 is the open unit disk with center the origin. The level curve of / for k = 3 is the circle with 
radius 2 and center the origin. 




71. a. 



Zi 


i 

/ 

/ 


~~ ~~ ~) 
/ 


7—-^ 

/ 

/ 

'3--. 


/ 

/ 


■2 


f ~ 


\r *** 







y 



b. For k = 0, we have x 2 -\- y 2 - 1 = 0 o x 2 + y 2 = 1. For k = j, we have 1 — a/* 2 + y 2 = ^ <^> x 2 + y 2 = 

* 2 + y 2 - 1 = £ <=> * 2 + y 2 = |. For* = 1, we have 1 - v 'x 2 + y 2 = 1 <=> (jc, y) = (0, 0) or x 2 + y 2 - 1 
x 2 + y 2 = 2. For = 3, we have x 2 + j 2 -U3oi 2 + j 2 = 4. 



= 1 
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72. a. M = f (80, 1.8) = ^ * 24.7 

to 

b. We solve 25 = — T <=^> ?/; = 81 kg. 



73. R = /(4,0.1) = 



1.8 2 
^(4) 
0.1 4 



= 40,000^ dynes 



74. a. The domain of S is {(W, #) | W > 0 and H > 0}. 
b. 5 = 0.007184 (70 0 - 425 ) (l78°- 725 ) » 1.871 m 2 

75. a. / (p*, /?y) = a (px)^ (py) l - b = ap b x b p l ~ b y x ~ b = pax b y x ~ b = pf (x, y) 

b. / ((l + j^q) x, (l + -j^q) y) = (l + -j^q) / (x, y), showing that the output is also increased by r% 



76. A = f (10000, 0.1, 3) = 10000<?( 01 ) 3 % $13,498.59 



77. After the 60th payment, their principal repayment will be B = 280,000 



(l + ^) 



12(30) 



19,447.80, so they will owe 



$260,552.20. After the 240th payment, their principal repayment will be B = 280,000 



so they will owe $151,210.04. 



12(30) 



128,789.96, 



- 1 



2 (20) (40) 

78. Q = f (20, 40, 5) = J ' — - ^ 17.89 and the optimal order quantity is 18 bicycles per order. 



7T 2 (600) 2 M (10) 39,478.42M 
79. F — f (AT, 600, 10) = V > V ; « 39,478.42M dynes or — % 40.28 times the earth's gravity. 



900 



80. The isotherms of T are T (x, y) — 



980M 



120 



1 + 2x 2 + y 2 



, ~ 9 ? 120 ~ 9 120 i 120 -k rt f _ 
1 + 2x 2 + y 2 = — <^> 2.x 2 + y 2 = — - 1 = , 0 < k < 120, 

which is a family of concentric ellipses. 
For T = 120, 2x 2 + y 2 = 0, the point (0, 0). 



For T = 60, 2x 2 + y 2 = 1 <^> 



(l/V5) 




For T = 40, 2x z + y 2 = 2 <^> -y + 

l z 



J' 



= 1. For J = 20, 2x 2 + y 2 = 5 <^> 



2 



(V572) 2 (V5) 



= 1. 



81. For yacht A, we have / (20.95, 277.3, 17.56) = 



20.95 + 1.25 (277.3 1 / 2 ) - 9.80 (n.56 1 / 3 ) 



0.388 



41.993. 



Since this is less than 42, yacht A satisfies the formula. For yacht B, we have 

21.87 + 1.25 (311.78 1 / 2 ) - 9.80 (22.48 1 / 3 ) 



/ (21.87, 311.78, 22.48) = 
satisfies the formula as well. 



0.388 



41.967. Since this is less than 42, yacht B 



kT C C 

82. The level curves of V are the curves described by V = — = C <=> T = — P, a family of half-rays with slope — 

P k k 

emanating from the origin. Each point (P, T) on the line has the same volume C. 
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83. The level surfaces of F are described by F = 



Gm\m2 



9 9 9 Gmxmn 
2 =k^x 2 + y 2 + z 2 = — 



, & > 0. Thus, the level 



surfaces of F are a family of concentric spheres centered at the origin. A spherical level surface gives the set of points at 
which the force exerted by m\ (located at the origin) on mi (located on the surface) has the same magnitude F. 



84. The equipotential curves <j> (x, y) = k,k a positive constant, are given by 

200x , 9 9 200.x 
150 s = k <=> x 1 + y 2 = — <=> 



^2 _|_ -y2 



2 



_ / 200 \ 
V 150 -k ) 



150 -k 

2 




150 




+ v 2 = 



/ 100 \ _ / ioo \ 

\ 150 — A: / ~ V 150 -k) 

/ 100 \ 2 
\150-k) ' 



2 



<=> 



an equation of a circle with center 



on the x-axis passing through the origin. For k = 15, the level curve is 

2 



v 



\ 











0 


1 r -1 

k 1 / : 


1 — i 

* / 3 


» 



^=75 



85. F = f 1100 - 10 °) (500) « 435 Hz 
V 1100 + 50 / v 7 



86. f(tx 9 ty) = 



(tx) (ty) — (ty) 2 t 2 xy — t 2 y 2 xy — y 2 



2 (fx) + (ty) 



2tx + ty 



2x + y 



= f/ (x, y), showing that / is homogeneous of degree 1. 



87. False. Let / (x, y) = x 2 + y 2 . Then / (1, 1) = 2 = / (-1, -1), and evidently P { (1, 1) ^ P 2 (-1, -1). 

88. True, /i (x, y) = — \JA — x 2 — y 2 and /2 (x, y) = ^4 — x 2 — y 2 are two of them. 



89. False. Let / (x, y) = x 2 + y 2 . Then / (x, y) = A: is not defined for k < 0. 



90. True. The family has equation ax + by + cz + d = k and each such plane has normal n = ai + b] + ck. 



B.2 Concept Questions 



ET ]2.2 



1. a. See page 1049 (1045 in ET). 



b. See page 1049 (1045 in ET). 



2. a. See page 1052 (1048 in ET). 



b. See page 1053 (1049 in ET). 



3. a. The function f (P,T) is continuous because the volume of the balloon varies continuously as the atmospheric 
pressure P and temperature T change. 

b. The function / (H , W) is continuous because the surface area of a human body varies continuously as its height H and 
weight W change. 

c. The function / (J, t) is not a continuous function because the fare does not vary continuously as the distance traveled 
changes. 

d. The function / (T, P) is continuous because the volume of the mass of gas varies continuously as its temperature T and 
pressure P change. 



4. Yes. If we define / (1, 2) to be 3, then lim / (x, y) = / (1, 2) and so / is continuous at (1, 2). 

(*,?)-> (1,2) 
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1. Along y — 0, 



lim 



2 2 

x z -y z x 
— lim 



. 0 — — . = lim i = ~. Along x = 0, 

(*,?)-> (0,0) 2x 2 + j 2 *->0 2x 2 x^O 2 2 



2 2 2 

x — y —y 

lim — = T = lim — ^- = lim (—1) = —1. Because these two limits are not equal, the given limit does not 

(*,?)-> (0,0) 2x 2 + y 2 y->0 y 2 y->0 

exist. 

2x 2 — 3xy + 4y 2 2x^ 

2. Along >' = 0, lim = = — lim — T = lim 1 = 1. Along x = 0, 

(jc,y)-»(0,0) 2x 2 + 3y 2 *->0 2.x 2 x->0 

2x 2 — 3;ty + 4y 2 4y 2 4 4 

lim = = = lim — =■ = lim - = - . Because these two limits are not equal, the given limit does not 

(*,>>)-> (0,0) 2x 2 + 3y 2 y-*0 3y 2 y^0 3 3 



exist. 



3. Along y = 0, 



lim — . = lim -^r = lim = 0. Along y — x, 

(*,?)-> (0,0) 3x 2 + y 2 *->0 3x 2 *->o 



3*y 3x 2 3 3 

lim — = 7T = lim — = ^ = lim - = -. Because these two limits are not equal, the given limit does not 

(*,?)-> (0,0) 3x 2 + y 2 x^0 3x 2 + x 2 *^0 4 4 



exist. 



4. Along y = 0, 



lim 



xy 



,2 



0 



~ , = lim — lim 0 = 0. Along x — y , 

(x,y)^(0,0);t 2 + y 4 x^Ox 2 *->0 

,2 



xy^ y 11 

lim -= t = lim — T = lim - = -. Because these two limits are not equal, the given limit does not exist. 

(*,>>)-> (0,0) + y 4 y->0 2y 4 y^0 2 2 



5. Along y = 0, 



lim 



2xy 



— lim 



0 



(*,>>)-> (0,0) Jx 4 + y 4 *->0 Vx 4 



= lim 0 = 0. Along y = x, 

x->0 



2jcv 2jc^ 

lim , = lim - = lim V2 = \fl. Because these two limits are not equal, the given limit does 

(*,?)-> (0,0) Vx 4 + y 4 *->0 ^4 + x 4 x ^0 



not exist. 



6. Along y = 0, 



shucy 0 
lim -= ?r = um = lim 0 = 0. Along y = jc, 

(jc,y)->(0,0) + y 2 ^Oj 2 jc->0 



sin^y sinx 2 1 sin* 2 1 sin0 1 



— lim 



— - lim 



x L + y L x^0 2x 2 2 x^0 x 2 
not exist. 

2xy — 2y 



= - lim 



7. Along y = 0, 



lim 



= - . Because these two limits are not equal, the given limit does 
2 0— >o 0 2 



0 



, n — = lim = lim 0 = 0. 

(x,y)->(l,0) x 2 +y 2 - 2jc + 1 *->l * 2 - 2x + 1 jc— > 1 



Along y = x — I, 

2xy — 2y 



lim 



= lim 



2y (jc - 1) 



= lim 



2y : 



(*,?)-> (1,0) x 2 + y 2 -2x + \ (*,y)-Kl,0) (x - l) 2 + y 2 y^0 y 2 + y 2 

= lim 1 = 1 

y->0 

Because these two limits are not equal, the given limit does not exist. 




8. Along x = 0, 



lim 



xy cosx 



(*,?)-> (0,0) 2x 2 + y 6 



lim 



xy^cosx y 6 cosy 3 
= lim 



(*,?)-> (0,0) 2x 2 + J 6 y^0 3y 6 
not exist. 



0 o 

= lim — r = lim 0 = 0. Along x = y , 

y->0 y 6 y-*0 

cos y 3 1 

= lim — - — = - . Because these two limits are not equal, the given limit does 
j->0 3 3 
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9. Along the .x-axis, lim ~*~ ^ — X7 1 — lim = 0. Let C denote the curve with parametric equations 

(*,y,z)-> (0,0,0) + v 2 + z 2 jc->0 x 2 

xy + yz + xz 3t 2 

x = t,y = t,z = t. Then along C, lim — ^ — — lim — T = lim 1 = 1. Because these two limits are 

Gc,y,z)->(0,0,0) x 2 + y 2 + z 2 t^0 3t 2 t^O 

not equal, the given limit does not exist. 

^xyz 0 

10. Along the y-axis, lim = =■ = lim — lim 0 = 0. Let C denote the straight line with parametric 

(*,y,z)-> (0,0,0) x 3 + y 3 + z 3 y->0y 3 y^0 

2xyz 2t 3 2 2 

equations x = t,y = t,z = t. Then along C, lim -= = T = lim — =- = lim - = -. Because these two 

(x,y,z)-> (0,0,0) x 3 + y 3 + z 3 *->0 3f 3 r->0 3 3 
limits are not equal, the given limit does not exist. 

xz 2 + 2y 2 0 ? ? 

11. Along the z-axis, lim x t — lim — r = lim 0 = 0. Let C \ x — t L ,y — t L ,z — t. Then along C, 

(x,y,z)^ (0,0,0) x 2 + 2y 2 + z 4 z^0 z 4 z^0 

xz 2 _j_ 2y 2 t 4 + 2t 4 3 3 

lim —= « 7 = lim -= -= T = lim — = — . Because these two limits are not equal, the given limit 

(x,y,z)-> (0,0,0) x 2 + 2y 2 + z 4 r->0 f 4 + 2f 4 + r 4 m0 4 4 

does not exist. 

xy . 0 

12. Along the z-axis, lim — = = lim — = 0. Along the line y = x, z = 0, 

(x,y,zH (0,0,0) x 2 + y 2 + Z 2 z^0 z 2 

xy x 2 1 1 

lim — = « = lim — ^ K — lim - = -. Because these two limits are not equal, the given limit does 

(x,y,z)^(0,0,0)x 2 + y 2 + z 2 x->0 x 2 + x 2 x^0 2 2 

not exist. 



13. lim (x 2 + 2y 2 ) = l 2 + 2 (2 2 ) = 9 



(x,y)^(\,2) 

14. lim (2x 2 + xy + 3y + l) = 2 (l) 2 + (1) (-1) + 3 (-1) + 1 = -1 

(*oO->(i,-i) v / 

2x 2 - 3y 3 + 4 2(l) 2 -3(2) 3 +4 

15. lim = -— — = —18 

(*,v)->(l,2) 3-*y 3 - (1) (2) 

16 lim X + 2yl = ~ 1 + 2(3 > 2 = _1Z 

* (*,v)hK-1,3) (* - 1) (>' + 1) (-1 - 1) (3 + 1) 8 

17. lim — T = 7s = 3 

(*,v)-Kl -2) 2* 2 - y 2 2(1) - (-2) 2 

18. lim x 2 sinTr (2jc + y) = 1 sin-zr (2 + l) = sin 3£ = 1 

(jc,y)->(l f l/2) V 2 7 2 

e Jx+y 0 

19. lim = — = -1 

(*,?)-> (0+0+) * + y- 1 -1 

20. lim «in- 1 fr/y) = gn^0 =Q 

(*,)>)-> (0,1) 1 + (*/)>) 1+0 

tan -1 (x/y) tan -1 1 tt/4 1 

21. lim = . = = = — 

(jc,y)->(l,l) cos -1 (* - 2y) cos -1 (-1) tt 4 

22. lim e~ x sin -1 (y - jc) = e° sin -1 1 = £ 

(x,y)^(0,l) 2 

23. lim In fx 2 - 3yV= In (4 - 3) = In 1 = 0 

(*,y)->(2,l) V 7 J 

24. lim ^V^+F = e ^25 = ^5 

(*,?)-> (3,4) 

^y + yz + xz 2 + 6 + 3 11 

25. lim — = — 

(jc,v,z)->(l,2,3) *vz-3 6-3 3 
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26. lim [e s in 7ZX + In (cos n (y - z))] = e° + In (cos 2tt) = 1 + In 1 = 1 



(*,y,z)-> (0,3,1) 



27. 



r 3 , v 3 r 3 (cos 3 0 + sin 3 O) 

_ lim ~ 9 -=° 

(*,?)-> (0,0) + y 2 r^0+ r 2 



lim 



28. 



sin(2* 2 + 2y 2 ) sin2r 2 sin2r 2 

lim ^ — — = lim — = 2 lim ^~ 

r _^ 0 + 2r 2 



(*,?)-> (0,0) 



X 2 _j_ -y2 



= 2 



r^0+ r 



29. lim (x 2 + y 2 ) In fx 2 + y 2 ) = lim r 2 lnr 2 — lim w In u = lim 

(jc,y)->(0,0) V / V / r^0+ m^0 1/m 



= lim 



(V») 



(using l'Hopital's Rule) 



— lim (— w) = 0 

w— >0 



30. 



31. 



tan (lx 2 + 2y 2 ) 
lim — = ^- = lim 



tan 2t* 2 4r sec 2 2r 2 2 

y = lim = — - = - (using l'Hopital's Rule) 

r->0+ tanh3r z r->0+ 6r sech 2 3r 2 3 



32. 



(x,y)->(0,0) tanh (3;t 2 + 3y 2 ) 

The function / is a rational function and is continuous at all points where its denominator is nonzero. Thus, / is continuous 
on l(x, y) | 2x + 3y ^ 1}. 

The function / is a rational function whose denominator x 2 + y 2 = 0 => (x, y) = (0, 0). Thus, / is continuous on 
{(*, y) | (x, y) ? (0, 0)}. 



33. The function g is continuous for all (*, y) such that x + y > 0 and x — y > 0; that is, on {(*, y) | x > 0, |y| < x}. 

34. The function / (x, y) = 2.x + 3y is a continuous polynomial function. The function g (u) = sin w is continuous for all w, so 
the composite function h = g o / defined by /z (x, y) = sin (2.x + 3y) is continuous for all (x, y). 

35. We require that .x > 0 and y # 0. Thus, F is continuous on {(*, y) | x > 0, y 7^ 0}. 

36. The natural logarithmic function \nu is continuous for u > 0, so G is continuous on {(.x, y) | 2* > y}. 

37. The function / is rational, and thus continuous at points at which its denominator is nonzero. Thus, / is continuous on 
{(x,y)|x 2 + y 2 + z 2 #4). 

38. The function g is continuous at all points where x > 0 and y + z > 0. Thus, g is continuous on {(x, y, z) \ x > 0, z > — y}. 

39. The logarithmic function / (w) = \nu is continuous for w > 0, so /z is continuous on {(.x, y, z)\ yz> 1}. 

40. The function f (u) = tan w is continuous for u ^ y + /27T, « an integer, so F is continuous on 
{(.x, y, z) I z # 0 and y/z # y + W7l % w an integer}. 



41. 



a. Since xy is continuous for all values of x and y and the 
sine function is continuous everywhere, we see that / 
is continuous in the plane except possibly at xy = 0 
where the denominator of / (x, y) is equal to zero. To 
see what happens when xy = 0, let (a, b) be any point 
in the plane such that ab — 0. Then if we put t — xy, 
then t -> 0 as xy -> 0. Thus 



b. 



1 



0 



lim 



sinxy shU 
— lim = 1 



(x,y)^>(a,b) xy 



f->0 t 



so lim / (x, y) = / (a, b) for all (a, b), and / 

(*,y)->(0,0) 

is continuous on the plane. 




Section B. 2 Limits and Continuity ET Section 12.2 203 



42. Since 



x 



smx 



is continuous for all x ^ n7v 



{n = 0, ±1, ±2, . . .) and y is continuous for all y, we 



x 



see that - h y is continuous for all points (x, y) 



smx 



such that x ^ rnr (n = 0, ±1, ±2, . . .). 



b. 




10 



X 



43. h (x,y) = g(f (x, y)) = f (x, y) cos / (x, y)+sin / 0, y) = (x 2 - xy + y 2 ) cos (x 2 - xy + y 2 )+sin (x 2 - xy + y 2 ). 

The polynomial function f (x,y) — x 2 — xy + y 2 is continuous everywhere and the function g (t) = t cos t + sinf is 
continuous for all values of z% so h — g o / is continuous on the entire xy-plane. 

44. h (x, y) = g(f (x, y)) = f (x, y) e~f^ = (x 3 + xy - xy 2 + y 3 ) e -(* 3 +-*y-*y 2 +y 3 ) . T he function 

f (x,y) — x 3 + xy — xy 2 + y 3 is a polynomial function, and thus continuous everywhere. The function g (t) = ?<? -/ is 
also continuous everywhere, so h = g o / is continuous everywhere. 

45. /z y) = g (f (x, y)) = ^' ^ , = — — -. The polynomial function / (x, y) = 2x — y is continuous 

/ y) - 1 2x - y - 1 

? + 2 

everywhere, and the rational function g (t) = is discontinuous at t = 1, so the function h — g o f is discontinuous 

^ 1 

where 2x — y = 1; that is, h is continuous on {(x, y) | 2x — y ^ 1}. 

46. /z y) = g (f (x, y)) = V/ (*> )0 + tt~ — r — Jx — 2y + 3 H -. The polynomial function 

/ (x, y) x - 2y + 3 

/ (x, y) = x — 2y + 3 is continuous everywhere. The function g (t) = ^/t + l/t is defined and continuous on (0, oo), so 
h = g o f is continuous on {(*, y) | x — 2y + 3 > 0}. 

47. /z y) = g (f (x, y)) = cos / y) = cos (x tany). The function / (x, y) = * tany is discontinuous at 

y = y + /i7T, n an integer. The function g (t) = cos t is continuous everywhere. Thus, h — g o / is continuous on 

{(*, y) | y 7^ y + nn, n an integer}. 

2 2 

48. /z (x, y) = g (f (x, y)) = = e^ lnx ^ . The function / (x, y) = y In* is continuous on {(jc, y) | x > 0}. The 

function g (t) = e ? is continuous everywhere. Thus, h = g o f is continuous on {(x, y) | x > 0}. 

49. Let £ > 0 be given and consider \f (x, y) — c\ — \c — c\ = 0 < e. This is true for all (x, y). Therefore, we can pick S to be 

any positive number, and then 0 < yj (x — a) 2 + (y — b) 2 < <5 => |/ (x, y) — c\ < e. Because e is arbitrary, the proof is 
complete. 



50. Let e > 0 be given and consider \f (x, y) — b\ — \y — b\ — y (y — b) 2 < y (x — a) 2 + (y — b) 2 . If we pick S = e, then 
yj (x — a) 2 + (y — b) 2 < d implies that \f (x, y) — b\ < e. Since e is arbitrary, the proof is complete. 



51. Let e > 0 be given and consider \f (x, y) — 0| = 



3xy 



x 2 + y 2 



y 2 

= 3 \xy\ -f- — 7T < 3 \xy\ for (x, y) # (0, 0). Using the 

x z + y z 



fact that (|*| - |y |) 2 > 0, we can write 3 \xy \ < 3 (x 2 + y 2 ^) = 3 (V-* 2 + y 2 ) . Thus, if we pick S = J^e, then 
y/x 2 + y 2 < (5 implies that |/ (x, y) - 0| < 3 (^e) = s. Since £ is arbitrary, the proof is complete. 
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52. If c — 0, the result follows immediately, so suppose c ^0. Let e > 0 be given. Since lim f (x,y) = L, 

(x,y)^(a,b) 



53. 



there exists S > 0 such that y (* — a) 2 + (y — b) 2 < S implies that \f (x, y) — L\ < e/\c\. Consider 
\cf (x, y) — cL\ = \c [/ (x, y) — L]| = \c\ \f (x, y) — L\. Thus, if we pick 5 — e/ \c\, then d > 0, and if 

(x — a) 2 + (y — b) 2 < d, we have \cf (x, y) — cL\ = |c| |/ (x, y) — L\ < \c\ (e/ \c\) = £. Since £ is arbitrary, the proof 
is complete. 

True. If lim / (x, y) = L\ along a path C\ and lim / (x, y) = L2 along a different path C2, where 

(x,y)^(a,b) (x,y)^(a,b) 

L\ ^ L2, then in any neighborhood of (a, b) there are values f (x,y) that are close to L\ and values that are close to L2, 
and so lim / (x, y) cannot exist. 

(x, y)->(a,b) ' 



54. False. Let f (x,y) = 



x + y if (jc,y) # (1, 1) 
3 if(*,y) = (l,l) 



Then lim / (x, y) = 1 + 1 = 2 # 3 = / (1, 1) 

(x,y)->(U) 



55. True. The function g is continuous at (a,b); so is the function /z. Therefore, the product of g and h defined by 
f (x, y) = g (x) h (y) is also continuous at (a,b). 



56. False. Let / (x, y) = 



x + 2y if (1,3) 
4 if(*,y) = (l,3) 



Then /(1,3) = 4, but 



(x,y)^(l,3) (*,y)->(l,3) 



57. True. This follows from the definition of continuity. 

58. True. By Theorem 3, h = g o / is continuous at (a, b), and by the definition of continuity, 

lim g(f(x,y)) = g(f(a,b)). 

(x,y)^(a,b) 



B.3 Concept Questions 



1. a. See page 1060 (1056 in ET). 



b. See page 1060 (1056 in ET) 



2. See page 1060 (1056 in ET). 

dx 

3. F (x, y, z) = 0, so F x — + F z = 0 

4. See page 1067 (1063 in ET). 



dx 
dz 



— — — . Answers will vary. 
Fx 



ET12.3 




1. 



a - /*(*>)0 = ^(* 2 + 2y 2 ) = 2x ^ A (2, 1) = 2(2) = 4and/ y (*,?)= ^ (* 2 + 2y 2 ) = 4y ^ 
yy(2,l)=4(l) = 4. 

b. fx (2, 1) = 4 says that the slope of the tangent line to the curve of intersection of the surface z = x 2 + 2y 2 and the plane 
y = 1 at the point (2, 1, 6) is 4. f y (2, 1) = 4 says that the slope of the tangent line to the curve of intersection of the 

surface z — x 2 + 2y 2 and the plane x — 2 at the point (2, 1, 6) is 4. 

c. (2, 1) = 4 says that the rate of change of / (x, y) with respect to x with y fixed at 1 is 4 units per unit change in x. 
f y (2, 1) — A says that the rate of change of / (x, y) with respect to y with x fixed at 2 is 4 units per unit change in y. 



6 



2. a. /jc (*, y) = 5;c 

=>/ v (l,2) = -7. 



(»- 



x 2 + xy 



- 2y 2 ) = - 



= -2x + y 



A(l,2)=0and/ y (x,y)= ^ (9 - x 2 + xy - 2y 2 ) = x - 4y 
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b. f x (1, 2) = 0 says that the slope of the tangent line to the curve of intersection of the surface z = 9 — x 2 + xy — 2y 2 and 
the plane y = 2 at the point (1, 2, 2) is 0. /y (1, 2) = —7 says that the slope of the tangent line to the curve of 

intersection of the surface z = 9 — x 2 + xy — 2y 2 and the plane x = 1 at the point (1, 2, 2) is —7. 

c. fx (1, 2) = 0 says that the rate of change of / (x, y) with respect to x with y fixed at 2 is 0 units per unit change in x. 
/y (1, 2) = —7 says that the rate of change of / (x, y) with respect to y with x fixed at 1 is —7 units per unit change in y. 

3. At the point P, g£ < 0 and < 0. At the point 2, both |£ and are 0. At the point R, 2£ < 0 and > 0. 

4. Figure b is the graph of /, Figure a is the graph of f x , and Figure c is the graph of f y . Observe that the surface in b has a 
relative maximum at (0, 0) and both Figure a and Figure c have z = 0 at (0, 0). Also, as we move from (—2, 0) along the 
y-axis, / increases and reaches a relative maximum at (0, 0), then decreases thereafter. Since z is positive for y < 0 when 
x = 0 is fixed, z = 0 at y = 0, and z becomes negative and approaches zero in Figure c, we conclude that Figure c is the 
graph of fy . A similar analysis shows that Figure a is the graph of f x . 



5. fx (3, 2) 



/ (3.7, 2) - / (3, 2) 95-100 



3.7 - 3 0.7 
7.1°F/in. in the positive x-direction. 



—7.1, so the temperature at (3, 2) is dropping at the rate of approximately 



fy (3, 2) 



/ (3, 3.3) - / (3, 2) 95-100 



3.3-2 1.3 
3.8°F/in. in the positive y-direction. 



—3.8, so the temperature at (3, 2) is dropping at the rate of approximately 



6. fx(x 9 y) = £(3x-4y + 2) = 3mdf y (x,y) = ^(3x-4y + 2) = -4. 

7. fx (x, y) = ^ (2x 2 - 3xy + y 2 ) = 4* - 3y and /y (x, y) = ^ (2x 2 - 3xy + y 2 ) = -3* + 2y. 

8. |§ = (2x 3 - 3x 2 y 3 + xy 2 - 2x) = 6x 2 -6xy 3 + y 2 -2 and f| = ^ (2x 3 - 3x 2 y 3 + xy 2 - 2x) = -9x 2 y 2 + 2xy. 



= ^(- 1/2 



9 -f X =h^=^ WA fy 8y 



) = ^y-' /2 = 



X 



2V7 



10. A (*> y) = |r ( 2 * 2 - y 3 ) =4 (2x 2 - y 3 ) jL (2x 2 - y 3 ) = 4 (2x 2 - y 3 ) (4x) = 16* (2x 2 - y 3 ) and 

/y (*> y) = & ( 2 * 2 - y 3 ) 4 = 4 ( 2 * 2 - y 3 ) 3 ( 2 * 2 - y 3 ) = 4 ( 2 * 2 - y 3 ) 3 (-3y 2 ) = -i 2 y 2 ( 2 * 2 - y 3 ) 3 - 

11. g r (r, s) = I (VF + s 2 ) = ^r- 1 / 2 = -1= and g s (r, s) = & (^F + ,5 2 ) = 25. 



12. /i H («, o) = 



a 



9w 



(" 2 + ^ = »2 + v 2 



2u 2v 
and by symmetry, n v (u, v) 



u 2 + d 2 



U 2 + D 2 



13. fx (x, y) = ^ (xe>'/-*) = e?/* + = (i - I) and /y (*> y) = ^ = = 

14. /jp (x, y) = ^ cosy + sinx) = e x cosy H-e^ cosx and f y (x, y) = JL {e x cosy + ^ sinx) = — e x sin y + e y sinx. 



15. 



dx 
dz 



dy dy 



16. (x, y) = 



/y (x, y) = 



5 r i / 2 2 \-| 31 + 2x 

— tan" 1 (x 2 + y 2 ) = ^ % = y 

axL V /J i + ( x 2 + }; 2) 2 i + ( x 2 + }; 2) 2 

^ [tan-l(x 2 + y 2 )] = - 



and 



+ (x 2 + y 2 ) 



d 



dx 
d 



(3 - 2x 2 - y 2 ) 



1/2 



1 (3 _ 2x 2 - y 2 ) 1/2 (-4x) = - 



2x 



dy 



(3 _ 2x 2 _ y 2j 



\V2 



l( 3 _2x 2 -y 2 ) 1/2 (-2y) = - 



V3 - 2x 2 - y 2 

>' 

/ 3 ?x 2 - v 2 " 



and 
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17. g u (u, v) = 



d ( uv \ (" 2 + ° 3 ) (°) ~ ( MU ) ( 2m ) v ( y3 ~ 

d / «u \ (" 2 + ° 3 ) (") _ ( 3y2 ) "(w 2 -2o 3 ) 
go (u, v) = — I -= v ) = ~ = 5—. 



and 



(« 2 + 0 3 ) Z ( M 2 + u 3) 

18. f x (x,y) = (sinhxy) = y coshxy and /y (x, y) = (sinh-xy) = ^ cosh xy. 



2 



19. g x (x, y) = — I jc cosh - ) = 2* cosh — h ( x sinh — I I — I = 2x cosh — | sinh — and 

dx \ y) y \ y) \yj y y y 

3 



g y (x,y) = ^- (x 2 cosh- ) = (x 2 sinh - ) |-4r ) = -^r sinh-. 

dy \ y) \ y)\y 2 ) y 2 y 



20. *± = L [in (e* + y»)1 = dX * ' ; t . = _f~ ^ f£ = * [in (e* + y A] = dy V ' ' J . = 
a* 5xL \ /J ^+y 2 e^+y 2 dy dy L V /J + y 2 ^ + j2 

21. A (x, y) = JLy x = y x \ny and f y (x, y) = ^y x = xy*- 1 . 

22. f x (x, y) = ^ cost dt — —-^ J* cos tdt — — cos x and /y (x, y) = cos r = cos y. 

23. A (x, y) = £ jy te-t dt = J* te" % dt = -xe~ x and f y (x, y) = % J x y te~ % dt = ye~y. 

24. fx (x, y,z) = £ (2x 3 + 3xy + 2yz - z 2 ) = 6x 2 + 3y 9 f y (x, y,z) = -§- (2x 3 + 3xy + 2yz - z 2 ) = 3x + 2z, 



2y 



and 



/ z (*, y, z) = £ (2^ 3 + 3*;y + 2yz - z 2 ) =2y- 2z. 



25. fo = £ (jcl/2yl/2 z l/2) = 1^-1/2^1/2,1/2 = ^ By symmetry, (x, z) = ^ 



2x ' " 2 y 



and 



8z (x,y 9 z) = 



2z ' 

U\ A) „U 1 U -C ( \ d („JO ». „U 1 U\ „u 



26. f u (u, i), 10) = -^ (ue v - ve u + we u ) = e v - ve u + we u , f v (u, v, w) = (ue v - ve u + we u ) = ue v - e u , and 
f w (u, v,w) = £- (ue v - ve u + we u ) = e u . 

27. d - = A ( xe y/z-A = e y'\ — = - (xey/z-z 2 ) = xey/^(-) = -e^, and 
dx dx V / dy dy \ / \z / z 



du a 



a^ az 



(jc^A - z 2) = _ 2z = _*j_ e ylz _ 2z . 



28. — = —x sin = sin — h ( jc cos — ^— | — (x + z) l ~\ = sin — h (x cos -— — ) \-y (x + z) 2 ] 

dx dx x + z x + z\ x + z/axL J x + z\ ^ + z/L -I 



y x y y 

— sin cos 



^ + z (jc + z) 2 x + z 




aw a . y y a 

= — x sin = x cos 



az az x + z * + z az 

cos 



[y (x + z)" 1 ] = cos -^-^ [-y (jc + z)" 2 ] 



(x + z) 2 + z 



a a /i\ 

29. f r (r,s,t) = — r^ln^r = ^ln^r, / 5 (r, ^, r) = — r.s'ln^r = rhm + rs I - J = rln^r + r, and 



ar v ' ' 7 a^ 



a a 

// (r, 5, = — rs Inst = rs — (In 5" + \nt) — — . 
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Pi 



™ 0 ( 9 ?\ 5 /ox ~ dz ^ dz ^ dz 2xy + z 

30. — ( x 2 y + xz + yz 2 ) = — (8)^2xy + z + x— + 2yz — = 0^ — = f— and 

dx \ /ox OX OX OX X + 2yz 

5 / o o\ 5 o dz o „ dz dz x 2 + z 2 



(x 2 y + xz + yz 2 ) = — (8) => x 2 + + z 2 + 2yz^ = 0 
V / ov dv dv 



dy \ J dy dy dy dy x + 2yz 

f") ^ c)7 VP X — £^ 3 d 

31. _ + yg-* + *z) = _ (10) => e y - ye~ x + e z — = 0 => — = and — (jce* + ye"* + e z ) = — (10) 

dx dx dx dx e z dy dy 

v r xe> + e ~ X 
=> xe> + e~ x + e z — = 0 => — = . 

dy dy e z 

32. — [2cos (x + 2y) + sin yz - ll = — (0) => -2sin(x + 2y) + (y cos yz) — = 0 => — = * — 

dx dx dx dx y cos yz 

and — f2cos(x + 2y) + sin yz - ll = — (0) => -4sin(x + 2y) + (cos yz) ( z + y— | = 0 => 
dy L J dy \ dy / 

dz _ 4 sin (x + 2y) — z cos 

dy y cos yz 



. — In (x 2 + z 2 ) + yz 3 + 2x 2 = — (10) => — 0 f*- + 3yz 2 ^ + Ax = 0 => = ^ = 4- and 

dx L V / J dx x 2 + z 2 dx dx z (3yz 3 + 3x 2 yz + 2) 



dy 



[in (* 2 + z 2 ) + yz' + 2* 2 1 = f (10) => -^2 + ^ + 3 ^ ? = 0 - ? = 7 - 
L V / J x 2 + z 2 3>> dy 3yz 3 + 3x 2 yz + 2 



and 



34. a (*, y) = -t ( x4 - 2x2 >' 3 + y 4 - 3x ) = 4x2 - 4x y 3 - 3 ' fy ( x - y) = 4y ( x4 - 2x2 y 3 + y 4 - 3x ) = ~ 6x2 y 2 + 4 y 3 > 

fxx(x,y) = (4x 3 - 4xy 3 - 3) = 12* 2 -4y 3 = 4(3x 2 -y 3 ), 

fyy = i§ (-6x 2 y 2 + 4y 3 ) = -12* 2 y + 12y 2 = I2y (y - x 2 ), f xy = £ (4x 3 - 4xy 3 - 3) = -12xy 2 , 
fy* = W (-6*V + 4y 3 ) = -12xy 2 . 

• gx(x,y) = £ (x 3 y 2 + xy 3 - 2x + 3y + l) = 3x 2 y 2 + y 3 - 2, 

s y (x, y) = Sy- ( x3 y 2 + x y 3 - 2x + 3 > + 0 = 2 * 3 y + + 3 ' ( x ' = h ( 3x2 y 2 + y 3 - 2) = 6xy 2 , 

g yy = ^ (2x 3 y + 3xy 2 + 3) = 2x 3 + 6xy, g xy = ^ (3x 2 y 2 + y 3 - 2) = 6x 2 y + 3y 2 , and 
g yx = £ (2x 3 y + 3xy 2 + 3) = 6x 2 y + 3y 2 . 



35 



36. 



dz d ( o„ az 5 



(x^ 2 >' + ye 2 *} = e 2 y + 2ye 2x , — = — (xe 2 y + ye 2 *} = Ixe^ + e 2x , 



5^: 5x V / 5y dy 

0(*.3O = £(^ + 2 ^ 2 0 = 0^'^ = ^( 2jcg2y + g2x ) = 4xe2y ' 

d 2 Z d / - o,A . ov- - o„ . 5 2 Z 



= _ + 2jcg 2y\ = 2 ^2x + 2 ^2>- 5 and L = _ ( e 2y + 2} ;^2x\ = 2g 2^ + 2 ^2y 

5^: dy dx \ / 5y 5x 5y V / 

dw d 

37. — = — [cos (2u — v) + sin (2m + d)] = —2 sin (2m — v) + 2 cos (2w + v), 

du du 

dw d d 2 w 

— = — [cos (2u — v) + sin (2u + v)] = sin (2u — v) + cos (2w + y), — T = —4 cos (2w — y) — 4 sin (2w + u), 

dv dv du 1 

d 2 w . d 2 w d 2 w 

= — cos (2w — d) — sin (2u + u), and — — 2 cos (2u — v) — 2 sin (2w + v). 



^7^2 Pi< Pj) r)i.i 
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38. 



dz 



O 



dx dx 



( 



x 2 + y 2 



= 7 \* 2 + y 2 ) 1/2 ( 2x ) = *{x 2 + y 2 ) 



-1/2 



x 



y/x 2 + y 2 ' 



= y (x 2 + y 2 J 



a 2 z 



5 



ay 



V^2^2' ax 2 ax _ 



* (* 2 + j 2 ) 



-1/2 



= (x 2 + y 2 ) V2 + 



x (-?)( x2 + y 2 ) V2 ( 2x ) = 



y 



d 2 z 



X 



( x 2 + y 2)3/2 ' 3y 2 ( x 2 + y 2) 



by symmetry, and 



a 2 z a 



dy dx dy 



x 



(x 2 + y 2 ) 



-1/2 



= (, 2 + , 2 )- 3/2 (2,) = - 



xy 



a 2 z 



( x 2 + ;y 2)3/2 5 xay 



, also by symmetry. 



39. 



a / 

h x (x,y) = — ( 



tan 1 - } ^ 

a^ v x 



-l ?\ -^A 2 



+ (y/x) 
-i 



x 2 + y 2 



»M*»30 = ^ ( tan 1 ^) = 



1/x 



* ' 1 + (y/*) 



X 2 + y 2 ' 



hxx (*, y) = — -y (* 2 + y 2 ) = -y (-1) (* 2 + y 2 ) (2x) = 



2xy 



hyy(x,y) = 



a / x 



dy \x 2 + y 2 



)-- 



(x 2 + j 2 ) 



2' 



2xy 



(x 2 + j 2 ) 
-1' 



, and 



h yx (x, y) = h xy (x, y) = I -y (x 2 + y 2 ) 



= -(* 2 + y 2 ) l -y(-i)(x 2 + y z ) \2y) = 



y 2 - x 2 
(x 2 + y 2 ) 



40 



41 



. fx (x, y) = £t (x 3 + y 3 ~ 3x 2 y 2 + 2x + 3y + 4) = 3x 2 - 6xy 2 + 2 => (x, y) = ^ (3x 2 - 6xy 2 + 2) = 6x - 6y 
^f xxx = £(6x-6y 2 )=6 

. A (*, y,z) = & (x 4 - 2x 2 y 2 + xy 3 + 2y 4 ) = 4x 3 -4xy 2 +y 3 => / xy (x, y,z) = -§- (4x 3 - 4xy 2 + y 3 ) = -8xy+3y 



(x, y, z) = £ (-8xy + 3y 2 ) = -8y 



42. / y (*,y,z) = -[ln(x 2 + y 2 + z 2 )] = 



2j 



x 2 + y 2 + z 2 



/y* z) = 



a 



/yjcz (x,y,z) = 



dx 

a 
az 



2y (x 2 + y 2 + z 2 ) = 2y (-1) (x 2 + y 2 + z 2 ) (2x) = - 



4xy 



(x 2 + y 2 + z 2 ) 



-4xy (x 2 + y 2 + z 2 ) = (-4xy) (-2) (x 2 + y 2 + z 2 ) (2z) = 



16xyz 



(x 2 + y 2 + z 2 ) 3 



^ ^Z ^ / -x 

43. — = — (x cos y + y sin x) = cos y + y cos x 

a^ ax 



a 2 z 



a 



dy dx dy 



— — (cos y + y cos x) = — sin y + cos x 



a 3 z 



a 



- = — (— sin y + cos x) = — sin x 

dx dy dx dx 



dp a 

dv dv 



44. — = — e uvw = uwe uvw 



d 2 p 



a 



dwdv dw 



( 



uwe 



III) ID 



) = (u + u 2 vxd) e uvw 



d 3 p 



du dw dv 



= — [(u + u 2 vid) e uvw ~\ = (1 + 2aow) g 



www 



+ 



= (u 2 v 2 w 2 + 3«t>u; + 1^ 



uvw 



45. fc z (x, y, z) = f z [e x cos (y + 2z)] = -2e x sin (y + 2z) ^ (x, y, z) = -4^ x cos (y + 2z) 
^zzj (x 9 y,z) = 4e x sin (y + 2z) 



46 



. /jc y) = m { x2 + + ^) = 2x + 4jc ^ => Ay fr, y) = ^ (2* + 4xy) = 4x and 

fy y) = m (* 2 + 2x2 ^ + ^ 3 ) = 2x2 + 3 ^ 2 => fy* y) = ^ ( 2 * 2 + 3j 2 ) = 4x, so f xy = f : 
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47. f x (x, y) = ^ (x sin 2 y + y 2 cos*) 



= sin 2 y — y sin x 



fxy (x » y) = ^sin 2 y — y 2 sin x) = 2 sin y cos y — 2y sin x 



and 



f y (x, y) = (x sin 2 y + y 2 cos x) = 2* sin y cos y + 2y cos x 



/y* 0> y) = 37 (2x sin y cos y + 2y cos x) = 2 sin y cos y - 2y sin x, so = f yx . 



48. A (x, y) = £ (e" 2 * cos3y) = -26>" 2 * cos3y => (*, y) = ^ (-2e" 2 * cos3y) = 6e~ 2x sin3y and 

f y (x, y) = ^ (e~ 2x cos3y) = -3e~ 2x sin3y => (x, y) = ^ (-3<? -2x sin3y) = 6e~ 2x sin3y, so f xy = f yx . 



49. A (*, y) = _ [tan" 1 (x 2 + y 3 )] = - 



2x 



+ (x 2 + y 3 ) 



fxy(x,y) = 



d 



dy 



2x 



1 + (x 2 + y 3 ) 



2 



-i-l 



= 2jc(-1) 



2 

1 4- (x 2 + y 3 ) 2 (2)(x 2 + y 3 )(3y 2 ) = - 



12xy 2 (x 2 + y 3 ) 

[i + ^ + y 3 ) 2 ]' 



and f y (x, y)=Qj [ tan_1 (x 2 + ? 3 )] = " 



3y 



fyxfay) = 



d 



dx 



3j 



2 



1 + (x 2 + y 3 ) 



2 



-.-1 



4- (x 2 4- y 3 ) 



= 3y 2 (-l) 



2~|~ 2 

1 4- (x 2 + y 3 ) (2)(x 2 + y 3 )(2x) = - 



12xy 2 (x 2 + y 3 ) 

[i + ^ + y 3 ) 2 ]' 



SO /j-y — fy X . 



50. (*, y, z) = ^ (* V - y 2 z 3 ) = 2x y 3 => fxy (x, y, z) = 6xy 2 => f xyz (x, y, z) = 0, f y (x, y, z) = 3x 2 y 2 - 2yz 3 => 
/ yjc (*, y, z) = 6xy 2 => / yjcz (*, y, z) = 0, and f z (x, y, z) = -3y 2 z 2 => f zy (x, y, z) = -6yz 2 => f Z yx (x, y, z) = 0, so 

fxyz = fyxz — fzyx- 



51. f x (x,y,z) = ^{9-x 2 -2y 2 -z 2 ) l/2 = -x (9 - x 2 - 2y 2 - z 2 ) 
fxy (x, y, z) = -2xy (9 - x 2 - 2y 2 - z 2 ) 



-1/2 



-3/2 



fxyz (x, y, z) = - 



6xyz 



= ^( 9 -^ 2 - 2 > ;2 -^) 1/2 = -2y (9 - x 2 - 2y 2 - z 2 ) 
/■>,* (x, y, z) = -2xy (9 - x 2 - 2y 2 - z 2 )" 3/2 = 



( 9 _ x 2_ 2j 2_ z 2)5/2' 
-1/2 



fyxz(x,y,z) = - 



6xyz 



( 9 _ x 2_ 2>; 2_ z 2)5/2' 

and/ z (^,y,z) = f z (9-x 2 -2y 2 -z 2 ) {/2 = -z (9 - x 2 - 2y 2 - z 2 )'^ => 



(x, y, z) = -2yz (9 - x 2 - 2y 2 - z 2 ) 



-3/2 



fzyx (x,y,z) = - 



6xyz 



(9-x 2 - 2y 2 - z 2 ) 5/2 



> so /xjz — fyxz — fzyx 



52. /,(*,y,z) = ^ [In (x + 2y + 3z)] = 



1 



/*yz = 



f Z yx (x,y,z) = 



12 



x + 2y + 3z " " xy 

2 



fxy(x 9 y,z) = -2(x + 2y + 3z) 



-2 



— T , /y (x, y, z) = => /yjc (x, y, z) = -2 (x + 2y + 3z) 

(x + 2y + 3z) 3 7 x + 2y + 3z 

12 ... 3 



-2 



(jc + 2y + 3z) 3 
12 

(x 4- 2v 4- 3?) 3 



, and f z (x,y,z) = 



x + 2y + 3z 



/zy y, z) = -6 + 2y 4- 3z) 



-2 



5 SO — /yxZ — /zjX 
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53. f x 0, y, z) = |- (e~ x cos yz) = -e~ x cos yz => f xy (x, y, z) = ze~ x sin yz => f xyz (*> y> z) = e~ x (sin yz + yz cos yz), 
f y (x, y, z) = -ze~ x s'myz => f yx (x, y, z) = ze~ x sinyz => f yxz (x, y, z) = e~ x (sinyz + yzcosyz), and 

fz (*> y> z) = -ye~ x sin yz => f zy (x, y, z) = -e~ x (sin yz + yz cos yz) => f zyx (x, y, z) = e~ x (sin yz + yz cos yz), so 
fxyz = fyxz = fzyx- 

54. a. If we fix y, then we see that / increases as x increases. This shows that f x is positive at P. 

b. If we fix x, then we see that / decreases as y increases. So we conclude that f y is negative at P. 

c. Recall that f xx is the rate of change of f x with respect to x for fixed y. Note that the level curves are spaced more 
closely to each other for points to the right of P than those to the left of P. This shows that / increases more rapidly 
with respect to x as P increases, and we conclude that f xx is positive at P. 

d. Recall that f xy is the rate of change of f x with respect to y for fixed x. Note that the level curves are spaced further 
apart at points above P than those at points below P. This shows that / increases less rapidly with respect to y, so f xy is 
negative at P . 

e. fyy is the rate of change of f y with respect to y for fixed x . Note that the level curves are spaced farther apart for points 
above P than for those points below P. This means that / is decreasing less rapidly with respect to y, so f yy is positive 
at P. 

55. u t — — sin - ) — —e~* sin — and u x — -e~ l cos — => u xx — — ~e~ l sin — , so u t — c u xx as was to be shown. 

dt \ c J c c c c l c 

56. Ut = Jy ^ e -c 2 k 2 t cos j cx ^ — _ c 2j c 2 e -c 2 k 2 t cos j cx an d u x — —ke~ c2k2t sinkx => u xx = —k 2 e~ c2k2t coskx, so 
Uf = c 2 u xx as was to be shown. 

57. u t = jy [cos (x — ct) + 2 sin (x + ct)] = c sin (x — cf) + 2c cos (x + ct) => 

Wf f = — c 2 cos (* — cr) — 2c 2 sin (x + ct) = —c 2 [cos (x — ct) + 2 sin (x + cr)] and w x = — sin (x — ct) + 2 cos (* + c?) 
=> m xjc = — cos (x — ct) — 2 sin (x + c?), so = c 2 u xx as was to be shown. 

58. ut = Jy [sin (to) sin (£;*;)] = &c cos (to) sin (kx) => u tt = —k 2 c 2 sin (&cf) sin (kx) and ^ = k sin (to) cos (/:*) 
u xx = —k 2 sin (to) sin (kx), so w« = c 2 u xx as was to be shown. 



59. Uy = 



6 



x - dx 



(3x 2 y - y 3 ) = 6xy => u xx = ^ (6xy) = 6y and u y = Jfa (?>x 2 y - y 3 ) = 3x 2 - 3y 



2 



u yy 



= -§y (lx 2 - 3y 2 ) = -6y, so u xx + w >7 = 6y - 6y = 0. 



60. u x — 



d ( x 



(x 2 + y 2 ) (1) - x (2x) y 2 _ x 2 



dx \x 2 + y 2 ) (x 2 + y 2 f {x 2 + y 2 f 

(x 2 + y 2 ) 2 (-2x) - (y 2 - x 2 } 2 (x 2 + y 2 ) (2jc) 2x (x 2 - 3y 2 ) 

(x 2 + y 2 ) 4 ~ (x 2 + y 2 ) 3 



and Uy = 



dy 



x (x 2 + y 2 ) 1 = -x (x 2 + y 2 ) 2 (2y) = - ^ 



(^ 2 + y 2 ) 



M yy — 



(x 2 + y 2 ) (2x) - (2xy) 2 (x 2 + y 2 ) (2y) 2x (x 2 - 3y 2 ) 

(x 2 + y 2 ) 4 = (x 2 + y 2 ) 3 

2x (jc 2 - 3y 2 ) 2x (x 2 - 3y 2 ) 

a 2 + v 2 ) 3 (x 2 + v 2 ) 3 



, SO 
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61. u = lny/x 2 + y 2 = In (x 2 + y 2 )^ = \ In (x 2 + y 2 ), so u x = In (x 2 + y 2 ) = ^2^2^ 

(x 2 + >' 2 ) - X (2X) y 2 - X 2 y X 2 -y 2 

u xx = ^ = T . By symmetry, u y = T and u yy = T , so 

(x z + y z ) 2 (x 2 +y 2 ) 2 * 2 +J 2 (x 2 + y 2 ) 2 

2 2 2 2 

y z -x z x z -y z _ n 

(x2+y2)2 ( x 2 + y 2)2 

62. u x = (e~ x cosy + cosx) = — e~ x cosy — e _:y sinx => u xx — e~ x cosy — e~ y cosx 
and My = — £ - *siny — e~ y cosx => u yy — —e~ x cosy + e~ } 'cosx, so 

u xx + Uyy — (e~ x cos y — e~ y cosx) + (— e~ x cos y + e~ y cosx) = 0 as was to be shown. 

a / _j n -y/x 2 y 2xy l/x x 

63. u x = — I tan - J = T = = T => = =- and w y = T = ~ =^> 

a*V x/ l + (y/*) 2 * 2 + >* 2 (x 2 + y 2 ) 2 l + (y/*) 2 * 2 + ? 2 

2xy 2xy 2xy 
w vv = T , so w n + u vv — tt T = 0 as was to be shown. 

^ ( X 2 + y 2 f yy ( x 2 + y 2f ( X 2 + y 2f 

64. u x = (cosh y sin x + sinh y cosx) = cosh y cosx — sinh y sinx => u xx = — cosh y sin x — sinh y cosx and 

u y — ^ (cosh y sin * + sinh y cos x) = sinh y sin * + cosh y cos x => u yy — cosh y sin x + sinh y cos x, so 
u xx + Uyy — — cosh y sin x — sinh y cosx + cosh y sinx + sinh y cosx = 0. 

65. u x = ^ (x 2 + 3xy + 2y 2 - 3z 2 + 4xyz) = 2x + 3y + 4yz => = 2, w-y = 3x + 4y + 4xz => w y> , = 4, and 
« z = —6z + 4xy =^> w zz = —6, so + u yy + w zz = 2 + 4 — 6 = 0 as was to be shown. 

66. = £ fx* + + z iy l/2 = - x (x^ + y 2 + z 2y 3/2 ^ 

(r. 9 9 \ — 3/2 / ~\ / 9 9 ? \— 5/2 2x 2 — y 2 — z 2 

x z + y z + z A j ~ x [~i) \ x + y + z J ( 2x ) = ^ — - — ^5/2 • B y s y mmetr y ° r direct 

, , . -x 2 + 2y 2 -z 2 J -x 2 -y 2 + 2z 2 ^ , , 

calculation, u vy = F7 ^ r , and u zz = ^ttt, so u xx + u yy + u zz = 0 as was to be shown. 

/ 2 i ?, 2\ 5 / 2 / 2 i 2 i 2w/2 ^ 

(x z + y z + z z j (x z + y z + z z j 



67. 





d 




5x 


dx 


( 




dz 




and 




y 




dy 



(x 2 + y 2 ) tan" 1 - =x(x 2 + y 2 tan" 1 - + (x 2 + y 2 9 = f=== 

V ; x_ V ; x \ l + (y/x) 2 Jx 2 ^ 

o ?\ -1 / 2 -1 y ( ? ?\ A / 2 !/* y tan -1 (y/x) + x 
x 2 + y 2 tan 1 ^- + x 2 + y 2 • f—y = J - w/ J , so 

1 x \ ) l + (v xY Jx 2 -4- v 2 



2 ,.*_-l 



x 



+ (y/x) 2 y/x 2 + y 

5z 5z x 2 tan -1 (y/x) — xy y 2 tan -1 (y/x) + xy r ^ 9 , y 

— + y — = , + ; = Vx 2 + y 2 tan -1 - = z, 

ax 5y Vx 2 + y 2 Vx 2 + y 2 * 



as was to be shown. 



68. — = — (lOx 2 cos -) = 40x cos - + 20x 2 (- sin -) ( -4r ) = 20 (2x cos - + y sin -) 

dx dx V x/ x V x/\x z / V x x/ 

and — = — 20x 2 cos- = 20x 2 (- sin -) ( - ) = -20xsin-. Therefore, 

dy dy x \ x / \x / x 

du du 9 y y y 9 y 

x h y — = 40x z cos — h 20xy sin 20xy sin - — 40x z cos — = 2u, as was to be shown. 

ax dv x x x x 
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8.3147 dV 
69. If k = 8.314, then V = — — , so — 

P dT 



8.314 



r=300,P=125 



= 0.066512, which tells us that with pressure held 



P=\25 



constant at 125 Pa, the volume increases at a rate of 0.066512 liters per I K increase in temperature when the temperature 

is 300 °K. 



ov 



r=300,P=125 



8.3147 



= —0.1596288, which tells us that with temperature held constant at 



7=300, P= 125 



300 °K, the volume decreases at a rate of 0. 1596288 liters per 1 Pa increase in pressure when the pressure is 125 Pa. 



70. We have 



dV 



dT 

dV dT dP 



dT dP dV 



k „ 
—, T = 
P 

k V 
P ' I ' 



VP 



dT 




k dP 
kT 



V , „ kT 
= — , and P = — 

k V 



dP 



dV 



kT 

^. Therefore, 

V 2 



kT 



kT 



V 2 



PV P(kT/P) 



= -1. 



71. 



1 _ 1 



1 1 

+ 



d 



d 



{r 1 + r 2 + r 3 ) => R 



-2 



dR 



) R\ 



dR 



R 2 _ / R \ 
4 " \R~lJ 



2 



R 3 dR\ V / dRi \Ri R 2 R3 ) V^^l/ R\ ^^1 R 

which says that with R 2 and Ri, held constant, the rate of change of the total resistance with respect to R\ is equal to the 
square of the ratio of R to R\ . 



72. a. The rate of change of the height of the hill is 

h y (1, 1) = ^ |"20 (l6 - Ax 2 - 3y 2 + 2xy + 28x - 18y)l = 20 (-6y + 2x - 18)| (1?1) = -440 ft/mi. 

L\ / J ( 1 , 1 ) 

b. The rate of change of the height of the hill is 

h x (l,l)=£ [20 (l6 - Ax 2 - 3y 2 + 2xy + 28x - 18y)] = 20 (-8x + 2y + 28)| (u) = 440 ft/mi. 



73. 



dP 

dx 

dP 

dx 



dx 



(-0.02.x 2 - 15y 2 + xy + 2>9x + 25y - 15,000^) = -0.04* + y + 39, so 



(5000, 200) = -0.04 (5000) + 200 + 39 = $39 per $1000. This says that with a fixed floor space of 200,000 ft 2 , the 



profit increases at a rate of $39 per $1000 of inventory when the inventory level is $5,000,000. 

dP 



(5000, 200) = (-30y + x + 25)1^5000^=200 = ~ 30 ( 200 ) + 5000 + 25 = ~$ 975 P er 1000 ft2 - This sa Y s that with 



dy 



a fixed inventory of $5,000,000, the profit decreases at a rate of $975 per 1000 ft 2 increase of floor space when the floor 
space is 200,000 ft 2 . 



74. a. 



dT d 



dx dx 



f _ 100 , \-x z -y 
100 tan" 1 — 



7T 



2y 



400xy 



7r [4y2 + (i_ x 2_ >; 2)2j 



, so — = (80/tt)°C per unit. This 



says that along the line y = ^, the rate of change of temperature with respect to x is (80/7r)°C per unit increase in x 
when x = j. 



b. The rate 



. dT (\ 1\ 

18 ^ \r 2) - 



200 (y 2 - x 2 + l) 
7r [ 4 y 2 + (l-x 2 -y 2 ) 2 ] 



= (160/tt)°C per unit. 



(I'l) 



75. The required rate of change is 



dV 



d 



dx (1,2,3) = kQ — (x 2 + y 2 + z 2 ) 



-1/2 



kQx 



(1,2,3) (* 2 + y2 + z 2 f 2 




196 



volts per meter. 
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dS 



76. — - (70, 180) = 0.007184(0.425) W" 0 - 575 H 0J25 



. . v _. = 0.0030532 (70)-° 575 (180) 0725 ^ 0.01145. This says that 

dW ' (70,180) } ' J 

with the height fixed at 180 cm, the surface area is increasing at the rate of 0.01 145 m 2 per 1 kg increase in weight when the 
weight is 70 kg. 

dS 

dH ' v (70,180) 
with the weight fixed at 70 kg, the surface area is increasing at the rate of 0.00760 m 2 per 1 cm increase in height when the 
height is 1 80 cm. 



(70, 180) = 0.007184(0.725) ^0.425^-0.275 



= 0.0052084(70)°- 425 (180)-°- 275 % 0.00760. This says that 



77. 



ON 



d 12o(lOOO + 0.03x 2 y) 



1/2 



120 (±) (lOOO + 0.03x 2 yj 1/2 (0.06xy) 



dx dx 



(5 + 0.2)0 



(5 + 0.2y) 2 



, so 



ON 



dx 



(100, 20) = 



3.6xy 



(5 + 0.2y) 2 y/l00Q + 0mx 2 y 



1.06. This means that with the level of reinvestment held 

(100,20) 

constant at 20 cents per dollar deposited, the number of suspicious fires will grow at the rate of approximately 1 fire per 
increase of 1 person per census tract when the number of people per census tract is 100. Next, 



dN d 
— (100, 20) = 120 

dy 



dy _ 



1 /9 

(lOOO + 0.03x 2 y) (5 + 0.2v)" 2 



(100,20) 



= 120 



\ (lOOO + 0.03.x 2 y) V2 (o.03x 2 ) (5 + 0.2y)" 2 + (lOOO + 0.03x 2 y) A/Z (-2) (5 + 0.2y)~ 3 (0.2) 



1/2 



(100,20) 



9x 2 - lMx 2 y -48,000 



(5 + 0.2y) 3 x /l000 + 0.03x 2 y 



^ -2.85 

(100,20) 

which tells us that if the number of people per census tract is constant at 100 per tract, the number of suspicious fires 
decreases at a rate of approximately 2.9 per increase of 1 cent per dollar deposited for reinvestment when the level of 
reinvestment is 20 cents per dollar deposited. 



78. a. / (x, y) = 20* 3 / 4 y 1/4 => fx (256, 16) = 15 (£) 1/4 



(256,16) V 256 / 



= 15 = 7.5 and 



^(256, 16)= 5(f) 



3/4 



= 5 (^) 3/4 = 5 ( 8 ) = 40 - 



(256,16) 

b. Yes, capital investment is more effective than increased expenditure on labor. 



79. a. T = f (32, 20) = 35.74 + 0.6125 (32) - 35.75 (20 0 16 ) + 0.4275 (32) (2O 016 ) * 19.70°F 



b. 



dT 

~ds 

dT 



= -35.75 (0.165- 0 84 ) + 0.4275? (0.165-°- 84 ) = 0.16 (-35.75 + 0.4275?) s~ 0M 



ds 



= 0.16 [-35.75 + 0.4275 (32)] 20" 0 84 « -0.285; that is, the wind chill will drop by 0.3° for each 1 mi/h 

(32,20) 
increase in wind speed. 



80. 



3 T T 

a. The rate of change of T with respect to t with s held constant is given by — (t,s) — lim 

dt h^0 



h,s)-T (t,s) 
h 



. So if 



d T 

h is small, then — (?, s) 

dt 



T(t + h,s)-T(t,s) 
h 



. In particular, with t = 34, s = 25, and h = 2, we see that the 



required rate of change is ? (34, 25) « T (% ' 25) ~ T (M > 25) = 24 ~ 2L4 = 1.3 °F/°F. 



dt 



dT 



b. The required rate of change is given by — — (34, 25) 



2 2 

T (34, 30) - T (34, 25) 20.3 - 21 .4 



= -0.22 °F/mi/h. 
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ftl y g(a + h)-g(a) f(a + h,b)-f(a 9 b) 

81. a. g' (a) = hm = hm = fx (a, b) 

h^O h /i->0 h 

. , h(b + h)-h(b) f(a,b + h)-f(a,b) 

b. /r (/?) = hm = hm = fy (a, b) 

h^O h h^O h Jyy 



82. a. Put g (x) 

A(L f) 



/ ^) = cos ^ => g' (jc) = 2x cos 2™L - fx 2 sin 2™L. 
g' (1) = 2 cos f - f sin f = -f . 



Thus, 



b. (x, y) = Jjx 2 cosxy = 2* cosxy — x 2 y sinxy, so f x (l, y) = 2cos y — 



: 7T 

T T 



7T 

T 



83. Put g (x) = / (x, 1) = In (e x + cos V* 2 + 1^. Then, using a calculator or computer, we find g' (2) « 0.9872, so 
A (2, 1) « 0.9872. 



84. Put ft (y) = / (2, y) = 



/ y (2, 1) « 1.0793. 



sin 2-7ry 



(l + V4 + j 3 ) 



Then, using a calculator or computer, we find h f (1) % 1.0793, so 



85. 



?r = f kx( *y l - a 

ox ax 



1-a dP 

and — = £(1 - a)x a y- a 

.v / dy 



dP dP koLxy 1 - 0 " 

dx dy x 1_Q: 
shown. 



= k (1 — a) ^-^ . Therefore, 
+ - (1 - ^ ^ = ka.x OL y { -° L + jfe (1 - a) *<V~ a = ^J 1- " = P, as was to be 



86. 



a. Observe that the slope of the tangent line to the curve C\ at the point (xq, yo, zo) is /jc (*0> Jo)- The definition of slope 
implies that a unit change in the x-direction results in a rise (or fall) of \f x (xq, yo, zo)l units. Therefore, a vector parallel 
to tangent line T\ is vi = i + f x (xq, yo) k. Similarly, we see that a vector parallel to the tangent line T2 (see the figure) 
is v 2 = j + /y (xQ 9 y 0 )k. 



b. A normal to the tangent plane S at P is n = 



= - A Oo> Jo) i - />• (*o, Jo) j + k. 



i j k 

1 0 /jc (x 0 , y 0 ) 

0 1 /y(*0>Jo) 

c. An equation of the required tangent plane containing Pq (xq, yo, zo) is 

-fx (*o> y 0 ) (x - x 0 ) - f y Oo> yo) (y - yo) + z - zo = 0 <=> z - zq = fx (*o> Jo) O - *o) + fy (*o> Jo) (j 



-Jo) 



87. Here / (*, y) = x 2 + ^y 2 and P (x 0 , yo, zo) = P (1, 2, 2), so f x (1, 2) = 2x| (1)2) = 2 and / v (1, 2) = ±y 
an equation of the tangent plane is z — 2 = 2(x — 1) + (y — 2) => 2.x + y — z = 2. 



(1,2) 



= 1, so 



dE / o\-0.6 d / v\ / v\-0.6/ v \ QAv 
88. a. — =0.4(1 ) — ( ) =0.4(1 ) — r = jr-r > 0 which says that with v held 

dv \ vJ dv V vJ V vJ \v 2 } v 2 (i-%) 6 

constant, an increase in V increases the engine efficiency, which is to be expected. 

dE ( v \-0.6 d / v \ 0.4 

b. — = 0.4 1 1 — — ) — I — — ) = tt-t < 0 which says that with V held fixed, an increase in v 

dv V V I dv V V ) y (1- fy) 0 ' 6 

decreases the engine efficiency. 



dT 
89. — 

dx 
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COS X 



d ( 2 i sinx \ 2 sinFy" dT / _ * 

= — I — tan 1 I = , so — ( -2- , 1 ) =0. This says that the rate of change of temperature in 

dx\n sinny/ 7T .,( S mx\ 2 dx^' } 

the * -direction, with y held constant at 1, is 0° per unit change in x when x = y . 

dT _ d (2 _ { sinx \ 2 (sin x) (- csch y coth y) dT , n , 2 (csch 1) (coth 1) _ 4e 

— — — I — tsn I — -z , so — ( -ft , 1 ) — — — — — — r — 

dy dy \7r sinhy/ 7r / sin* \ 2 dy z tt 1 + csch 2 1 tt (e 2 + 1) 

y sinh y y 

after simplification. This says that the rate of change of temperature in the y -direction, with x held constant at y, is 



7T 



per unit change in y when y = 1 . 



(e 2 + 




(* 2 + y 2 ) (3* 2 y - J 3 ) - (* 3 y - xy 3 ) (2x) y (x 4 + 4x 2 y 2 - y 4 ) 
90. a. If (x, y) # (0, 0), then f x (x, y) = ± y V * = L By 

(* 2 + y 2 ) (jc 2 + y 2 ) 2 

x (y 4 + 4* 2 y 2 - x 4 ) 

symmetry, we find f y (x,y) = = -. 

(x 2 + y 2 ) 

k -f t(\ c\\ v fM-f (0,0) r (0/h 2 )-0 

b. f x (0, 0) = hm = hm = 0 and 

JXK ' > h ^o h h^o h 

f (o h\ _ f (o o) [0/h )—0 
/ y (0,0)= lim I ^ ; 7 ^ } = lim i 1 =0. 



fx (0, h) - f x (0, 0) r (-/i 5 /* 4 )-0 



c. /V v (0,0) — lim = lim = lim (—1) — —1 and 

f mm r ^ Q) ~ t (Q ' Q) r (* 5/ * 4 )" 0 r i 1 
fvv (0, 0) = hm — = hm = hm 1 = 1. 

J y* v ' J h ^o h h^o h h^o 

(x 2 + y 2 Y (x 4 + \2x 2 y 2 - 5y 4 ) — y (x 4 + 4x 2 y 2 - y 4 ) 2 (x 2 + y 2 ) (2y) 

d. Ay (*, y) = — —4 

(x 2 + y 2 f 
x 6 + 9x 4 y 2 - 9x 2 y 4 - y 6 , , 
(x 2 + y 2 ) J 

Observe that along the x-axis, lim f xy (x,y) = lim —r — 1, but along the y-axis, 

(x,y)-K0,0) x^Or 

-y 6 

lim Ay (x, y) = lim — ^- = — 1. Since f xy (x, y) approaches two different values as (x, y) approaches (0, 0) 

(*,y)->(0,0) y^0 y° 

along two different paths, we see that f xy and f yx are not continuous at (0, 0). Thus, the result of part c does not 
contradict Theorem 1 . 

. f xy = A ^e 2x (2cosxy — y sinxy)j = e 2x (—2x sinxy — sinxy — xy cosxy) = — e 2x (2x sinxy + sinxy + xy cosxy) 

and f yx = ^—ye 2x sinxyj = — ^2ye 2x sinxy + ye 2x (y cosxy)j = — ye 2x (2sin^:y + y cosxy). Evidently, 

fyx ^ fxy for all (x, y). But if / has continuous second-order partial derivatives, then f xy must be equal to f yx , according 
to Theorem 1 . We conclude, therefore, that there is no function satisfying the stated condition. 

92. To show that f xyx = fyxx, we observe that f xy — f yx because the second-order partial derivatives are continuous. 
Therefore, because / has continuous third-order partial derivatives, we may invoke Theorem 1 to conclude that 

33F (fxy) = (fy x ) 0 fa* = fyxx- Also ' observe that (f x ) X y = Ux) yx > and thus a PP!y in g Theorem 1 to f x shows that 

ifx) xv — (fx)vx ^ fx iv — fxyx- 



91 
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93. True. This follows immediately from the definition if we put h = x — a. 

94. True. For fixed x = a, we have g (y) = f (a,y), so g' (b) = f y (a,b) = 0, showing that the tangent line to the curve in 
question is horizontal. 

95. True. This is the condition for downward concavity. 



96. True. / (x, y) = In* + In v 

/*y = fyx=0 in D. 



/jc = - and f y = - 

x y 



f. 



xy 



-1=0. Also, f yx 



=m=°- 



Thus, 



13.4 Concept Questions 



1. See page 1075 (1071 in ET). 

2. See page 1075 (1071 in ET). 



ET12.4 



3. a. See pages 1079 and 1080 (1075 and 1076 in ET). b. See page 1080 (1076 in ET). c. See page 1080 (1076 in ET). 




Differentials 

1. a. Az = [2(2.01) 2 + 3 (-0.98) 2 ] - [2(2) 2 + 3 (-1) 2 ] = -0.0386 

b. |§ = ^ (lx 2 + 3y 2 ) = Ax and §|- = 6y, so with x = 2, y = -1, dx = 0.01, and dy = 0.02, we have 

d z = 4 (2) (0.01) + 6 (-1) (0.02) = -0.04. 

c. dz is a good approximation of Az. 

2. a. Az = [(1.97) 2 - 2 (1.97) (1.02) + 3 (1.02) 2 ] - [(2) 2 - 2 (2) (1) + 3 (l) 2 ] = -0.0167 



dz _ d 



(x 2 - 2xy + 3y 2 ) = 2x - 2y and || = -2x + 6y, so with x = 2, y = 1, dx = -0.03, and dy = 0.02, we 



dx — dx 

have dz = [2 (2) - 2 (1)] (-0.03) + [-2 (2) + 6 (1)] (0.02) = -0.02. 
c. dz is a good approximation of Az. 

3. dz = % Ax + Ay = £ (3x 2 y 3 ) dx + ^ (3* 2 y 3 ) Jy = 6xy 3 </* + 9x 2 y 2 Jy 

4. Jz = ^ (x 4 - 2x 2 y 2 + 3xy 2 + y 3 ) <fr + ^ (* 4 - 2x 2 y 2 + 3xy 2 + y 3 ) 

= ^4* 3 - 4xy 2 + 3y 2 ) dx - (4x 2 y - 6xy - 3y 2 ) dy 

d 
Fy 



s.d Z =U^Adx + l ( x -±y)dy=--i 

dx \x-yj dy \x - y J (x - 

*-( 

dx V 



— T dx -\ ~ dy 

V) 2 (* - yj 1 



(l + x 2 ) y - xy {lx) y(l- x 2 ) 



(l+ X 2) 



(l+x2) 



and 



o 



xy 



x 



dy\\+x 2 ) \+x 



, so 



7. 



y(l-* 2 ) 

dm — dx H 7T dy. 

(1+x 2 ) 2 1+^ 2 

|l = A^ 2 y + 3y 3 ) 3 = 3 (lx 2 y + 3y 3 ) 2 (4xy) = \2xy 3 {lx 2 + 3y 2 ) 2 and 

0 = A (2* 2 y + 3y 3 ) 3 = 3 (2x 2 y + 3y 3 ) 2 (lx 2 + 9y 2 ) = 3y 2 (lx 2 + 9y 2 ) (2x 2 + 3y 2 ) 2 , so 

2 2 

Jz = 12xy 3 (2x 2 + 3y 2 ) dx + 3y 2 (2jc 2 + 9y 2 ) (2x 2 + 3y 2 ) dy. 
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8. dz = £; {lx 2 + 3y 2 ) 



1/2 dx + ^- (2x 2 + 3y 2 ) 



1/2 



dy = 



2x 



dx + 



3y 



^2x2 + 3y 2 y/2x 2 + 3y 2 



dy 



9. dw = £ (ye x2 -y 2 ^ dx + ^ (ye* 2 ^ dy = 2xye x2 ~y 2 dx + (l - 2y 2 "j e 



2 2 

x -y dy 



10. dx = 



11. ?0L = " 2 ln ( x 2 + 2\ = 2;c ln / 2 + y 2\ + 

dx dx V / V / 



5 5 2 3 

— ln (2x + 3y) dx + — ln (2x + 3y) dy = dx + 

ox dy 2x + 3y 2x + 3y 



2x 



+ y 2 



and 



dto 

a7 



2x 2 y 



x 2 + y 2 



, so 



dto = 



2x ln (x 2 + y 2 ) + 



2x 3 



x 2 + y 2 



, , 2x2 y , 

dx + ^ dy. 

x z + y z 



12. dz—^ (x 2 sin 2y^ dx + (x 2 sin 2y^ dy = 2x sin 2y dx + 2x 2 cos 2y dy 



13. = 



^ 2x cos 3y) dx + ^ ^e 2 * cos 3y^ dy = 2e 2x cos 3 y dx — 3e 2 -* sin 3 y dy 



14. 



dw 



-y/x 



dx 1 + (y/x) 



y dw l/x 

and — = 



x 2 + y 2 dy 1 + (y/*) 2 x 2 + y 



, so dw = ^ dx H — dy. 



X 2 + y 2 X z + V 



15. dw = -°j (x 2 + xy + z 2 ) dx + $y (x 2 + xy + z 2 ) dy + ^ (x 2 + xy + z 2 ) dz = (2x + y) dx + x dy + 2z dz 



16. 



dl£> 

dx 



and 



2x + v 



5 10 



dz dz 
1 



(x 2 + xy + z 2 ) 



2Vx 2 + xy + z 2 ' ^ <?y 

1/2 z 



5/9 ?\ 1 / 2 



2\/x 2 + xy + z 2 



dto = 



sj x 2 -\- xy -\- z 2 



dy + 



, so 



2^/x 2 + xy + z 2 2 v / x T Tx7Tz 2 \/x 2 + xy + z 2 



dz. 



17. dw=-^ (jcV^) rfJt + ^ (x 2 <T? z ) dy + ^ (jc 2 <T? z ) dz = 2x<T^ dx - x 2 z^ _>;z dy - x 2 ye~y z dz 

18. dw = ^ [e~ x2 sin (2y + 3z)] rfjc + ^ [e"^ 2 sin (2y + 3z)] dy + Jfe [e~ x2 sin (2y + 3z)] dz 

= -2xe~ xl sin (2y + 3z) ^x + 2e~ xl cos (2j + 3z) dy + 3^~^ 2 cos (2y + 3z) 



19. — = — fx 2 ^ + y lnz) = 2x^, — = xV' + lnz, and — = -, so dw = 2x^ dx + (x 2 ^ + lnz) dy + - dz. 

dx 3x V / 



dy 



dw y 
dz 



y 

z 



20. dw = (x cosh yz) Jx + ^- (x cosh jz) dy + 4- (x cosh jz) dz = cosh yz dx + xz sinh yz dy + x 3; sinh yz dz 



dx 



dy 



dz 



21. |£ = ^ (x 4 - 3x 2 j 2 + - 2y + 4) = 4x 3 - 6xy 



and 



dy 



= e_ ^4 _ 3^2 + y 3 _ 2y + 4 y = _^2 y + 3y 2 _ 2j 



so d/ = dx + §^ dy = (4x 3 - 6xy 2 ^) dx + (-6x 2 ;y + 3y 2 - 2) dy. Then with x = 2, y = 2, dx = Ax = -0.02, 
dy = Ay = 0.01, we find Af^df = [4 (2 3 ^j - 6 (2) (2 2 ^j J (-0.02) + [-6 (2 2 ) (2) + 3 (2 2 ) - 2] (0.01) = -0.06. 



and 



22. df = 



d 



dx 



x 



(2 x + 3y) 1 / 2 -- 



dx + 



d 



(2x + 3^/2 - - 



dy = 



2yJ2x + 3y - 2 



+ 




Then with x = 3, y — I, dx — —0.04, and dy — 0.02, we find 

A f~ d f = hm ~ 0 ( -°- 04) + ( + 3 ) (0 - 02 ) * °- 097 - 

V *r,.« 2_ + 2M z«V = __L_ 

y 5y 2x — y 



a/ 9 

, and — = 2x<r* z , so 
dz 



23. ^ = A [in (2x - y) + e 2 "] = + 2z^ 2xz , 

dx ox L J 2x — y 

d/ = ( — — — + 2ze 2xz ) dx - — - — dy + 2xe 2 * z dz. Then with x = 2, y = 3, z = 0, dx = 0.01, dy = -0.03, and 
V 2x — y ) 2x — y 



dz = 0.04, we find Af % df = 2 (0.01) - (-0.03) + 4 (0.04) = 0.21. 
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24. 



dx 

df 
dz 



= — 7rx y sin 7vz, so 



— (x 2 y cos 7r z^j — 2xycos7rz, — x 2 cos7vz, and ^ 

= 2xy cos 7vz dx + x 2 cos ttz dy — 7rx 2 y sin tzz dz. Then with x — 1, y = 3, z = 2, dx = —0.02, dy — —0.03, and 
= 0.01, we have Af^df = 6 (-0.02) + (-0.03) - 0 = -0.15. 



25. Let x, y, and z denote the dimensions of the box. Then its volume is V = xyz, so 

*s *\ *s 

dV = ^- (xyz) dx + 4fa (xyz) dy + (xyz) dz — yzdx + xz dy + xy dz. Then with x = 30, y = 40, z = 60, and 



5X V"VW 1 

dx — dy — dz — ±0.2, we find 



| AV| « |</V| = |(40) (60) (±0.2) + (30) (60) (±0.2) + (30) (40) (±0.2)| 

< |(40) (60) (±0.2)| + |(30) (60) (±0.2)| + | (30) (40) (±0.2)| = 1080 in 3 
so the maximum error is 1080 in 3 . 

26. Let x, y, and z denote the dimensions of the box. Then its surface area is S = 2xy + 2xz + 2yz, so 

dS = 2 (y + z) dx + 2 (x + z) dy + 2 (x + y) dz. Then, with * = 30, y = 40, z = 60, and dx = dy = dz = ±0.2, we find 

\AS\ * \dS\ = \2 (40 + 60) (±0.2) + 2 (30 + 60) (±0.2) + 2 (30 + 40) (±0.2)| 

< |2 (40 + 60) (±0.2)| + |2 (30 + 60) (±0.2)| + |2 (30 + 40) (±0.2)| = 104 in 2 
so the maximum error is 1 04 in 2 . 

27. The area of the land is A = f (a, b,0) = jab sin 0, so 



dA = 



o 



da 



{^ab sin 0^ da + (^jab sin Oj db + (^z a b sin 6^ dO 



= jb sin Qda + ^a sin Odb + \ab cos 0 dO 
If a = 100, b = 80,6 = ^,da = db = ±0.3, and </0 = ±-^3, then 

|AA| « |JA| = I ^ (80) (^) (±0.3) + i (100) (^) (±0.3) + \ (100) (80) (|) (±^) 




< 



1 (80) (Jf) (±0.3)| + |i (100) (^) (±0.3)| + |i (100) (80) (±) (±^)| = 6^3 + 7.5^3 + ^ « 58.3 



so the maximum error is 58.3 ft 2 . 



28. df = — (30.x 4 / 5 y 1/5 ) + 



Sy 



(30* 4 / 5 y 1/5 ) 

dy 



4/5 

dx + 6 ( - ) dy. With x = 243, y = 32, dx = -3, 




and dy = 3, we find Af ~ df 



= 24^ 



32 
243 



1/5 (-3) + 6 (^) 4/5 0) = 24 ( 2 ) (-3) + 6 (f£) (3) = 43.125, so the 



number of units produced increases by about 43 . 



29. dP = 



d 



dV 




3147 \ JT7 3 
dV + 



V 



dT 



8.3147 



3147 8.314 

dV + — dT. With V = 20, T = 300, dV = 0.2, 



V 2 



V 



and dT = -5, we find AP 
approximately 3.3256 Pa. 



8.314(300) 8.314 
dP = ^ (0.2) H (—5) = —3.3256, so the pressure decreases by 



20 2 



20 



30. dV = 



dV 



d 




dP 

8.3147 



3147\ d 



dP + 
PI dT 




3147\ , 8.3147 , 8.314 , 

)dT = 5— dP + d7 

P I P 2 P 



V P 2 8.3147 

so the maximum error is 1%. 



dP + 



8.314 



P 



8.3147 



d7, so 



dV 



dP dT 
P~ + ~T 



< 



dP 



+ 



d7 



= 0.004 + 0.006 = 0.01, 
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31. 



dS 



d 



dw dw 



(0.1091W 0 - 425 // 0 - 725 ) = 0.0463675^ 



H 



0.725 



V^O.575 



dS I W 0A25 

and = 0.0790975 



dH 



#0.275 



so 



dS = 



dS dS /h°- 125 \ /w 0A25 \ 

-—dW+—-dH = 0.0463675 ( n _-_ ]dW + 0.0790975 ( no ._ ) dH 
dW dH \ W 0 - 515 J \ 7/0.275 / 



AS 
















5 




5 





= 0.02725 

so the maximum error is approximately 2.73%. 





dW 




< 0.425 


+ 0.725 1 dH 1 




W 


// 1 



32. 



55 



[a (a - wr 1 ! = — 

L J r4 — t 



and 



OS 



dA 8 A L J (A-W) 2 cW (A-W) 2 ' 

With A = 2.2, W = 1.8, dA = ±0.02, and dW = ±0.04, we have 



|A5| 



dS dS I dS 

\dS\ = \ — dA+ -z7zdW\ < \ — dA\ + 



dA 



dW 



OA 



os 

dW 



dw 



1.8 (±0.02) 
(2.2- 1.8) 2 



+ 



2.2 (±0.04) 
(2.2- 1.8) 2 



= 0.775 lb. 



33. dF = 



d 



dR \ 8kL 



irPR 4 \ 6 
dR + 



ttPR 4 



dL \ 8kL 



dL = 



ttPR 3 ttPR 4 AF 

dR — dL, so — — 



dL 



dR\ AF 
< 0.01 and I — I < 0.02, we find 



R 



F 



2kL 
dF 



F 



SkL 2 

dR dL 
4 

R L 



dF dR dL 

— = 4 . With 

F R L 



< 4 



dR 
~R 



+ 



dL 



= 4 (0.02) + (0.01) = 0.09, 



and so the relative error is 9%. 



34. 



df 



d 



f*ohh 



= / Vohh \ = Mo h df = Mo h Qnd df 

dl\ dl\ \ 2izD ) 2ttD" dl 2 2txD' ™ dD 2irD 2 ' 

dh dh dD 

so with — - = 0.02, — = -0.02, and = -0.05, we have 



h h 

df 2nD ( fj, 0 I 2 



D 



/ / 

the change in / is approximately 5%. 



Hohh \2ttD 1 2nD 1 2ixD 2 




dl\ dl 2 dD 
~h + ~h~~D 



= 0.02 - 0.02 - (-0.05) = 0.05, so 



35. 



dT 
~dL 
dL 
~L 

AT 



d 



dL 
4.05 - 4 
4.05 

dT 



(2*LWg-W) = 



7T 



and 



dT 



77 



L 1 / 2 



0.05 

4m 



and 



LV2^1/2 dg 

dg 32.2 - 32 



8 



3/2 



, so with 



8 



32.2 



0.2 
312 



, we have 



1 



T 2^1/2^-1/2 



(lV2 5 1 



2 



d L-^t dg \A d --Y g 



8 



3/2 



)\dL Idg 1 /0.05\ 1 / 0.2 \ „ _ m 
= = - ( — — ) - - I ) « 0.0031. The 

2 L 2 g 2 \4.05/ 2 \32.2/ 



error in the measurement of T is approximately 0.3%. 



36. 



dF 



dP d E 2 R 

~dE 

dF dR dr 

— = ±0.02, — = ±0.03, and — = ±0.01, we have 
E R r 



(R + r) 2 (7? + r) 2 ' dR 



2ER dP _ E 2 (R- r) 

(R + r) 3 



, and 



dP 



2E 2 R 



dr (R + r ) 3 



, so with E = 12, R = 100, r = 5, 



AP 



< 2 



+ 



Cg + ry 

E 2 R 
R-r 



2ER 



(R + r} 



E 2 (R - r) 2E 2 R 
dE dR rfr 



(P + r) 3 



r + P 



JP 
IT 



+ 



2r 



dr 



R + r 



= 2 (0.02) + 



(R + r) 3 
95 



105 



2(5) 

(0.03) + (0.01) % 0.068 



so the maximum error is less than 7%. 
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dR ( R \ 2 dR ( R \ 2 

37. Using the results of Exercise 13.3.71 (12.3.71 in ET), we have = (-—), = (-—), 

dR\ \R\J dR 2 \R2/ 



and 



dR 



R 



dR 3 \R 3 



so 



AR\ % \dR\ = 



dR , n dfl 7n dR 
dR\ + dR 2 + 



l^ll + 



2 





a/? 


dR 


i $R ! 


1 < 




l^il+ — 

1 d/?2 


|d#3 1 



\dR 3 \ 



\dR 2 \ + 



2 



\dR 3 \ 



Now fl, = 20, R 2 = 30, fl 3 = 50, \dR x \ < 0.5, \dR 2 \ < 0.5, and |rf/? 3 | < 0.5, &0 i = l- + L + L = 2L 

K ZU JU jU JUU 



300 / 300 

R=—,md\AR\K\dR\< I — 

R is about 0.19 Q. 




0.5 0.5 0 
202 + W + 50 2 



1878, so the maximum error in the calculated value of 



38. 



ar 



aA 




2h\ 
8 ) 



1 /2/z dT 
a\ g da 



A I2h 

— , and 



ay 



a 2 v g 



x/2A 
a/z la^fgh 



With 



A = 5, <3 = 



2 0.04 

, h — 16, dA = 0.05, Jo = — — , and dh — 0.2, we have 



144 



144 



144 /2(16)" 5(144) 2 
AT ^ dT — —J—— (0.05) - - ; 



2(16) 



2 V 32 
computing T is about 13 seconds. 



22 



32 



/ 0.04 \ 
V "144/ 



+ 



V5(144)5 



(2) (2) V(32)(16) 



(0.2) = 13.05, so the error in 



39. 



dH 


d 


dW 


dW 




AH 1 


have 






H 



WL 1 
Sa 

dH 

IT 



L 2 dH 



8(2' dh 4a 



WL , dH 
, and 



da 



~Sa 2 



, so with 



8a 



WL 2 



L 2 WL WL 2 
dW + — dL —da 



8a 



Aa 



Sa 2 



< 



dW 
~W 



dW 



+2 





dL 




da 


= 0.01, 


= 0.02, and 


L 


a 



= 0.02, we 



dL 



+ 



da 



a 



= 0.01 + 2 (0.02) + 0.02 = 0.07, 



so the maximum error in calculating H is no greater than 7%. 



40. 



dT 

dv 



dv 



v sin a + J (v sin a) 2 + 2g/z 



sin a 



ar 
aa 



u = 




v cos a: w (v sin a) 2 + 2g/z + 



v sin a j 



(v sin a) 2 + 2g/z + v sin a j 
(v sin a:) 2 + 2gh 



gyj (v sin a.) 2 + 2g/? 



, and 



ar 
a/T 



i 



■J (v sin a:) 2 + 2gh 



, so with 



800, a = f , /* = 400, </« = (0.0005) (800) = 0.4, c/c* = (0.0002) (f ) = and 



V2 



dh = (0.005) (400) = 2, we have 



ar 

au 



y(400V2) 2 + 2(32)(400) + 400v^ 



2 (32) y^400v / 2) 2 + 2(32) (400) 



/-s^ 



0.0434, 



800V2 



ar 
aa 



y^400v^) 2 + 2(32) (400) + 400^2 



2 (32) y^400V2) 2 + 2(32)(400) 



34.6880, and — = 

dh 



1 



at| % |</r| = 



ar ar , ar „ 

«y H dot H dh 



< 



dT 
~dv 



\dv\ + 



dT 
dot 



dv do. dh 

= (0.0434) (0.4) + (34.6880) (20^00) + (°- 0017 ) ( 2 ) % °- 0262 
Thus, the maximum error in measuring T is about 0.03 s. 



|</a| + 



dT 
~dh 



(400V2) +2 (32) (400) 



\dh\ 



0.0017, so 
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41. We write z — f (x,y) = x 2 — y 2 and let (x, y) be any point on the plane. Then 

A Z = f (x + Ax, y + Ay) - / (x, y) = (x + Ax) 2 - (y + Ay) 2 - (x 2 - y 2 ) = 2x Ax - 2y Ay + (Ax) 2 - (Ay) 2 . 

Since f x — 2x and /y = — 2y, we can write Az = f x (x, y) Ax + f y (x, y) Ay + £\ Ax + £2 Ay, where = Ax and 
e 2 = Ay. Since e\ — > 0 and £2 — > 0 as (Ax, Ay) — > (0, 0), it follows that / is differentiable at (x, y). But (x, y) is any 
point on the plane, and so / is differentiable everywhere. 

42. We write z = f (x,y) = 2xy — y 2 and let (x, y) be any point on the plane. Then 

Az = / (x + Ax, y + Ay) - / (jc, y) = 2 (x + Ax) (y + Ay) - (y + Ay) 2 - (2xy - y 2 ) = 2x Ay + 2y Ax + 

2 Ax Ay - 2y Ay - (Ay) 2 = 2y Ax + (2x - 2y) Ay + 2 Ax Ay - (Ay) 2 . Since f x = 2y and f y = 2x - 2y, we 
can write Az = f x (x, y) Ax + f y (x, y) Ay + E{ Ax + £2 Ay, where £\ —2 Ay and £2 = — Ay. Since £\ — > 0 and 
£2 — > 0 as (Ax, Ay) — > (0, 0), it follows that / is differentiable at (x, y). But (x, y) is any point on the plane, and so / is 
differentiable everywhere. 

/*(0+ Ax,0) - f (0,0) 0-0 

43. f x (0, 0) = lim ^ — 7 v ' } = lim = 0 and 

Ax->0 Ax Ax->0 Ax 

/" (0, 0 + Ay) - f (0, 0) 0 
f y (0, 0) = lim J v ■ /; — 7 v ? ; = lim — = 0, so both f x (0, 0) and f y (0, 0) exist. Next, recall from 

Ay-»0 Ay Ay->0 Ay 

xy 

Example 13.2.2 that lim f (x, y) = lim ^ does not exist. This shows that f is not continuous at 

(x,y)^(0,0) (x,y)^(0,0)x 2 + y 2 

(0, 0), and so by Theorem 3, / is not differentiable at (0, 0). 

44. True. Suppose f x (a,b) ^ 0 for some point (a, b). Then for dx ^ 0 and dy — 0, we have dz = f x (a, b) dx ^ 0, a 
contradiction. 

45. True. If / is differentiable at (a, b), then / is continuous at (a, b) and the statement is just an affirmation of this fact. 

46. True. In fact F x (x, y) = /' (x) and Fy (x, y) = g' (y). 

47. False. Since lim / (x, y) = 0 ^ 1 = / (0, 0), we see that / is not continuous at (0, 0) and by Theorem 3, / is not 

(*,y)-K0,0) 

differentiable at (0, 0). 




1. See page 1085 (1081 in ET). 2. See page 1088 (1084 in ET). 

3. See page 1089 (1085 in ET). 4. a. See page 1091 (1087 in ET). b. See page 1092 

(1088 in ET). 



1. 



dw dw dx dw dy 



2. 



3. 



dt 
dw 
dt 

dw 
dt 



dx dt 
dw dx 



+ 



dx dt 
dw dr 



+ 



+ 



dy dt 

dw dy 
dy dt 

dw ds 



= (2x) (2t) + (-2y) (3t 2 + l) = 4xt - 6yt 2 - 2y 



x 



1 



+ 



2y 



1 



1 



x 



+ 



2y 



Vx 2 + 2y 2 2V? Vx 2 + 2y 2 V^TT ^x 2 + 2y 2 \2jt ^2fT 

-It 




= (cos s + .9 cos r) (-2e 2t ^j + (-r sin s + sin r) (?>t 2 - 2^ 



dr dt ds dt 
—2 (cos s + s cos r) e~ 2t + (sin r — r sin s) (?>t 2 — 2^ 



dw dw dx dw dy 



1 



2y 



sec t (sec t + 2y tan t) 
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5. 



dw dw dx 



dt 



dw dy dw dz 
+ — -+- + 



dx dt dy dt dz dt 
2x 2 y [3yz — 2xz sin t + xy (sin t + t cos t)] 



= (6x 2 y 2 z^j (1) + (4x 3 yzj (-sin?) + (2x 3 y 2 ) (sin* + t cast) 



6. 



dw 
dt 



dw dp dw dq dw dr 
dp dt dq dt dr dt 



= e q 



— + 2r/?cos2? + — 0 
2' ( ? 2 + i) 2 




1 -/ 



7. 



dm 
dt 




dw dx dw dy dw dz 
dx dt dy dt dz dt ~ |_ 1 4 (xz) 2 J 

-2fz + y 2 z - 2tx 2 z 3 + cosh t (y + xy 2 + x 2 yz 2 ^j 

y 2 (\ + x 2 z 2 ) 



z. 



(!) + (-_ | (20 + 



x 1 
1 + (xz) 2 7 J 



cosh? 



8. 



dw 
dt 



dw dx dw dy dw dz 
1 L _j 

dx dt dy dt dz dt 



xy 



y 2 + z 2 



\e 1 (— cos t — sin ?)] + 



xz 



[e 1 (—sin? + cosf)]. Observe that y/y 2 + z 2 = e *, so we can write 



dit) 



e- 1 

—z xy (cos t + sin f ) + xz (— sin f + cos f) = = x (y cos f + y sin f + z sin f — z cos /) 



9. 



dw 

du 
dw 



dw ex + 8w dy = ^ (2m) + ^ (2y) = 6 ^ + ^ 



dy 



du> dx dw dy 
dv dx dv dy dv 



(3x 2 ) (2o) + (3y 2 ) (2m) = 6 (* 2 t> + y 2 w) 



10. 



5 w; 

du 
dw 



dw dx dw dy 

dy du 



dx du 



dw dx dw dy 
dv dx dv dy dv 



= (y cosxy) 3 (u + v) L + (x cosxy) (0) = 3 (u + v) 2 y cosxy and 



= (ycosxy)3(u + v) 2 + (xcosxy) (^j) 



11. 



5 w; 



dtt> d* du> dy 
+ 



d* du 
dw dx 



+ 



dy du 
dw dy 



dv dx dv dy dv 



(«* cosy) ( *\ + siny) ( ^ - 




wo siny 



2u 

y/uv siny 
2^ 



and 



12. 



dio 
dw 
dio 



d*t> dx dw dy 
+ 



d* du 
dw dx 



dy du 



+ 




+ 2>'ln2^ (e v ) and 



dv dx dv 



+ 



= (lny) (0) + f- + 2^ In 2^ (lie 0 ) = ( - + 2? InZ^ 
dy dy / \y ) 



13. 



dio 



dl6> 



dw dx dw dy dw dz 

+—+- + — — 

dz du 



du dx du dy du 
(tan -1 yzj *Ju 



= K 1 yz ) (2^) + T 



+ (yz> 



(0) + 



*y 



1 + (yz) 2 



(—v sinw) 



2m 



xyv sin w 
1 + y 2 z 2 



and 



dio dx 5io dy dw dz 
dv dx dv dy dv dz dv 



= (tan" 1 yz) (0) + 



xz 



1 4- V 2 7 2 



(-2e" 2 ») 



+ 



xy 



1 4- V 2 7 2 



(cosw) — 



x^ycosu — 2ze 2v ^ 



1 4- V 2 7 2 
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14. 



dw 
du 
dw 
dv 



dw dx dw dy dw dz 



dx du 
dw dx 



dx dv 



dy du 
dw dy 

+ — -T- + 



dz du 
dw dz 



— —2v cosh y — 



dy dv dz dv 
uy cosh z 



(coshy) (2u) + (xsinhy + sinhz) ( — — - ) + (ycoshz) ( - | and 

\u + \J \vj 



= (coshy) (—2d) + (x sinhy + sinhz) (0) + (y coshz) 




v 



15. 



dw 
dt 



dw dr dw ds dw du dw dv 
dr dt ds dt du dt dv dt 



16. 



dw 
dv 



dw dx dw dy 
dx dv dy dv 



w 




u 



v 




x 



w 





y 




17. 



dw 
It 



dw dx dw dy dw dz 
_l_ L + 

dx dt dy dt dz dt 



18. 



dw 

17 



dw dx dw dy 
dx dr dy dr 



w 



w 



dw 
dx 



X 





y 






X 




y 




dw dw dx dw dy dw dz /fS w „ , . w n _ ? , . . . x . . , . t , o . . 

19. — = + — -f- + — — = (2x + y) (2) + (x + 2y) (e 1 ) + 3z 2 (-2 sin It) = 4x + 2y + xe l + 2ye t - 6z 2 sin 2t 

dt dx dt dy dt dz dt 



20 - S = + = (Vy+T^) (l)+r^=(-7). If* = 4 and* = 1, then x = 9 and y = 9, so 

d£ d£ dy dt \ 2^/x / 2^/y 



du dx du dy y — x 2xy 9 
21. — = 1 = 7T • 2 sec 2t tan 2f • sec f . If t = 0, then x = 1 and y = 0, so 

dt dx dt dy dt ^2 + ^ 2 ^2 + ^ 2 



da 


-1 






dw 




dx 


3w dx 


dw 


dw du 


dz 


du dz 



dw dv v 2 uv 



0*0* («2 + l>2) 3/2 ( M 2 + u 2)3/2 



+ 17 Tz = (it 2 + p 2)3/2 ( 3 > " {u2 + v2) V2 ' ^ sin tt (y + z). If , = 0, y = 1, and z = 1, then 

M = 5 and v = 0, so — = ^ - (1) = 0 and — = 0 + = 0. 

5* (25 4- oW 2 125 5z 125 
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du du dx du dy du dz , x . / 1 \ 

23. — = — - — h — - — h — — = (esc yz) r — xz esc yz cot yz (2st) — xy esc yz cot yz I J 



ds dx ds dy ds dz ds 

esc yz (rt 2 — IxzsV 3 cot yz — xy cot yz^ 



t 2 



and 



du du dx du dy du dz ... ? 

— = ^^7 + ^^7 + ^^7 = (cscy-z) (0) - (xzcscyzcotyz)s z - - xycscyzcotyz 
dt dx dt dy dt dz dt 

sx esc yz cot yz (2y — st^zj 

= ? 



(-1) 



24. 



dw 

d7 

dw 
du 



dw dx dw dy r -, r -i 

+ — -z- = [-2 sin (2jc + 3y)J (2m) + [-3 sin (2x + 3 y)J (0) = -4m sin (2x + 3y) and 



dx dr 
dw dx 



dy dr 
dw dy 



+ — — = [-2 sin (2x + 3y)] (0) + [-3 sin (2x + 3y)] (s 2 f ) = -3s 2 t sin (2x + 3y). 



dx du dy du 



25. 



dw 
~dr~ 

dw 
It 



dw dx dw dy dw dz 
+ L + 

dx dr dy dr dz dr 
dw dx dw dy dw dz 

-r^7 + — ^ + = 

dx dt 



2xy 



st 



X 



+ —ste rt + | - 

z L z 

2x y ,* * 2 rtA 2x2 y 

Z Z Z Z \ z* 

dw 



2x 2 y 



y = 2, and z = 1, so 



dy dt 
dw 



dz dt 



ste 



rst 



and 



rse rst . If r — 1,5 = 2, and t — 0, then jc = 1, 



= 4 + 0 + (-4) (0) = 4 and — = 4 (2) + 1 (2) - 4 (2) = 2. 



26. 



dw 
~dr 

dw 
~dt 



dw dx dw dy dw dz 



dx dr dy dr 



+ 



dz dr 



dw dx dw dy dw dz 

+ — 4- + 



z-y 

(x + z) 

z-y 



cos s + 



1 



0 + 



x + z 

1 



sin s — 



•0- 



* + y 
C* + z) 2 

x + y 



■0 = 



dx dr dy 5? dz dr (w + z) 2 * + Z (x + z) 2 



5 sec 2 r 



(z — y) cos ^ + + z) sin s 
(* + z) 2 
(x + y)s sec 2 r 

~ (x+zj 1 



and 



27. Differentiating each equation in the system with respect to x, we obtain — (x) = — (u 2 + v 2 \ — 

dx \ J 



dx 



du 

2u h dv 



dx 



dv 



dx 



and 



dx 



o / 9 n\ du dv . d 

(y) = — ( u A — v L ) = 2u \- 2v — . Since y is an independent variable, — (y) = 0, so we have 

dx \ / 



dx 



dx 



du dv du dv du 
2u h 2d — — 1 and 2u 2v — = 0. Using Cramer's Rule, we obtain — = 

dx dx dx dx dx 



dv 
dx 



2u 1 
2u 0 



2u 2v 
2u —2v 



-2u 1 . du 1 do 1 

— — — = — . Similarly, we obtain — = — and — = — — 

— 8wo 4o ' dy 4w dy 4?; 



d* 
1 
0 



2v 
-2v 



2u 
2u 



2v 
-2v 



-2v 1 
— — = — and 
— quv 4u 
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28. 



d 1 d ( o o\ 1 / du 
Differentiating each equation in the system with respect to x, we obtain — (x) = - — ( u — v J = - ( 2u 

dx 2 dx V / 2 \ dx 



dx 

, d . N 5 . x du dv . . , , . , , 5 , x , dy 
and — (y) = — (uv) = v h u — . Since y is an independent variable, — (y) — 0, so we have u v — 

dx dx dx dx dx dx dx 



2v 



dv 
dx 



= 1 and 



du 



dv du 
v h u — =0. Using Cramer's Rule, we obtain — — 

dx dx dx 



1 -v 
0 u 



u 



u —v 



V u 



dv 

1 and — = 

u + v l dx 



u 1 
v 0 



V 



u —v 



V u 



U 2 + V 2 



du v 
Similarly, we find — — —= T 

dy u z + v l 



u 



dv 

and — = - 

dy u l + v z 



29. HereF(x,y)=^-2xy + ^_ 4 = 0,so^ = -^ = - ^ " 2y 3 ^ ~ 2y 



dx 



y 



-2x + 3y 2 2x - 3y 2 ' 



30. Here F (x, y) = x 4 + 2x L y L — 3xy — x — 5 = 0, so — - = - = — 



2„2 



dy 



Fx 



4x 3 + 4xy 2 - 3y - 1 4x 3 + 4xy 2 - 3y - 1 



31. Here F (x, y) = 2x 2 + 3x 1 / 2 y 1 / 2 - 2y - 4 = 0, so — = -— = - 



y 4x 2 y — 3x 3x — 4x 2 y 

Fv 4x + ^-1/2^1/2 Sx^xy + 3y 



dx 



3^1/2^-1/2 _ 2 4^Iy-3x 



dy F x 

32. Here F (x, y) = x sec y + y cos x — 1 = 0, so — — = — 



y 2 

sec y — y sin x 



y sin x cos^ y — cos y 



dx 



y 



x sec y tan y + cos x x sin y + cos x cos 2 y 



33. Here F (x, y, z) = x 2 + xy — x 2 z + yz 2 = 0, so — = — — = 

ax f z 



2 _ 



2x + y — 2xz 2x + y — 2xz 



-x 2 + 2yz 



x 2 — 2yz 



and 



dz 

dy 



F 



y 



x + z 



2 



X 



_v2 



x z + 2yz 



x 



2 _ 



2yz 



34. Here F (x, y, z) = x 2 + y z + z z — xy — yz — xz — 1 = 0, so — = -— 1 = - 



dz 



dx 



2x — y — z _ 2x — y — z 
2z — y — x x + y — 2z 



and 



dz 
dy 



F 



y 



2y —x — z 



Fz x + y — 2z 
35. Here F(x,y,z) = xe y + ye xz + x 2 e x l y - 10 = 0, so 

Fx ^ + yze xz + ( 2 x + ^ J£ ,y + y 2 ze *z + * ( 2 y + x) 



dx 

dz 

dy 



y 



xe- 



xye 

,2 



xz 



X 



y ->-e xz +x" [-^ I \e 



x/v 



xye 



xz 



xy 2 e xz 

3 x/v 2 v 2 X7 

x D e x,y — xy e y — y L e xz 
xy 3 e xz 



and 



36 



. Here F (x, y, z) — In ^x 2 + y 2 ^ + x lnz — cos (xyz) — 0, so 



dz 
dx 

dz 
dy 



F x 



+ lnz + yz sinxyz 



X 



F 



y 



2y 
x 2 +y 



f + xy sin xyz 
+ xz sin xyz 



2xz + z (^x 2 + y 2 ) lnz + yz 2 ^x 2 + y 2 ^ sin xyz 
x (x 2 + y 2 ) + xyz (x 2 + y 2 ) sin xyz 



and 



2vz + xz 2 x 2 



V S sin xv 



7 +xy sin xyz 



x (x 2 + y 2 ) + xyz (x 2 + y 2 ) sin xyz 
37. We write F (x, y) = x 3 + y 3 — 3axy = 0, so — ^ = — — - = ^ = — -\ -. 



dx 



F y 3y 2 — 3ax y 2 — ax 



38. Denote the radius and height of the cylinder by r and h, respectively. Then its volume is V (r, h) — 7rr 2 h, so 



dV dV dr dV dh 

+ 



dr 



dh 



dr 



dh 



= 2nrh— + tit z — . We are given that r = 60, h = 130, = 0.1, and ^ = -0.2, so 



^ dr dt dh dt dt ' ^ ~ ' ' 777 * ' ^ F 

4r = 27r ( 60 ) ( 13 °) (0- 1) + ^ (60) 2 (-0.2) % 2639, so the volume is increasing at a rate of about 2639 cm 3 /s. 
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39. Denote the radius of the base and the height of the cone by r and h, 

respectively. Then the area of its lateral surface is S (r, h) — irr Vr 2 + h 2 , 



dS__dS_dr_ dSdh _ n ( 2r2 + h2 ) dr nrh dh 

dt ~ dr dt dh dt ~ J r 2 + y{l dt J r 2 + ^2 dt 



. We are 



given that r = 10, h = 18, ^ = -0.2, and ^ = 0.1. Therefore, 
dS ^(2-10 2 + 18 2 ) 7T.10-18 

— - = V , (-0.2) + , (0.1) « -13.2, and so 

dt 



Vl0 2 + 18 2 



Vl0 2 + 18 2 



the lateral surface area is decreasing at a rate of about 13.2 in 2 /min. 




40. We write P (T, V) = 



8.3147 dP 



V 



dt 



dP dT dP dV ( 1 dT 

+ -tt— = 8.314 I — 



T dV 



dT dt 



dT dV dP 

V = 20, — = 0.3, and — = 0.2, so — = 8.314 



dV dt 
1 



V dt V 2 dt 



We are given that T = 300, 



dt dt 
a rate of approximately 1. 12 Pa/ s. 



dt 



_ (0.3) - ^ (0.2) 
20 ' 20 2 



— 1.12239. Thus, the pressure is falling at 



41. The distance between the two cars is D — f (x, y) = v 7 * 2 + y 2 , so 



dD dy 

+ 



+ 



y 



dy 



dx dt dy dt J x 2 + y 2 dt j x 2 + y 2 dt 



. With 



dx dy 
x = 0.3, y = 0.4, — = -30, and — = -45, we find 

dt dt 



dD 

dt 



0.3 (-30) 



0.4 (-45) 



7(0.3) 2 + (0.4) 2 7(0.3) 2 + (0.4) 2 



= —54, so the distance 



between the two cars is decreasing at a rate of 54 mi/h. 




42. The distance between the two boats is D — f (x\,x 2i y\, yi), where D — yj (x2 — x\) 2 + (y 2 — yi) 2 . Thus, 

dP _dPdx x | aDJx 2 | gD jyi | dD dy 2 _ (*i - * 2 ) ^ + ~ *l) ^ + (>'l ~ ^2) ^ + ~ Jl) ^ 
rff a^i ax 2 5yi dy 2 dt (x 2 - xx) 2 + {y 2 - y\) 2 

dx\ _ dx? dyi dy? 
When f = 10, jq = -50, yi = 50, x 2 = 50, y 2 = 120, — - = -5, — - = 5, = 5, and -p- = 22, we have 

dt dt dt dt 

dP (-50 -50) (-5) + [50 -(-50)] 5 + (50 - 120) (5) + (120 -50) (22) 

— = - — — - — / v ----^ — - ^17.94. Therefore, the distance between 

dt ^[50 - (-50)] 2 + (120 - 50) 2 

the two boats is increasing at about 18 ft/s. 



43. We differentiate both sides of the equation -j- = — h — h • • • + -J- with respect to R^. Thus, 

R R[ R 2 R n 



d 



dify V / dR k \ 1 / dR k \ z J dR k \ K J dR k \ " / V / 

/ n v 2 
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44. 



c — v „ 
F= / 



dF 



c + u 
1 dv 

f 



dt du dt 
— v du 



dF du dF dv 
+ 



c + u dt 



[c — v du 
(c + u) 2 dt 



dv dt 
1 dv 



d / c — v \ 
du \c + u ) 



d 



dt dv 



(—) 

\c + u ) 



dv c — v du 

dt ~ ~ ( c + u) 2 ~dt ~ 



+ 



c + u dt 

1100-50 



du dv 
f. Putting u = 100, — - = 3, v = 50, — = 5, and / = 500, we find that the 

dt dt 



frequency is changing at a rate of — 

L(H00+ 100) 2 
decreasing at the rate of about 3.2 Hz/s. 



3 + 



1 



1100+100 



•5 



500 « -3.177. That is, the frequency is 



45. Parametric equations giving the position of the insect are x = 2t, y = t 2 , 

z = f 3 . The rate of change in temperature experienced by the insect is 

-120* ... -120y 



dT dT dx dT dy dT dz 

— = — — + — + — — = ~ (2) + 

dt dx dt dy dt dz dt ^ _j_ x 2 _j_ y2 _j_ z 2y ^ _j_ x 2 _j_ y2 _j_ ^2^ 

When J = 2, * = 4, v = 4, and z = 8, this is equal to 



(20 + 



-120z 



(l + x 2 + y 2 + z 2 ) 



( 3 ,n. 



-120 (4) 



t=2 (1 + 16+16 + 64) 2 



(2) + 



-120 (4) 



(1 + 16 + 16 + 64) 2 



(4) + 



-120 (8) 



(1 + 16+ 16 + 64) 2 



(12) % -1.53. The insect 



experiences a temperature drop of approximately 1.53°F/s. 



_ _ dz dz dx dz dy 
46. — = + - 

dr dx dr dy dr 



dz , dz . dz dz dx dz dy dz . dz 

— cos 0 H sin 6 and — - = H - = — (— r sin 0) H (r cos 0), so 

dx dy dO dx dO dy 50 dx v dy 




+ 



-Y-Y = 



cos 0 H sin 0 I + 



5* 



5y 



m0 ) +(^)[-|^(rsin0) + |^(rcos0) 



(ax) 



2 



cos z 0 + 2 



+ 



(dx) (^) 

Gv fe) 



dx 



cos 0 sin 0 + 



dy 



r 2 sin 2 0 



I — I sin 

-mm 



r sin 0 cos 0 + 



m 



2 



r 2 cos 2 0 



.(0) , (rf. + rf.) + (0) I (rf. + «'.)-(|) 



+ 




47. 



du 



dr 



du 



du dx du dy 
dx dr dy dr 



du 



du r 
— — e cos 0 + 

dx dy 



e r sin 0 = 




du 



du dx 



+ 



du dy 



dO dx dO dy dO dx 



\—e' sin0J H e' cos0 



dy 



— e 




cos 0 H sin 0 I and 

dy 

du 

— sin 0 H cos 0 I , so 

dx dy 



-2r 



/du\ 2 /du\ 



2 



— e 



-2r 



2r 



u 



du 



cos 0 H sin 0 ) + e 

dx dy 



2r 



Pi 



u 



dy 



cos 0 — 



du 



sin0) 

dx ) 



2 



, g) 2 H . + w .) + (g) 2 H . + . (|) 2 + (0) 



48.^ = 

dr 



dw dx dw dy 
dx dr dy dr 



du du 

— e r cos 0 H e r sin 0 

dx dy 



d 2 u 
'dr 2 



— cos 0 f e' 



d 



dx 




dx 



+ 



d 



dr dy 



/du\ 
\dx~) 



dy I du r 1 . _ 1 ' I T 
'H e r +sin0 e 



dr 



dx 



dx 



/du\ 



dx d 
+ 



dr dy 



(du\ dy 
dy) ~dr 



du 



dy 



d 2 u 



d l u 



du 



= cos el —e 2r cos 0 + ^-e 2r sin 6 + — e r + sin 0 



dx 



dy dx 



dx 



d 2 u 
dx dy 



d 2 u 



e ^r COS 0 + " 2r sin0 + 

dy 2 



du 



d z u 
'dx 2 



e 2r cos 2 0 + 



d 2 u 
dx dy 



e 2r sin 2 0+— e r cos 0 + —e r sin 0 + 8 -^e 2r sin 2 0 



5x 



dy 2 
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d 2 u d 2 u 9 9 d 2 u 9 d 2 u 9 9 du du 
In a similar manner, we find — T = — T e zr cos z 6 e Lr sin 20 H T e zr sin z 0 e r sin 0 e r cosO, so 

d0 z d;y z d*d;y dx z 

-2r f d 2 u \ _ 2r ( d 2 u 2r ^ u 2r\ ^ 2 u ^ 2 u 



M dz dz dx dz dy dz dz , _ dz dz Sz Sz 5.x dz dy dz . „ dz dz dz 
49. — = + = — (1) H (-1) = and — = + = — (-1) H (1) = + — 

du dx du dy du dx dy dx dy dv dx dv dy dv dx dy dx dy 

dz dz dz dz dz dz 
so 1 = 1 = 0. 

du dv dx dy dx dy 



dz dz dx dz dy dz /iN dz / _ dz dz , dz dz dx dz dy dz /iX dz , _ dz dz 
50. — = + = — (l) + — (l) = — + — and — = + = — (l) + — (-1) = , so 

dw dw dy dw dx dy dx dy dv dx dv dy dv dx dy dx dy 



dz dz ( dz dz 

+ 




du dv \dx dy 



) \dx dy J \ dx / \ dy J 



51. Let u — x + at and v — x — at. Then z — f (x + at) + g (x — at) = f (u) + g (v), 

dz dz du dz dv 



so 



dt du dt dv dt 



+ IT ^7 = /» ( fl ) + s' (») (-«) = « [/' (") - g' (»)] 



If = fl |. [/' («) - g' (t>)] = a [/" («) (a) - g" (v) (-a)] = a 2 [/" («) + g" («)] 

and * = * * + £ * = /' («) (1) + g' (,) (1) = /' («) + g' (o) =* 

dx du dx dv dx 

= dx~ ^ (M) + g/ = /'»(!) + = fW + ^W- Therefore, 

^ _ .2 r *// ^ _l ^1 _ .2 ^ 

dt 2 



= a 2 [f'(u) + g''(v)]=a 2 ^. 



52 



? ? ™ / ? ?\ ^ / x dz dz dw dz dz 

. Let 21 = ;t z + y z . Then z = / Lc z + j z = / («), so — = = — (2x) = 2x — 

\ / dx du dx du du 

dz dz du dz dz dz dz . dz ^ dz 

— = = — (2y) — 2y — , so y x — = y ■ 2x x • 2y — =0. 

dy du dy du du dx dy du du 



and 



dz dz du dz dv 
dx du dx dv dx 

d 2 z d ( dz du dz dv\ d / dz du\ d ( dz dv 



= -( 

dx \ 



dx 2 dx V du dx dv dx / dx \ du dx ) dx \dv dx 

d ( dz\ dv dz 



d / dz\ du dz d / du\ 
dx \du J dx du dx \dx / 



+ 



dx 




du 2 dx dv du dx I dx du dx 2 \ du dv dx dv 2 dx I dx dv dx 2 

d 2 z / du\ 2 d 2 z dv du dz d 2 u d 2 z du dv d 2 z / dv\ 2 dz d 2 v 
du 2 \dx I dv du dx dx du dx 2 du dv dx dx dv 2 \dx I dv dx 2 





d 2 z du d 2 z dv \ du dz d 2 u ( d 2 z du d 2 z dv \ dv dz d 2 v 
+ — — I — + « +1 — • — + ^7 • — I — + 



d 2 z(du\ 2 ( d 2 z d 2 z\dudv d 2 z ( ' dv\ 2 dz d 2 u dz d 2 v 

+ — T — + " T + 



du 2 \dx I \ dv du dudvldxdx dv 2 \dx I du dx 2 dv dx 2 
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dz dz du dz dv 
54. — = 1 

dx du dx dv dx 

d 2 Z 



d / dz du dz dv\ d / dz\ du dz d / du\ d / dz\ dv dz d /dv\ 
5y \du dx dv dx) dy \du ) dx du dy \dx J dy \dv J dx dv dy \dx ) 



dy dx dy \ du dx dv dx 

I d 2 z du d 2 z dv\du dz d 2 u I d 2 z du d 2 zdv\dv dz d 2 v 
\ du 2 dy dv du dy I dx du dy dx \ du dv dy dv 2 dy I dx dv dy dx 

d 2 z du du d 2 z du dv d 2 z du dv d 2 z dv dv dz d 2 u dz d 2 v 

+ — — + ~z z z z H~ ~~ t ~z z H~ — + 



du 1 dx dy dv du dx dy du dv dy dx dv 2 dx dy du dy dx dv dy dx 

55. Differentiating both sides of the equation / (tx, ty) = t n f (x,y) with respect to t, we obtain 

d d 

— [f (tx, ty)] = — [t n f (x, y)] = nt n f (x, y). To calculate the expression on the left, let u — tx and v — ty. Then 

d , df du df dv df df 

— f (u,v) = 1 = — ■ x -\ • y. Since the equation holds for all t, we may put t — 1, obtaining 

dt du dt dv dt du dv 

x ^ + y^ =nf(x,y). 

dx dy 

56. / (tx, ty) = 2 (tx) 3 + 4 (tx) 2 (ty) + (ty) 3 = t 3 (lx 3 + 4x 2 y + y 3 ^ = t 3 f (x, y), so / is homogeneous 

of degree 3. Next, — = — (lx 3 + 4x 2 y + y 3 ) = 6x 2 + Sxy and — = 4x 2 + 3y 2 , so 

dx dx \ / dv 



x^- + y?t=x (6x 2 + 8xy) + y (Ax 2 + 3y 2 ) = 3 (2x 3 + 4x 2 y + y 2 ) = 3f (x, y). 



dx dy 

(tx) (ty) 2 t 3 xy 2 j 
57. / (tx, ty) = = = t 2 1 —==^= I — t L f (x, y), so / is homogeneous 



fix) 2 + (ty) 2 y/t 2 (x 2 + y 2 ) 



d f d I xy 2 \ y 4 df 2x 3 y + xy 3 
of degree 2. Next, — = — ( = ) = ^ and — = ^ so 

dx dxy^ + ylj ^ 2 + y 2)3/2 dy ^ 2+y 2)3/2 

df df _ xy 4 2x 3 y 2 + xy 4 _ 2xy 2 

X ~x + y dj ~ {x 2 + y 2)3/2 + {x2 ~ y2) 3/2 " ^f^f " ' ^ 

i ty i y n i y 

58. f (tx,ty) = tan 1 — = tan 1 - = r u tan 1 -, so / is homogeneous of degree 

t X X 

df d , y —y/x 2 y , df x 
0. Next, ^- = —tan -1 - = T = ^ and ^- = -= T , so 

dx x i -j- (-y/^ ^z + -yZ dy x z + y z 

df df xy xy 

x— + y— = — 5- — 2 + ~r~; — 2 = o = o • / y). 

dx dy * z + y z x z + y z 

Q -f Q 1 

59. / (fjc, ry) = = = ? 0 / (jc, y), so / is homogeneous of degree 0. Next, — = — e x ^ = -e x ^ and 

dx dx y 

b J- = ~e x /y, and so x^ + y^ = -W? - = 0 = 0 ■ / (jc, y). 

5y y z 5x 5y y y 

^ 5w 5w 5x 5w dy du . d u . „ t $ v $ v , . ^ ^ y , 

60. — = 1 = — cos 0 H sin 0 and — = — (—rsmO)-\ (r cos 6), so 

5r 5x 5r dy dr dx dy dO dx dy 



I dv 1/ . dv dv\ dv . dv du . / 5w\ 

= - I —rsmO h r cos # — I = cos 0 sin 0 — — cos 0 sin 6 I I = cos 0 

r dO r \ dx dy J dy dx dx \ dy J 



du . du du 
h smy — = — 

dx dy dr 

dv dv dx dv dy -dv . _do , du du dx du dy . „du du 
Next, — = 1 — cos 0 h sin 0 — and — - — H = — r sin 0 h r cos 0 — , so 

dr dx dr dy dr dx dy dO dx dO dy dO dx dy 

I du . du du . dv ./ dv\ dv 

— sine/ cost/ — — sine/ cos 0 



r dO dx dv dv \ dx I dr 



( dx) 
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_ du d / r^, y\ x , dv d , y l/x x du dv 

61. — — — (In yjx L + y z I = — = ~ and — = — tan 1 - = =■ = — ^ T , so — = — 

dx dx V / jc z + y z dy Sy x 1 + (y/x) x z + y z dx dy 

du d / t—x 7j\ y dv d _ t y —y/x y du dv 

— = — I In sj x L + y z I = -= — = — tan - = T = ~ ~, so — = — — . 

^ \ / x z + y z dx dx x \ + (y/ x y x z + y z dy dx 

fx (fl, W 



dy 

62. a. The slope of the tangent line to the curve at the point (a, b) is — 

dx 

fx (a,b) 



(a,b) fy (<*> b ) 



. Using the point- slope form of the 



equation of the line, we obtain y — b = (x — a) => f x (a, b) (x — a) + f Y (a, b) (y — b) = 0. 

fy (a, b) 

b. Write the equation in the form 9x 2 + 4y 2 - 36 = 0 and let f(x,y) = 9x 2 + Ay 2 - 36 = 0. Then 

fx i} 9 ^T^) = ^U=l = ^ an( * /y (*> ^T^) = ^ I y =3^/3/2 ~ ^>/3, so an ec l ua ti on of the tangent line is 
18 (x - 1) + 12V3 (y - 2^2) = 0 <^> 3x + 2V3y = 12. 

~ ^ /* 
63. a. — = -— , so 

d* /y 

^l = -± (k\ = fy&U^-fx-fetfy) = fy ( fxx + fxy %) " fx ( fyx + ^Zg) 

^ 2 dxXfy) f 2 f 2 



v jy 



fyfxx + fyfxy {—fx/fy) ~ fxfyx ~ fxfyy {—fx/fy) fy fxx ~ fxfyfxy ~ fyfxfyx + f x f 



yy 



f 2 f 3 
Jy Jy 



fx fyy 2 fx fy fxy + f y fxx . 

3 : since f xy = f yx . 



/ 



y 



b. Here / (x, y) = x 3 + y 3 - 3xy = 0. We find = 3x 2 - 3y, / y = 3y 2 - 3x, f xx = 6x, f xy = -3, and f yy = 6y, so 

2 



d 2 y (3x 2 - 3y) (6y) - 2 (3* 2 - 3y) (3y 2 - 3x) (-3) + (3y 2 - 3x) (6x) 
dx 2 ~ (3y 2 -3xf 

(x 2 -yfy+ (x 2 - yj (y 2 - x) + (y 2 - xf x 2 xy (x 3 + y 3 - 3xy + l) 2 xy 



-54 



27(y 2 -x)^ (x-y 2 ) 3 (x - y 2 ) 3 



since x 3 + y 3 — 3xy = 0. Its domain is J (x, y) | x ^ y 2 J . 

to df dx df dy 

64. Let / y) = x J + v — 9xy = 0. Differentiating both sides of this equation with respect to t gives — H — = 0, 

dx dt dy dt 

that is, (3x 2 - 9y) + (3y 2 - 9a:) ^ = 0 => ^ = ( ; ~ * | and so if * = 2, y = 4, and ^ = 16, then 
V ) dt \ ) dt dt \y 2 -3xjdt 

Jy 3-4-4 

-— = — — — — • 16 = 12.8. The yacht was moving in the northerly direction at 12.8 mi/h. 
dt 16 — 3 • 2 

d , % d , s dx F v 

65. True. — F (*, y) = — (0) => F x — + F y = 0 => — = — (F, # 0). 

<iy dy dy y dy F x 

5z 5 5 dx dx 1 

66. True, z — cosxy — = — y sinxy. On the other hand, — (z) = — (cosxy) =^> 1 = — y sinxy 



5x dz dz dz dz ysinxy 

dz_ 1 
dx dx/dz 
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1. a. See page 1097 (1093 in ET). We need to use a unit vector to indicate the direction. Otherwise, the directional derivative 
would not be unique, 
b. See page 1 103 (1099 in ET). 



2. a. See page 1099 (1095 in ET). 

b. See page 1 103 (1099 in ET). 

c. See page 1 100 (1096 in ET). 

d. See page 1103 (1099 in ET). 

3. a. If V/ (x, y) = 0, then D u f (x, y) = 0 for every u. 
b. Seepage 1101 (1097 in ET). 



13.6 Directional Derivatives and Gradient Vectors ET 12.6 

1. Here u = cos f i + sin £ j = + ij, D u f (x, y) = f x (x, y)u x + f y (x, y) u 2 = (3x 2 - Ax) (^) + (3y 2 ) 
and D u f (1,2)= [3 (l) 2 - 4 (1)] (^) + [3 (2) 2 ] ( * ) = l 2 ^. 

2. Here u = cos 2jL i + sin 2jL j = + ^j, D u f (x, y) = ~j=== (^^t) + J^T^ (t)' ^ 



3. Here u = cos f i + sin f j = j, so D u f (3, 0) = ^ (3, 0) = (x + 1) e>'| (3 0) = 4. 



and 



4. Hereu = cos (-f ) i + sin (-f ) j = - ^j, D u f(x,y) = ycosxy + xcosxy (-^), 
D u /(l,0) = 0H-l(-^)=-^. 

5. A (*, y) = ^ (2x + 3*y — 3y + 4) = 2 + 3y and / y (x, y) = 3x — 3, so 
V/ (2, 1) = [(2 + 3y) i + 3 (x - 1) j] (2 1} = 5i + 3j. 

6. A(*,y) = T-( x2 + y 2 ) = 2 * 2 ,2 and/ v (x,y) = -__L_, so 

V/(l,2) = - j = -^i-4j. 

(12 + 22) 2 (12 + 22) 2 25 25 

7. (x, y) = (x siny + y cosx) = siny — y sin* and f y (x, y) = x cos y + cosx, so 

V/ (f , f ) = [(sin y - y sinx) i + (x cos y + cos*) j] (7r/4>7r/2) = [l - f (#)] i + #j = *=^i + % 

8. A (x, z) = A (J±J) = ^ZZj, /, fr, z) = _L and /, (x, z) = so 

V/(l,2,3) = ^i+ T l I j-l±^k=^i+lj-^k. 

9. AO,y,^) = 37 (xey z ) = ey z , f y (x,y,z) = xze^, and / z (x,y,z) = xy^ z , so 
V/ (1, 0, 2) = ( e y*l + xze^j + xye> z k)\ n n ~ = i + 2j. 
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10 



d r / 9 9 9\"i 2x 2y 2z 

■ fx (x, y, z) = — In (x z + y L + z z ) = ^- — f y (x, y, z) = -~— — - and f z (x, y, z) = 

dx L V /J x l + \ l +7 l x l + \ l + 7 l 



+ y z + z^ ' ' ' ' x<- + y z + " ' x 2 + y 2 + z 2 ' 



soV/(l,l,l)=|i+|j + |k. 



11. Here n = -1 = 1 J = - 2^Sj, /* (x, y) = 3x 2 - 2xy 2 + y, and f y (x, y) = -2x 2 y + x + 2y, so 

|V| + (-2) 2 

D a f (1, -1) = f x (1, -l)«i + /, (1, -1)«2 

= [3 (l) 2 - 2(1) (-1) 2 + (-1)] (^) + [-2 (l) 2 (-1) + 1 + 2(-l)] (-^2) = 

12. Here n = v = -^i + -j=j = + ^j, /, (x, y) = 3x 2 , and / y (x, y) = -3y 2 , so 
Duf (2, 1) = A (2, 1) (^) + / y (2, 1) (^) = 3 (2) 2 (^) - 3 (l) 2 (^) = 

13. Here a = \=-i,f x (x, y) = ~^, and / y (x, y) = K so D u f (3, 1) = A (3, 1) (-1) + /, (3, 1) (0) = ~ (-1) = i. 

14. Here u = = |i + fj, /* (x, y) = * =, and /y (x, y) = y =, so 

l v l v -v- + y- + 1 ' ' 



, 3\ /4\ 2 /3\ 2 /4\ 14 

D u /(2,2) = fx (2,2) - + f y (2,2) - = 




5/ ' W ^22 + 22 + 1 V5/ 722 + 22 + 1 \5/ 15' 




15. Here u = -1 = ' + 3j = -^i + ^j, /, (x, y) = - 2y and f y (x, y) = 2 \ so 

M y ( _ 1) 2 + 3 2 (*-y) 2 (*-y) 2 

D„/ (2, 1) = (2, 1) (-^) + /, (2, 1) = -2 + 4 (5^) = 2^0. 



SO 



2* * 

16. Here u = ^ = , '~ J = - £j, f x (x, y) = (1 + xy) e**, and /, (x, y) = xV?, 

2 2 + (-l) 2 

Duf (2, 0) = fx (2, 0) (^) + /, (2, 0) (-^) = 1 (?^) +4 (-^) = 

v — 2i + 3 j 2 /n ^ /IT ? 

17. Here u = — - = . = — \ 3 i + 13 j, (x, y) = sirr y, and /y (x, y) = 2x sin y cos y = * sin 2y, 

M 7(-2) 2 + 3 2 

Du/ (-1, f ) = f x (-1, f ) (-2^3) + f y (-1, f ) (ivgi) = 1 (_2^3) + (3^3) = .4^3 . 

18. Here u = = 1 J = - ^j, /* (*, y) = and A, y) = - so 

l y l /i + (_i)2 * 2 + y 2 + 

Ai/ (1, 1) = fx (1, 1) (f) + /y (1, 1) ("#) = (f ) + J (-f) = "# 

19. Hereu = -1 = / 0 +J t k 5 = ^0+j + k), f x (x, y, z) = 2xyh\ 

|v| Vl2 + l2 +1 2 J 

f y (x,y,z) = 3x 2 y 2 z 4 , and f z (x,y,z) = 4x 2 y 3 z 3 , so 

D u / (3, -2, 1) = 2 (3) (-2) 3 (l) 4 (^) + 3 (3) 2 (-2) 2 (l) 4 (^) + 4 (3) 2 (-2) 3 (l) 3 (^) = -76^3. 

20. Hereu = ^- = ^ + 2 J + 2k = 1 i+ 2 j+ 2^ ^ ^ z) = 2x + 2>; 2 , / y (x, y, z) = 4xy+2z 3 , and f z (x, y, z) = 6yz 2 , 

\ y \ y/l + 2 2 + 2 2 

so D u / (2, 1, -1) = A (2, 1, -1) (I) + f y (2, 1, -1) ( 2 ) + f z (2, 1, -1) ( 2 ) = 6 (^) + 6 (§) + 6 (§) = 10. 

^ tt v 2i-4j+4k 1# 2 . , 2, r , x ^ , ( x -^z j 

21. Here u = — = ^= = ji - f J + f k, (x, y, z) = , f y (x, y, z) = , and 

i v ' J2 2 + (— 4) 2 + 4 2 l \l x yz ^yfxyz 

h( X ,y,z) = j^=,oD u f(A,2,2) = h{k) + l(-l) + l{^) = l 
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v 2i — k o /c /c y 2 xy + 6yz 2 

22. Here u = — = = - ^k, /, (x, y, z) = — / /, (*, y, z) = / === , and 

M y 2 2 + (-l) 2 27^2 + 6y 2 z 2 Ay 2 + 6y 2 z 2 

/z (*, y> z) = , » = - ==, so 

V xy z + 6y z z z 

Du/ (2, 3, -1) = /, (2, 3,-1) (^2) + /, (2, 3, -1) (0) + f z (2, 3, -1) (-^) = 2^ (^) - ^ (-^) 

_ 21yT0 

- TT 

23. Here u = = ■ ~ 2j + 3k = = 7m (j _ 2j + 3k)> ^ (x> y> z) = 2xg y Z ^ fy (x< y> z) _ x 2 ze y Z< and 

|V| yi2 + (-2) 2 + 3 2 

f z (x, y, z) = * 2 y^, so D u f (2, 3, 0) = 4 + 0 (-^) + 12 (^) = 20VH. 

24. Hereu = ^ = = # (~3i + 2j + k), f x (x, y, z) = 2 * 2 ,f y (x,y,z)= — \ 2 



(-3)2 + 22 + 1 



x z + y z + z z x z + y z + z 



V i * j 

25. Here n = — = = ^ (i - j + k), f x (x, y, z) = 2xy cos 2z, / y y, z) = x 2 cos 2z, 

|V| yi2 + (_l)2 + 1 2 

and f z (x,y,z) = -2x 2 ysm2z, so D u /(-l,2, f) = f x (-1,2, f ) (^) + /, (-1,2, f) (-^) + 
/, (-1, 2, f ) (4) = 0 (f ) + 0 (-f ) - 4 ) = 

26. Here u = -1 = , 2i ~j + 3k = VM(2i-j + 3k), 

|V| y 2 2 + (-1)2 + 3 2 

A z) — e x (2 cosy + 3 sinz), f y (x, y, z) — -2e x siny, and f z (x, y, z) = 3e x cosz, so 

A,/ (1, ^)=e [2 (f ) + 3 ( 1) ^ - 2e (j) (-^) + 3, (f ) = ^ (l3V3 + g) , 



27. Hereu = -1 = * + 2j k = + - ^k, (x, y, z) = tan" 1 f y (x, y, z ) = 



xz 



y^ + z 2 ' 



V1+4 + 

and / z (x, y, z) = —j^- so < 3 > ~ 2 ' 2 > = ^ ( 3 ' ~ 2 ' 2 ) (#) + fy & ~ 2 > 2 ) (#) + 

fz (3, "2, 2) (-f ) = -f (f ) + | (#) + | (-f ) = # (3 - tt). 

28. Here u = = v = ^ (i - j + k), f x (x,y,z) = 2xsin _1 yz, 

|v| J 

2 2 

x z x y 

f y (x,y,z) = , , and f z (x,y,z) = , so 

Vl - y 2 z 2 Vl - y 2 z 2 

D u / (2, 1,0) = A (2, 1, 0) (^) + /, (2, 1, 0) (-^) + / z (2, 1,0) (^) =0 + 0 + 4 (^) = 

i + niTpj, /t (^, y) = 3x 2 , and / y (x, y) = 3y 2 , so 




PQ i + 3j 



29 . ^ „ = __ _ ^ T ^ 



D u f (1,2) = /, (1, 2) (^) + /, (1, 2) = 3 (^) + 12 (5^0) = 22^. 

30. Here u = = / ~ 3 ' + 2j = -^j^i + ^^j, fx (x, y) = e _> ', and f y {x, y) = -xe~y , so 




(-3) 2 + 2 2 

D u f (2, 0) = A (2, 0) (- 3^1 ) + /, (2, 0) = 1 (- 3^J1) - 2 (hgl) = - ^ 



13^- 
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31. Here u = 




2i+fj-£k 



12 



P(t\ y22+(f) 2 +(^) 2 V576+ 13tt 2 



(2i + f j - £ k), A (*, y, Z ) = sin (2y + 3z), 



/y (*, y, z) = 2x cos (2y + 3z), and / z (x, y, z) — 3x cos (2y + 3z), so 

24 

Duf (1, f , -fz) = /* (*> f ' ~n) ' v / 576+ 137T i + h ^' 



3tt 



V576 + 13tt 2 



2tt 



-s/2 / 24 
2 W576+ 13tt 2 



3tt 



V576+ 13tt 2 



+ 



3V2 



2tt 



V576+ 13tt 2 
12V2 



V576+ 13tt 2 / VBtt 2 + 576 



32. Here u = 





i+j - 3k &a 1 i 
vi+1+9 



1 



z — X 



n (i + j - 3k), /* (x, y, z) = : - rT , f y (x, y, z) = - -, and 



y + z 



(y + z) 



* ( \ x + y 

f z (x, y, z) = - - so 

(y + z) 2 



D u f (2, 1, l) = f x (2, 1, l) (^H) + / y (2, 1, l) + fz (2, 1, 1) ( 



h/H\ - 1 /"vTf\ 1 / yn\ 3 / 3vTi\ 

rrj - 2 v~rr j ~ ? v~rrj ~ ? ^ n~; 



_ 5711 



33 



i + 



3y 



j, so V/(3,2)= ^i + V2janda 



3 3 1 

V/ (x, y) = —J2x + 3y 2 i + — Jlx + 3y 2 j = . , 

^ dy y/lx+Jy 1 ^2x + 3y 2 

vector in the desired direction is v = 3V2V/ (3, 2) = i + 6j. The maximum rate of increase of / at P (3, 2) is 



|V/(3,2)|=y(f) 2 + (V2) 2 =^. 



34. V/ (jc, y) = — (<T 2 * cosy) i + ^- (e~ 2x cosy) j = -2^" 2j: cosy i - e~ 2x sinyj, so V/ (0, f ) = -y/2i - 
and a vector in the desired direction is v = V2V/ (0, ^) = — 2i — j. The maximum rate of increase of / at P is 



v/(o,f) 



35 



A (*, 3% z) = ^ (* 3 + 2xz + 2yz 2 + z 3 ) = 3x 2 + 2z, f y (x 9 y, z) = 2z 2 , and f z (x, y, z) = 2x + 4yz + 3z 2 , 

so V/ (-1, 3, 2) = (-1, 3, 2)i + f y (-1, 3, 2)j + / z (-1, 3, 2)k = 7i + 8j + 34k and a vector in 
the desired direction is v = V/ (—1, 3, 2) = 7i + 8j + 34k. The maximum rate of increase of / at P is 

|V/ (-1, 3, 2)| = V7 2 + 8 2 + 34 2 = 3VT4T. 



36. f x (1,2,-1) = 



2x 



and f z (1,2,-1) = 



x 2 + 2y 2 + 3z 2 

6z 



(1,2,-1) 



x 2 + 2y 2 + 3z 2 



= I /y (1,2,-1) = 



1 

= --, SO 



4y 



x 2 + 2y 2 + 3z 2 



(1,2,-1) 



2 
3' 



(1,2,-1) 

V/ (1, 2, -1) = (1, 2, -l)i + / v (1, 2, -1) j + f z (1, 2, -1) k = \\ + |j - ^k and a vector in 
the desired direction is v = 6V/ (1, 2, — 1) = i + 4j — 3k. The maximum rate of increase of / at P is 



2 



37. V/ (*, y) = fx (x, y) i + f y (x, y) j = 



(i) +H) 

2 



i + 



1 



j, so V/ (0, 0) = 2i + j and a vector in the 



38 



l + (2x + y) 2 " ' l + (2x + y) 2 
desired direction is v = —V / (0, 0) = — 2i — j. The maximum rate of decrease of / at P is |— V/ (0, 0)| = V4 + 1 = y/5. 

V/ (x, y) = /x (x, y) i + /y (x, y) j = ^ y i — 2xy^ ^ j ^> V/ (1, 0) = i and a vector in the desired direction is 
v = —V/ (1, 0) = — i. The maximum rate of decrease of / at P is |— V / (1, 0)| = |— i| = 1. 
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39. V/ (jc, y, z) = h + y~ + ij j - => V/ (1, -1, 2) = -i - ±j + and a vector in the 
desired direction is v = — 4V/ (1, — 1, 2) = 4i + 2j — k. The maximum rate of decrease of / at P is 



-V/ (1,-1, 2)| = M-l) 2 + (-i) 2 + (I) 



2 



_ V21 



40. Vf(x,y,z) = 



ycosz. xcosz. 



1 + 



j - ^/Ty sinzk => V/ (4, 1, f ) = + - V2k and a vector in the 



41. 



desired direction is v = — 8V / (4, 1, ^) = — V2i — 4\/2j + 8\/2k. The maximum rate of decrease of / at P is 
_ V/ (4, 1, f ) I = y(f) 2 + (f) 2 + (-V2) 2 = 

The direction is that of Vh (1, 1), but 

Vh(x,y) = f x (x,y)i + f y (x,y)i = 20 (-8jc + 2y + 28) i + 20 (-6y + 2x - 18) j, and so 

V/z (1, 1) = 440i — 440j. Therefore, the desired direction is v = Vh (1,1) = i — j. The steepest slope is 

|VA(1, 1)| = |440(i-j)| =440 |i-j| =440^2. 



42. At P, draw the approximate tangent line to the level curve. The required 
curve starts out at P in the direction perpendicular to that tangent line. The 
path continues from the point on the next level curve in a direction 
perpendicular to it, leading to the path of steepest ascent shown. 




43. a. You will be ascending if you start from A and proceed in a southwesterly direction, because you will be moving from a 

point on the level curve with value 200 toward one with value 300. If you start from B, you will be descending. 

b. You will be moving along the tangent line to the level curve at C, and so you will be neither ascending nor descending. 

c. You should move in an easterly direction. This is perpendicular to the curve at D. 

d. You would start from the east. The level curves are spaced further apart and so it takes a greater (horizontal) distance to 
reach the same altitude. 

V 2i + 3j 9 fyi n. Pyy 

44. First, observe that the unit vector u with the desired direction is u = — = = il rf £ i + ,o j. Next, we find 



X 



400xy 



7r[4y 2 +(l-jc 2 -y 2 ) 2 ] 



7T 



y 



V4 + 9 

200 [y 2 - x 2 + l) 

7r J 4 >' 2 + (l-x 2 ->' 2 ) 2 ] 



160 



7T 



» VT ^i, = T x ^i, i + T y j and the required rate of change in the temperature i 

* T G' I) = Tx G' 5) (nnr 



♦*G-J)( 



3v / 13\ 160 VT3 480 Vl3 640VT3 



45. a. r (jc, y) = 



200 



7T 



tan 



-1 



2y 



l-* 2 -y 2 



VT 



200 



7T 



4xy 



i + 



2 (y 2 - 



x 2 + 1 



(l _ *2 _ y 2^ + 4y 2 (1 _ x 2 _ y iy + 4;y 2 



100 V7. 500. 
1+ j 



7T 



7T 
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This vector gives the direction in which T is increasing most rapidly 



at 



M4, i) 



b. T = ™ tan -1 1 = 50, so the level curve of T passing 

through ? j is — tan t 2 _ : 



= 50t=> 



2y 




— =tanf = l«x 2 + (y+l) 2 = 2. 
1 — x L — y z 

46. The desired direction is that of 

VI (1, 1, 2) = f x (1, 1, 2) i + /, (1, 1, 2) j + / z (1, 1, 2)k = [(y +z)i + (* +r)J + (y + x) k] (112) = 3i + 3j + 2k. 

47. The isotherms of T are the level surfaces of T; that is, they are concentric spheres with equations of the form 

x 2 + y 2 + z 2 = c, where c is a positive constant. So the temperature function is T (x, y, z) — k (x 2 + y 2 + z 2 ^, where A: is 

a constant. VT (x, y, z) = & (2xi + 2yj + 2zk) = 2k (xi + y j + zk) is a vector that points away from the center of the 
spheres if k > 0 and toward the center if k < 0. 



48. T = 



100 (1 + 3x + 2y) 
1 + 2x 2 + 3y 2 



vr(i,2) = 



100 (9y 2 - 6x 2 - Sxy - Ax + 3) 200 (lx 2 - 3y 2 - 9xy - 3y + l) 
V * s 4 



(1 + 2x 2 + 3y 2 ) 



(l + 2x 2 + 3y 2 ) 2 



= ^i- IjjLj. We see 



- (1,2) 



that the temperature increases most rapidly in the direction of — and decreases most rapidly in the direction of 



52; _, 88| 

49. a. Let the path of the insect be described by the position function 

r(t) = x (t)i + y(t)i,r(G) = 0. Next, VT (x,y) = -12jci-4yj. Since 
the insect moves in the direction of maximum decrease in temperature, we 
have v (?) = —k'VT (x, y), where A: is a scalar function of t. That is, 



b. 



dx dy 

-— i + -f-j = 12kxi + 4£yj <^> 
dt dt 



dx dy 
— = 12kx, -r = 4ky 
dt dt 



. Thus, 



dy dy/dt 
dx dx /dt 

equation. We find 



4&y 1 y 

— — . This is a first-order separable differential 

\2kx 3 x 



dy 

y 



1 

3 



dx 



x 




In |y| = 3 In \x\ + |lnci | <=> 3 In |y| = In \x\ + In \c2\ (where c% — Cj) <^> In 
condition y (1) = 1, we find that c — 1, so the required path is x — y 3 . 

50. The gradient vector of / is V/ (x, y) = 60x-°- 4 y a4 i + 40x°- 6 y-°- 6 j = 



y 



= In I ex I o y — ex. Using the initial 



20 



x 0A y 0.6 



(3yi + 2xj). 



So in order to maximize the increase in 



This gives the direction of greatest increase of / at (x, y). Where x = 500 and y = 250, we have 

V/ (500, 250) = nA [3 (250) i + 2 (500) jl = — 

J ; 500°- 4 250 0 - 6 L J 500°- 4 250° 

output, each increase of 10 units of labor should be accompanied by a corresponding increase of I (10) = 3p units of 
capital expenditure. 



3 (»+&)• 



51. / (P 0 ) = 20 and f (Pi) = 25. Also, d (P 0 , P x ) « 0.8, so D„/ (P 0 ) 



/(?l)-/(/M 25-20 



0.8 



= 6.25. 
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52. Refer to Exercise 51. Pick Pq (3, 1) and P\ to be the point where the dashed line intersects the level curve with value 75°F. 
We estimate the distance between Pq and Pi to be 0.5 in., so the rate of change of the temperature at Pq (3, 1) in the desired 



direction is given by D u f (3, 1) 



^ 75-80 



10°F/in. in the direction from P 0 (3, 1) to P 2 (5, 4) 



0.5 



= —10; that is, the temperature is falling at the rate of 



53. The vector from the origin to (—3,4) is v = — 3i + 4j, and a unit vector in the same direction is u = — |i + ^j. We are 
given that D u f (0, 0) = V/ (0, 0) • u = 5 <^ [f x (0, 0) i + f y (0, 0) j] • |j) = 5 and, by Theorem 3, the direction 

of V/ (0, 0) is the same as that of u. Thus, f x (0, 0) i + fy (0, 0) j = c ^— + for c > 0. We have the system 



-f/*(P,Q)+$/y(0,0)=5 

/*(0,0) = -§c 

fy (0, 0) = t C 



whose solution is c = 5, f x (0, 0) = -3, f y (0, 0) = 4. Thus, V/ (0, 0) = -3i + 4j. 



54. / (jc, y) = x 2 + e 



-xy 



V/ (1,0) = [(2x - ye~*y) i - *£?" A '- V j] (1 Q) = 2i - j. We are given that 



D u f (1,0) = V/(1,0) u = (2i- j) (wii + w 2 j) = 2i<i - u 2 = 1. Thus, we have 



2m i — ^2 = 1 



u i = 0 and 



3 



W2 = — 1 or = | and to = §? an d so the vectors are u = — j and u = |i + jj. 



55. a. 



56. a. 




b. We need to show that the gradients of / and g are orthogonal at each point 
(x, y) in the plane where the curves intersect. V/ (jc, y) = 2xi — 2yj and 
Vg (x, y) = yi + xj, so since 

V/ (x, y) • Vg (x 9 y) = (2xi - 2yj) ■ (yi + xj) = 2xy - 2yx = 0 for all 
(x, y), the result follows. 



b. We need to show that the gradients of / and 

g are orthogonal at each point (x, y) in the plane where the curves intersect. 

V/ (x, y) • Vg (x, y) = (e* cosyi — e x sinyj) • (e x sinyi + e x cosyj) 



2x 



2x 



= e cos y sin y — e sin y cos y = 0 for all (x, y) 



so the result follows. 



57, 



58 
59 
60 



The level curves of / are concentric circles centered at the origin, and so / increases most rapidly in any direction away 
from the origin. The level curves of g are hyperbolas centered at the origin with transverse axes lying on the x-axis or 
the y-axis, so g increases most rapidly in the x-direction (positive or negative). Theorem 3 is not applicable because 
V/ (0, 0) = (2xi + 2xj)| (()j o) = M + Qi = 0 and Vg (0, 0) = (2xi - 2yj)| (0?0) = Oi - Oj = 0. 
True. In fact, D u f (x, y) = V/ (x, y) • u. 

True. D u f (x, y) = V/ (x, y) • u and so it depends only on u and V/ (x, y) = f x (x, y) i + f y (x, y) j. 
True. V/ (a, b) = f x (a, b) i + f y (a, b) j = Oi + Oj = 0. 



61. True. D u f (x, y) < \D u f (x 9 y)| = |V/ (x, y)-u\ = \Vf (x, y)\ = J 'f? (x 9 y) + f* (x, y). 

62. False. Both / (x, y) = xy and g (x, y) = xy + 3 satisfy V/ (x, y) = Vg (x, y) = yi + xj, but clearly g (x, y) ^ / (x 9 y). 
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1. a. See page 1 109 (1 105 in ET) 



b. Seepage 1111 (1107 in ET) 



2. a. See page 1 1 12 (1 108 in ET) 



b. Seepage 1112 (1108 in ET) 




1. / (1, 2) — A— 1 = 3, so an equation of the required level 
curve is y 2 — x 2 = 3. 

V/ (1, 2) = f x (1, 2)i + f y (1, 2) j = (-2x1 + 2yJ)| ( i >2 ) 
= -2i + 4j. 




3. / (1, 3) = (x 2 + y^ | = l 2 + 3 = 4, so an equation 



(1,3) 

of the required level curve is x 2 + y 
V/(l,3) = (2xi + j)| (lj3) =2i+j 



= 4. 




2. 



/(^,l).(4^ + ^)| (v5Ai) .4(#) 2 + 1.4, 

so an equation of the required level curve is Ax 2 + y 2 — A. 
V/(^,l)= (8xi + 2yj)|^ A1 x =4V3i + 2j. 



v/(f , i) 




4. / (-3, 4) = (2x + 3y)| ( _3 5 4) = -6 + 12 = 6, so an 

equation of the required level curve is 2x + 3y = 6. 
V/ (-3, 4) = (2i + 3j)| ( _ 3>4) = 2i + 3j. 



y 1 


i 




xV/(-3, 4) 4 \ 






1 


1 1 


H 1 1— ► 


1 1 1 1 1 1 

0. 


1 ^ 





2 2 
x^ 

5. F(x,y) = — + 



9 

2 



16 

2 



( 



VFI^,2j = (Jjxi + |yj) | ^ 3v ^ /2 2 ^ = + ll is normal t0 the level curve 



F(*,y) = 



9 16 



= 1 at ^^r^, 2^. From this, we see that the slope of the required normal line is m = ^= = So 



an equation of the required normal line is y — 2 = ^ (x — ^r^) o y = ^-x + g . The slope of the required tangent line 



is m = — ^= = — ^2 , and so an equation of the tangent line is y — 2 = — i x 



__4V3/ JC _3V3\^ )> = _4V3 x + 8 
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6. F (x, y) = x 4 - x 2 + y 2 => VF ^ = ^4jc 3 - 2x) i + 2yj] , ^ ^_ v = - £ i + is normal to the level 

curve F (x, y) — x 4 — x 2 + y 2 — 0 at (j, ^-V So the slope of the required normal line is m — ~ anc ^ an 

equation of the normal line is y — ^ = — (x — ^\ <=> y = — >/3jc + ^p. The slope of the required tangent line is 



in — K= = and so an equation of the tangent line is y — = ^-\x — <=> y = ^-x + 



7. F (x, y) = x 4 + 2x 2 y 2 + >' 4 - 9jc 2 + 9y 2 
VF 



(>/5, -l) = [(4x 3 + 4xy 2 - 18jc) i + (4x 2 y + 4y 3 + 18y^jj/^-_ \ = 6V5i - 42j is normal to the level 
curve F (x, y) = x 4 + 2x 2 y 2 + y 4 — 9x 2 + 9y 2 = 0 at ^V5, — 1^, so the slope of the required normal line is 



m = _ 42 __7V5 



= — pp and an equation of the normal line is y — (—1) = — pp — VB") <=> y = — -^p* + 6. The slope 
of the required tangent line is m = = ^p, and an equation of the tangent line is y — (— 1) = ^p (x — <=> 



v - V5 r _ 12 

y — -7-* ~t- 



8. F (jc, y) = 2x + y - ^~>' => VF (1, 1) = [(2 - e x ~y) i + (l + ^ _v ) 1} = i + 2j is normal to the level curve 

F (x, y) = 2x + y — = 2 at (1, 1). From this, we see that the slope of the required normal line is m = y = 2 and so 
an equation of the normal line is y — 1 — 2(x — \) y — 2x — \. The slope of the required tangent line is m = — ^ and so 
an equation of the tangent line isy — 1 = — k (x — 1) <=> y = — Ax + J. 



9. F(l,2,2)= (x 2 + y 2 + z 2 )| = l + 4 + 4 = 9,so 10. F(l,l,2)= (z-x 2 -y 2 )| 

V / 1(1,2,2) V / I (1,1, 



2) 



= 2 - 1 - 1 = 0, so 



an equation of the required level surface is an equation of the required level surface is 

x 2 + y 2 + z 2 = 9. z - x 2 - y 2 = 0 <=> z = x 2 + y 2 . 

VF (1, 2, 2) = (2*i + 2yj + 2zk)l(i,2,2) = 2i + 4j + 4k. VF (1, 1, 2) = (-2xi - 2yj + k)| (ljU) = -21 - 2j + k. 



VF(1, 2, 2) 
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11. F (0, 2, 4) = (x 2 + y 2 ) I = 0 + 4 = 4, so an 

V J V ' /I (0,2,4) 

equation of the required level surface is jc 2 + y 2 = 4. 
VF(0,2,4)= (2xi + 2yJ)|(o A 4)=4|. 



12. F (2, 3, 1) = (2jc + 3y + z) | (2,3,1) — 14, so an equation 
of the required level surface is2jc + 3y + z=14. 
VF (2, 3, 1) = (21 + 3j + k)| (2j3)1) = 2i + 3j + k. 





13. F(l,3,2)= (_x 2 +y 2 -z 2 ) 



= -1+9 



(1,3,2) 

so an equation of the required level surface is 



VF (1, 3, 2) = (-2xi + 2yj - 2zk)| ( i >3f2) 

= -2i + 6j - 4k. 



y 



2 



Z 



— 4 = 4, 14. F ^2, 0^ = ^1(2,1/2,0) = 2 (l) = so an e q uat i° n 

of the required level surface is xy = 1 . 

VF (2, I, 0) = (yi + *j)l(2,l/2,0) = 1} + 2j- 





VF(2,|,0) 



15. F (jc, y, z) = x 2 + 4y 2 + 9z 2 - 17 => VF (2, 1, 1) = (2xi + 8yj + 18zk)|(2,i,i) = 4i + 8j + 18k, so an equation of the 

tangent plane at (2, 1, 1) is 4 (jc - 2) + 8 (y - 1) + 18 (z - 1) = 0 <^ 2x + 4y + 9z = 17. Equations of the normal line 

x — 2 y — 1 z — 1 x — 2 y — 1 z — 1 

<=> ■ 



passing through (2, 1, 1) are 



4 8 18 2 4 9 

16. F (jc, y, z) = 2x 2 - y 2 + 3z 2 - 2 = 0 => VF (2, -3, 1) = (4xi - 2yj + 6zk)| (2 _ 3j i } = 8i + 6j + 6k = 2 (4i + 3j + 3k), 

so an equation of the tangent plane at (2, —3, 1) is 4 (x — 2) + 3 (y + 3) + 3 (z — 1) = 0 <=> 4x + 3y + 3z = 2. Equations 

jc -2 y + 3 z-1 



of the normal line passing through (2, —3, 1) are 



4 3 3 



17. F (jc, y, z) = x 2 - 2y 2 - 4z 2 - 4 = 0 => VF (4, -2, -1) = (2xi - 4yj - 8zk)| (4 _ 2 _ 1} = 8i + 8j + 8k = 8 (i + j + k), 
so an equation of the tangent plane at (4, —2, — 1) is (x — 4) + (y + 2) + (z + 1) = 0 <=> x + y + z = 1. Equations of the 



normal line passing through (4, —2, —1) are 



x -4 y + 2 z+ 1 



<^>.x-4 = y + 2 = z+ 1. 



1 1 1 

18. F (jc, y, z) = x 2 + y 2 + z 2 - 2jcy + 4jcz - x + y - 12 = 0 ^ 

VF (1, 0, 2) = [(2jc - 2y + 4z - 1) i + (2y - 2jc + 1) j + (2z + 4jc) k] (1 Q 2) = 9i - j + 8k, so an equation of the tangent 

plane at (1, 0, 2) is 9 (jc — 1) — (y — 0) + 8 (z — 2) = 0 <=> 9jc — y + 8z = 25. Equations of the normal line passing through 

jc — 1 y z — 2 



(1,0, 2) are 



Q 



— 1 



8 
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19. F(x,y,z) =xy + yz + xz- 1 1 = 0 => VF (1, 2, 3) = [(y + z)i + (x + z) j + (x + y) k] (12 ,3) = 5i + 4j + 3k, so an 

equation of the tangent plane at (1, 2, 3) is 5 (x - 1) + 4 - 2) + 3 (z - 3) = 0 <^> 5x + Ay + 3z = 22. Equations of the 

jc 1 2 3 

normal line passing through (1, 2, 3) are — - — = — - — = — - — . 

20. F (x, y 9 z) — xyz + 4 = 0 => VF (2,-1, 2) = (yzi + *zj + jcyk)| (2 ,-i,2) = ~ 2i + 4j - 2k = -2 (i - 2j + k), so an 
equation of the tangent plane at (2, — 1, 2) is (x — 2) — 2 (j + 1) + (z — 2) = 0 ^> x — 2y + z = 6. Equations of the 

* - 2 y+1 z - 2 y+1 
normal line passing through (2,-1, 2) are = — — = — - — <=> x — 2 = — — = z — 2. 

21. F z) = 9x 2 + Ay 2 - z = 0 => VF (-1, 2, 25) = (18xi + 8yj - k)| ( _ 12 ,25) = ~ 18i + 16 J ~ k > so an equation of 
the tangent plane at (-1,2, 25) is -18 (x + 1) + 16 (y - 2) - (z - 25) = 0 <=> 18* - 16y + z = -25. Equations of the 

normal line passing through (—1,2, 25) are = - — = - — j-^ . 

22. F (*, z) = 2x 2 - y 2 + z = 0 => VF (2, 4, 8) = (4xi - 2yj + k)| (2 ,4,8) = 8i - 8j + k, so an equation of the tangent 

plane at (2, 4, 8) is 8 (x — 2) — 8 (j — 4) + (z — 8) = 0 <^=> 8x — Sy + z = — 8. Equations of the normal line passing 

x-2 y-A z-8 x-2 y-A 
through (2, 4, 8) are = = — ^- <=> = = z - 8. 

23. F(x,y,z) = xz 2 + yx 2 + y 2 — 2x + 3y + 6 = 0 => 

VF (-2, 1, 3) = [(z 2 + 2;ry - 2) i + (x 2 + 2j + 3) j + 2xzk] ( ^ j = 3i + 9j - 12k = 3 (i + 3 j - 4k), so an 

equation of the tangent plane at (—2, 1, 3) is (x + 2) + 3 (y — 1) — 4 (z — 3) = 0 ^> x + 3y — Az = —11. Equations of the 

j 2 1^3 1^3 

normal line passing through (—2, 1, 3) are — - — = — - — = — — <=> x + 2 = — - — = — — . 

24. F (jc, z) = x 3 -xy 2 + z 2> -2x + 6 = 0 => VF (1, 2, -1) = |"(3x 2 - y 2 - 2) i - 2x;yj + 3z 2 k| _ = -3i-4j + 3k, 

LV / J(l,2, 1) 

so an equation of the tangent plane at (1, 2, -1) is -3 (jc - 1) - 4 (y - 2) + 3 (z + 1) = 0 <^> 3x + Ay - 3z = 14. 

x — 1 y — 2 z+1 x — 1 V — 2 z+1 
Equations of the normal line passing through (1, 2, —1) are — — — — — = — - — <=^> — - — — — - — — — — . 

25. F (x, y 9 z) = xe y — z — 0 => V F (2, 0, 2) = (e^i + xe^j — k) | ^ q 2) = i + 2j — k, so an equation of the tangent plane at 
(2, 0, 2) is (x — 2) + 2j — (z — 2) = 0 o x + 2y — z = 0. Equations of the normal line passing through (2, 0, 2) are 

0 y z-2 

x — 2 = — = . 

2 -1 

26. F (*, y, z) = sin izy — z — 0 => VF (0, 1, 0) = (e* sin 7rj i + ire x cos 7ry j — k) | ^ 0 j ^ = — 7rj — k, so an equation of 

the tangent plane at (0, 1, 0) is — 7r (y — 1) — z = 0 <^> ny + z = 7r. Equations of the normal line passing through (0, 1, 0) 

y — 1 z >' — 1 
are x = 0, — — - <^> x = 0, — z. 

— 7T —1 7T 

27. F (x, z) = In (;ry + 1) - z = 0 => VF (3, 0, 0) = ( — ^— i + * i - k ) = 3 j - k, so an equation of the 

\xy+l xy+l / 1(3,0,0) 

tangent plane at (3, 0, 0) is 3 (y — 0) — (z — 0) = 0 o 3 y — z = 0. Equations of the normal line passing through (3, 0, 0) 
are x = 3, — = 



3 -1 



28. F (jc, z) = In ^ - z = In* - In 3; - z = 0 ^ VF (2, 2, 0) = - yj - k) |^ ^ ^ = - \\ - k, so an equation of 
the tangent plane at (2, 2, 0) is j (x — 2) — ^ Cy — 2) — z = 0 <=> x — y — 2z = 0. Equations of the normal line passing 



x — 2 y — 2 z y — 2 z 

through (2, 2, 0) are -— — = = — -tlx -2 = 



1/2 -1/2 -1 -1 -2 
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29. F(A,y,z)=tan- 1 ^-z = 0^ VF (1,1, £) = (- + — - k) I = - \i + \ j-k, so an 

x V * 2 + r * 2 + ;y 2 / l(i,i,^-/4) 

equation of the tangent plane at (l, 1, £) is — ^ (a — I) + j(y — 1) — (z — £) = 0 <=> x — y + 2z = y . Equations of the 

, x x — 1 y — 1 z — ?■ y — 1 z — x 
normal line passing through (1, 1, -^-J are — = — j — = — <=> a — 1 = — = — — — . 

30. F (a, y, z) — x cos y — z — 0 => VF (2, y , l) = (cos y i — a siny j — k)|(2,7r/3,i) — ^"V^j — k, so an equation of the 
tangent plane at (2, ^, l) is \ (x - 2) - V3 (y - f ) - (z - 1) = 0 <^> x - 2^3y - 2z = -^y^> Equations of the 

normal line passing through (2, y , l) are = - — -I- = - — -- <=> a — 2 = - — = Z * . 

2 — v3 1 — 2v3 — 2 

31. F (a, y, z) = sin Ay + 3z — 3 = 0 => VF (0, 3, 1) = (y cos Ay i + x cos Ay j + 3k)|( 0 ,3,l) = 3i + 3k = 3 (i + k), so an 
equation of the tangent plane at (0, 3, 1) is (x — 0) + (z — 1) = 0 <^=> x + z = 1. Equations of the normal line passing 

x z — 1 
through (0, 3, 1) are — = — - — , y = 3. 

32. F (a, y, z) = <r* (cos y + 1) - 2z + 2 = 0 ^ 

VF (0, 0, 2) = [e* (cos y + 1) i — e x siny j — 2k] ( 0 0 2 ) — 2i — 2k = 2 (i — k), so an equation of the tangent plane 

at (0, 0, 2) is (a: — 0) — (z — 2) = 0 o a — z = —2. Equations of the normal line passing through (0, 0, 2) are 
a z-2 z-2 

33. F(, ; ,,z) = 4 + z! + 4-l^VF(xo ; , 0 ,zo)=fti + |j + ^k)| = ^ i + §> j+ ^ k , 

a z b z c z \a z b z c z /\(x 0 , yo ,zo) aL hL cL 

2aq 2yn 2zn 
so an equation of the tangent plane at (a 0 , yo, zo) is — T (a - a 0 ) H T (y - yo) H ~- (z - zo) = 0 <=> 

<3 Z # z c z 

a a /* 2 y 2 z 2 \ 

-^r- + ~V + ~(4 + 4 + "t|-^ But (*0> yo> ^0) nes on me ellipsoid, so the expression in parentheses is 
a z b z c z \a z b z c z J 

equal to 1 and we have + + = 1, as was to be shown. 

a z b z c z 

34. F (a, y, z) = + - - 1 => VF (a 0 , yo, zo) = + - so an equation of the tangent plane at 

a z b z c z a z b z c z 

x • 2 -*0 / x 2yn , 2zn , x *0-* ^0^ W 

(*o> Jo» ^0) is — (a - a 0 ) + -j- (y - y 0 ) 2" (z - zo) ^ — + -72 2" ~ 

£7 C Cl ty C 

(aq, yo, zo) lies on the hyperboloid, so the expression in parentheses is equal to 1 and we have + — = 1, as 

a z b z c z 

was to be shown. 




35. F (a, y , z) = - 2 - Vl - - 2 - 1 => VF (ao, y 0 , zo) = ^. - jyj - ? kj | = -^1 - -^J - ^k, 



2aq 2yo 2zo 
so an equation of the tangent plane at (aq, yo, zo) is ( x — -^o) t~ & ~ 3^0 ) t~ (z — zo) = 0 

a z b z c z 

/a 2 2 2 \ 

-2= — — ( -4 — -y ^| = 0. But (ao, vo, zo) lies on the hyperboloid, so the expression in parentheses is 

a z b z c z \a z b z c z J 

equal to 1 and we have — ^ ^ — = 1 . 



n 
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x 2 y 2 2xq 2yo 

36. F (x, y, z) = -r + -5- - cz => VF (xq, yo, zo) = — H «-j - ck, so an equation of the tangent plane at (xo, JO. zo) 

a z b z a z b L 

is^(x-xo) + ^( y -y 0 )- C (z-zo)=0«^ + ^Z-2^ + |)-cz + C zo = 0 (1). But 

2 2 

■*o 2xxo 2yyo 

(*0, JO. zo) l ies on tne hyperboloid, so + = czo and (1) becomes — = 1 = 2czo — ^ + czo = 0 <=> 

tf z fc z tf z Z? z 

2xxq 2vyn , , 

— = — I = c (z + zq). as was to be shown. 

a 1 b l 

37. We write F (x, y, z) — x 2 + y 2 + z 2 — 14. Then the normal to the tangent plane to the sphere at the point (xo, yo, zo) is 
VF (xq, yo, zo) — 2*01 + 2 Joj + 2zgk. Since the tangent plane is parallel to the plane x + 2y + 3z = 12 whose normal is 
i + 2j + 3k, we see that xoi + joj + £0^ — c (i + 2j + 3k), where c is a constant. This equation implies that xo = c, 

yo = 2c, and zo = 3c, and substituting these values into the equation of the sphere gives c 2 + (2c) 2 + (3c) 2 = 14 <=> 
14c 2 = 14 ^=> c = ±1. Thus, the required points are (-1, -2, -3) and (1, 2, 3). 

38. We write F (x, y, z) = —x 2 — 2y 2 + z 2 — 4. Then the normal to the tangent plane to the hyperboloid at the point 

(*0. JO. ^o) is VF (xo, Jo. ^o) = — 2xoi — 4yoj + 2zok. Since the tangent plane is parallel to the plane 2x + 2y + 4z = 1 
whose normal is 2i + 2j + 4k, we see that — xoi — 2yoj + zok — c 0 + j + 2 ^), where c is a constant. This equation 

implies that xq = — c, yo = —jc, and zo = 2c, and substituting these values into the equation of the hyperboloid gives 



- (-c) 2 - 2 (-±c) + (2c) 2 = 4 ^ §c 2 = 4 <^ c = ±^5. Thus, the required points are (-^^, 



and 



dvw yio 4ym\ 

39. We write F (x, y, z) = 2x 2 — y 2 + z 2 — 1. A vector normal to the hyperboloid at the point (xq, Jo, zq) is 

VF (xq, jo, zo) = 4xoi — 2yoj + 2zok. A vector in the direction of the line passing through (—1, 1,2) and (3, 3, 3) is 
v = (3 + 1) i + (3 — 1) j + (3 — 2) k = 4i + 2j + k. Since VF (xq, yo, zo) is parallel to v, there exists a constant c such 

that VF = cv => 4xoi — 2yoj + 2zok = 4ci + 2cj + ck => xq = c, yo = — c, and zo = \c. Thus, F (xq, jo, zq) = 0 



gives 2c 2 - (-c) 2 + [\c^ 2 -l = 0o|c 2 =l<=>c = so the required points are (-^, 



and 



/ 2V5 2V5 V5^ 



40. We write F (x, y, z) = x 2 + 4y 2 + 3z 2 — 2xy — 16. A vector normal to the surface at the point (xo, yo, zo) is 

VF (xq, yo, zo) = (2xq — 2 Jo) 1 + (8 Jo — 2x o) j + 6zok- Since the tangent plane is horizontal, a normal is n = cdk, where 
ol 7^ 0 is a constant, so we must have VF (xo, Jo, zo) = /3n = a/3k, where /3 is a constant; that is, 2xo — 2yo = 0, 

8yo — 2xo = 0, and 6zo = 7, where 7 is a constant. The solution of the system is xo = yo = 0 and zo = \l- Substituting 
these into F (xq, yo, zo) = 0 gives 3 (^7) — 16 <=> 7 = ±8^3, so the required points are ^0, 0, — ^j^) and ^0, 0, • 

41. It suffices to show that the normals to each of the two tangent planes at (1, 2, 1) are parallel to each other. Writing 

F (x, y, z) = 2x 2 + y 2 — z — 5 and G (x, y, z) = x 2 + y 2 + z 2 — 6x — 8y — z + 17, we see that the normals to the 
planes F (x, y,z) = 0 and G (x, y,z) = 0 at (1, 2, 1) are VF (1, 2, 1) = (4xi + 2yj - k)| (1?2 ,i) = 4i + 4j - k and 

VG (1, 2, 1) = [(2x - 6) i + (2y - 8) j + (2z - 1) k] (1 >2 {) = -4i - 4j + k. Since VF (1, 2, 1) = -VG (1, 2, 1), the 

proof is complete. 

42. We write F (x, y, z) = x 2 + y 2 + z 2 - 17 and G (x, y, z) = 2x 2 - y + 2z 2 + 2. The vector in the direction of the 
normal line to the sphere F (x, y, z) = 0 at (1, 4, 0) is v = VF (1, 4, 0) = (2xi + 2yj + 2zk)|( 1?4?0 ) = 2i + 8j 
and the vector in the direction of the normal line to the elliptic paraboloid G (x, y, z) = 0 at (1, 4, 0) is 

w = VG (1,4,0) = (4xi- j + 4zk)|(i j4>0 ) = 4i - j. Since v • w = (2i + 8j) • (4i — j) = 0, we see that v and w are 
orthogonal, completing the proof. 
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2 2 

43. We write F (x, y) = ^ + ^ - 1 = 0. Then 



a 



2xq . 2yo 

VF (*o, yo) — - o~i + To~j i s normal to the ellipse at (xq, jo)- Its slope 



a 



. 2y 0 /b 

IS 



2 



2x 0 A* 2 ^ 2 



so the slope of the tangent line is ^— — . Thus, an 



x 0 



a 2 yo 

b 2 x 0 



equation of the tangent line at that point is y — yo = = — (x — xq) <=> 



a 2 y 0 

x 2 y 2 

i^ + ^ = Jl + -T = l.Butxo = acos0andy o = &sin0for 

a 1 b l a 1 b L 

ax cos 0 by sin 0 

0 < 0 < 2-7T, so we have ^ 1 — — = 1 <^> (b cos 0) x + (a sin 0) y = ab, 0 < 0 < 2-7T 




a 



b 2 



44. VF (xq, yo, zo) i s normal to F (x, y, z) = 0 at P and VG (xq, yo, zo) i s 
normal to G y, z) = 0 at P, so VF (jcq, yo, zo) x VG (*o, yo, zo) is 
parallel to the tangent line to C at P . 




VFxVG 



* 2) = 0 



z) = 0 



45. 



VF C*o, JO, zo) is normal to F (x, y, z) = 0 at P and VG (*o, yo, zo) is normal to G (x, y, z) = 0 at P, so 

VF (xq, yo, zo) x VG (xq, yo, zo) is parallel to the tangent line to C at P. Write F (x,y,z) = x 2 + y 2 + z 2 — 2 and 

G (*, y, z) = x 2 + y 2 - z. Then VF (-^, ^, l) = (2xi + 2yj + ^(_^ /2 ^ /2 ^ = + V2j + 2k 



andVG(-f, = (2,i + 2yj-k)| ( _^ /2 ^ Ai) 



= -V2i + V2j - k, 



so 



VF(-f,f,l)xVG(-f,f,l) = 



i j k 

V2 V2 2 

V2 V2 -1 



= -3V2i-3V2j = -3V2(i+j). We 



may 



take the vector parallel to C at ^— 1^ to be v = i + j. Then parametric equations of the tangent line are 

x = -^2+t,y= ^ + t,z = l. 

46. True. V/ is orthogonal to the level curve / (x, y) = c at P. 

47. True. A vector parallel to the given line is v = 4i + 6j — 2k. A normal to the plane 2x + 3y — z = 4 is n = 2i + 3j — k. 
Since v = 2n, we see that the two vectors are parallel, showing that the given line is perpendicular to the given plane. 

48. True. A normal to the surface F (x, y, z) = 0 at (xq, yo, zo) is 

VF (*o, yo, zo) = {F x Oo, JO, zo) » (*0, yo, zo) , F z (*o, yo, zo))- Also, a normal to the plane ax + fry + cz = d is 
n = (a, /?, c). Since the tangent plane is ax + by + cz = we see that VF (xq, yo, zo) — ^ ( a , c )- 



49. True. The equations of the normal line are 



x — 



y-yo 



z-zo 



^ C*o, yo, zo) 

x = x 0 + r (* 0 , yo, zo) , y = yo + tF y (xq, y 0 , zo) , z = 

r (0 = (xq, yo, zo> + tVF (xq, yo, zo)- 



= t 



Fy (*0, yo, zo) F z (x 0 , y 0 , zo) 
zo + tF z (xq, yo, zq), which can be written as 
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1. a. Seepage 1116 (1112 in ET) 



b. Seepage 1117 (1113 in ET). 



2. a. See page 1 1 18 (1 1 14 in ET) 



b. Seepage 1118 (1114 in ET). 



c. Seepage 1120 (1116 in ET) 



3. a. See page 1 122 (1 1 18 in ET) 



b. Seepage 1 122 (1118 in ET). 




f x ( x , y) = 4 (x 1 + y 2 - 2x + 4y) = 2x - 2 = 0 
1. To find the critical points of f, we solve the system . > ^ 0 < obtaining 

fy (*> y) = Sy ( x + y - 2x + 4 y) = 2 y + 4 = 0 

the sole critical point (1, —2) of /. Next, we use the SDT on the critical point: 

D(x,y) = f xx (x,y)fyy(x,y)- f 2 y (x, y) = 2 ■ 2 - 0 2 = 4. Since D (1, —2) = 4 > 0 and f xx (1, —2) = 2 > 0, the 
point (1, -2) gives a relative minimum of / with value / (1, -2) = l 2 + (-2) 2 - 2 (1) + 4 (-2) = -5. 



obtaining the sole critical point — 1^ of /. 



2. To find the critical points of /, we solve the system 

f x (jc, y) = £ (2x 2 + y 2 - 6x + 2y + A = 4x - 6 = 0 

/y (*> y) = ( 2x2 + y 2 - 6* + 2y + 1 j = 2y + 2 = 0 
Next, we use the SDT on the critical point: D (x, y) = f xx (x, y) f yy (x,y) — f 2 y (x, y) = 4 • 2 — 0 2 = 8. Since 
D — 1^ = 8 > 0 and f xx — 1^ =4 > 0, the point — 1^ gives a relative minimum of / with value 

/ (§, -l) = 2 (|) 2 + (-1) 2 - 6 (§) + 2(-l) + 1 = -§. 

3. To find the critical points of /, we solve the system 

fx(x,y) = ^(-x 2 -3y 2 + 4x-6y + s)=-2x + 4 = 0 
/>• y) = |r (~* 2 - 3/ + 4* - 6y + 8) = -6y-6 = 0 



obtaining the sole critical point (2, —1) of /. 



Next, we use the SDT on the critical point: D (x, y) = f xx (x, y) f yy (x,y) — f 2 y (x,y) = (—2) (—6) — 0 2 = 12. 
Since D (2, — 1) = 12 > 0 and f xx (2, — 1) = — 2 < 0, the point (2, —1) gives a relative maximum of / with value 
/ (2, -1) = -2 2 - 3 (-1) 2 + 4 (2) - 6 (-1) + 8 = 15. 



4. To find the critical points of /, we solve the system 

fx (*, 30 = & (~2x 2 ~ 3y 2 + 6x - 4y - 6 J = -Ax + 6 = 0 
/>' (*> 30 = 37 ( ~2^ 2 - 3y 2 + 6* - 4y - 6) = -6y - 4 = 0 



obtaining the sole critical point — |^ of /. 



Next, we use the SDT on the critical point: D (x, y) = f xx (x, y) f yy (x,y) — f 2 v (x,y) = (—4) (—6) — 0 2 = 24. Since 



xy 



D — |^ = 24 > 0 and f xx — |^ = —4 < 0, the point — |^ gives a relative maximum of / with value 
/(i-l)=-2(!) 2 -3(-l) 2 + 6m-4(-|)-6 = 4. 
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5. To find the critical points of /, we solve the system 



fx (x, y) = 



a 



dx 



fy (*. y) = $y 

the sole critical point (0, 0) of /. Next, we use the SDT on the critical point: 



x 2 + 3xy + 3y 2 J = 2x + 3y = 0 
x 2 + 3xy + 3y 2 ) = 3x + 6y = 0 



obtaining 



£ (x, y) = fxx (x, y) f yy (pc, y) - ti y (x, y) = 2 ■ 6 - 3 2 = 3. Since D (0, 0) = 3 > 0 and f xx (0, 0) = 2 > 0, the point 
(0, 0) gives a relative minimum of / with value / (0, 0) = 0. 



6. To find the critical points of /, we solve the system 



fx(x,y)=& (x 2 + 3xy + 2y 2 + 1 V= 2x + 3y = 0 
fy ( x >y)= Sy l x2 + 3x y + 2y 2 + l) = 3* + 4y = 0 



obtaining 



the sole critical point (0, 0) of /. Next, we use the SDT on the critical point: 

D (x, y) = f xx (jc, y) f yy (x, y) - f 2 y (x, y) = 2 • 4 - 3 2 = -1. Since D (0, 0) = — 1 < 0, we see that (0, 0, 1) is a saddle 
point of /. 



7. 



x — 5, y = 6, so (5, 6) is 



f x (jc, y) = ^ ( 2x 2 + y 2 - 2xy - 8x - 2y + 2J = 4x - 2y - 8 = 0 
/y (*> y) = Sy { 2x2 + y 2 " 2*y - 8* - 2y + 2j = 2y - 2.x - 2 = 0 

the sole critical point of /. Next, D (x,y) = (x, y) /-y-y (x, y) — f xy (x, y) = 4 • 2 — (— 2) z = 4. 
Since D (5, 6) — A > 0 and (5,6) = 4 > 0, the point (5, 6) gives a relative minimum of / with value 
/ (5, 6) = 2 (5) 2 + 6 2 - 2 (5) (6) - 8 (5) - 2 (6) + 2 = -24. 



8. 



x — ^, y = — ^, so — 5) is me s °l e critical 



fx (x, y) = £ U 2 + 3y 2 - 6xy - 2x + 4y) = 2x - 6y - 2 = 0 

/y (*> y) = j% (-* 2 + 3 y 2 - fay - 2x + 4 yj = 6 y - 6x + 4 = 0 

point of /. Next, D (*, y) = (*, y) f yy (x, y) - (*, y) = 2 • 6 - (-6) 2 = -24. Since D -|) = -24 < 0, we 



conclude that i) * s a sa ^ e point of /. 



9 f*b>y) = & ( x2 + 2 y 2 + -* 2 y + 3 ) = 2x + = 0 

fy( x >y) = |:U 2 +2y 2 +x 2 y + 3) = 4y + x 2 = 0 



The first equation gives x = 0 or 



y = — 1 . Substituting x = 0 into the second equation gives y = 0; substituting y = — 1 into the 
second equation gives x = ±2. Thus, / has critical points (0, 0), (—2, —1), and (2, —1). Next, 

D (x, y) = f xx (x, y) / yy (x, y) - f 2 y (x, y) = (2 + 2y) (4) - (2*) 2 = -4* 2 + 8y + 8. 

At (0, 0): D (0, 0) = 8 > 0 and f xx (0, 0) = 2 > 0, so (0, 0) gives a relative minimum of / with value / (0, 0) = 3. 
At (-2, -1): D (-2, -1) = -4 (-2) 2 + 8 (-1) + 8 = -16 < 0, so (-2, -1, 5) is a saddle point of /. 
At (2, -1): D (2, -1) = -4 (2) 2 + 8 (-1) + 8 = -16 < 0, so (2, -1, 5) is also a saddle point of /. 
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fx y) = m ( x2 -y 2 + 2x y 2 + 0 = 2x + 2 y 2 = 2 ( x + y 2 ) = 0 



fy (*> y) = ik \ xl -y 2 + 2x y 2 + 1 ) = 2 y ( 2x - *) = 0 



The second equation gives 



10. 

fy (*» y) = dy 

x — ^ or y = 0. Substituting x — j into the first equation gives no real value of y; substituting 
y = 0 into the first equation gives x = 0. We conclude that the only critical point of / is (0, 0). Next, 

D (jc, y) = f xx (x, y) f yy (*, y) - (x, y) = 2 (-2 + 4*) - (4y) 2 = -4 (4y 2 - 2* + l). Since D (0, 0) = -4 < 0, 
we see that (0, 0, 1) is a saddle point of /. 



f x (jc, y) = £ ( * 2 + 5y 2 + x 2 y + 2y 3 ) = 2x + 2xy = 2x (y + 1) = 0 
fy(*>y) = |:U 2 + 5y 2 +.x 2 y + 2y 3 ) = 10y + x 2 + 6y 2 = 0 



The first equation gives x = 0 or y = — 1 . 

^ I x" + 5y* + x"y + 2y" I = lUy + x* + f"'* 11 

Substituting x = 0 into the second equation gives lOy + 6y 2 = 2y (3y + 5) = 0 => y = 0 or — |; substituting y = — 1 into 

the second equation gives x 2 — 4 = 0 => x = ±2. Thus, / has critical points (0, 0), ^0, — | ^, (—2, —1), and (2, —1). Next, 

0 (*, y) = fxx (x, y) fyy (x, y) - fly (x, y) = 2 (y + 1) (10 + 12y) - (2x) 2 = 4 (y + 1) (5 + 6y) - 4* 2 . 

At (0, 0): D (0, 0) = 4 (1) (5) - 0 = 20 > 0 and / XJC (0, 0) = 2 > 0, so / has a relative minimum at (0, 0) with value 

/ (0, 0) = 0. 

At (0, -§): D (0, -§) = 4 (-§ + l) [5 + 6 (-§ )] - 4 (0) = f > 0 and f xx (0, -f) = 2 (-§ + l) = -f < 0, so 
/ has a relative maximum at (0, — | j with value / ^0, — | j = 

At (-2, — 1): D (-2, -1) = 0 - 4 (-2) 2 = -16 < 0, and so (-2, -1, 3) is a saddle point of /. 
At (2, -1): D (2, —1) = 0 — 4 (2) 2 = -16 < 0, and so (2,-1, 3) is also a saddle point of /. 



The first equation gives y = x 2 . 



12 fx (x, y) = J- p - 3*y + y 3 + 3V= 3* 2 - 3y = 3 (* 2 - y) = 0 

fy (*> y) = Sy (* 3 - 3x y + y 3 + 3 ) = - 3 * + 3 ^ 2 = 3 (? 2 - *) = o 

Substituting this into the second equation gives x^ — x — x (x^ — 1^ = 0=>x = 0or.x = 1. Substituting x — 0 into the 

first equation gives y = 0; substituting x — 1 into the first equation gives y = 1. So / has critical points (0, 0) and (1, 1). 

Next, D (x, y) = f xx (x, y) f yy (x, y) - f 2 y (x, y) = (6x) (6y) - (-3) 2 = 9 (4xy - 1). 
At (0, 0): D (0, 0) = -9 < 0, and so (0, 0, 3) is a saddle point of /. 

At (1, 1): D (1, 1) = 27 > 0 and (1, 1) = 6 > 0, so (1, 1) gives a relative minimum of / with value / (1, 1) = 2. 



13. 



fx (*, y) = ^ (x 2 -6x- x^y + y) = 2* -6-^ = 0 



- 6x -xy 1/2 + y) = - 



x 



2V7 



+ 1 = 0 



From the first equation, we see that 



y/y = 2* — 6. Substituting this into the second equation gives — x + 2 (2x — 6) = 0 => x = 4. Substituting 

this into the first equation gives 8 — 6 = ^y => y = 4, so the sole critical point of / is (4, 4). Next, 

2 



— -r-y - — . Since 

2-y3/2 4-y 



^ (-^, y) = fxx (x, y) fyy (x, y) - /| y (x, y) = 2 ^^yj^ ~ ^~^=^ = 

Z) (4, 4) = — 4^) — ^ > 0 and /jcx (4, 4) = 2 > 0, the point (4, 4) gives a relative minimum of / with value 
/(4,4) = -12. 
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14 fx (*, y) = £ [3xy - x^y - xy"\ = 3y - 2xy - y^ = 0 
f y (x, y) = $y foxy - x 2 y - xy 2 j = 3x - x 2 - 2xy = 0 



The first equation is — y (y + 2x — 3) = 0, giving y = 0 



or y = — 2x + 3. Substituting y = 0 into the second equation, we get 3* — * 2 = 0 => x = 0 or x = 3; substituting 

v = —2x + 3 into the second equation gives 3x — x 2 — 2x (—2x + 3) = 0 <^> 3x 2 — 3x = 3x (x — 1) = 0, giving 
# = 0 or x = 1. Thus, the critical points of / are (0, 0), (3, 0), (1, 1), and (0, 3). Next, f xx — —2y, f yy — —2x, 

D (x, y) = f xx (x, y) fyy (x, y) - f 2 y (x, y) = (-2y) (-2x) - (3 - 2x - 2y) 2 = 4xy -(3-2x- 2y) 2 . 

At (0, 0): D (0, 0) = -9 < 0, so (0, 0, 0) is a saddle point of /. 
At (3, 0): D (3, 0) = -9 < 0, so (3, 0, 0) is a saddle point of /. 

At (1, 1): D (1, 1) = 3 > 0 and f xx (1, 1) = — 2 < 0, so (1, 1) gives a relative maximum of / with value / (1, 1) = 1. 
At (0, 3): D (0, 3) = -9 < 0, so (0, 3, 0) is a saddle point of /. 



15. 



, , , d ( 2 4\ 

fxix,y) = — [xy J = y + 

ox \ x y ) 

r , , d ( 2 4\ 

fy(x,y) = — [xy ) = 

dy V x y ) 



x 2 y + 2 



= 0 



x 



x 



xy 2 + 4 



= 0 



^ 2 y + 2 = 0 
xy 2 + 4 = 0 



From the first equation, 



y = — and substituting this into the second equation yields ^ — +4 = 0<^>4^1+x 3 ^=0 



x — — 1. 



Substituting into the first equation gives y = —2, so (—1, —2) is the only critical point of /. Next, f xx (x, y) — — 



x 



3' 



8 



y 



fxy (x, y) = 1, and f yy (x, y) = — 5-, so D (x, y) = f xx (x, y) f yy (x, y) - // v (x, y) = 
/>(-!, -2) 



32 



^3y3 



— 1. Since 



= 3 > 0 and ( 
/(-l,-2) = (-l)(-2)- 2 



-1 -2 



1, — 2) = 4 > 0, the point (—1,-2) gives a relative minimum of / with value 
4 =6. 



16. 



4y 

jc 2 + y 2 + 1 



4y 

x 2 + y 2 + 




8xy 
(x 2 + y 2 + 1) : 
4 (y 2 - a: 2 - l) 



= 0 



= 0 



8xy = 0 
y 2 - x 2 - 1 = 0 



The first equation gives 



(* 2 + y 2 + l) z 

x = 0 or y = 0. Setting x = 0 in the second equation gives y = ±1 ; setting y = 0 gives no solution. Thus, / has 



critical points (0, —1) and (0, 1). Next, f xx (x, y) = 



8y (l - 3* 2 + y 2 ) 
(* 2 + y 2 +l) 3 



8x 



. fxy (x, y) = 



(x 2 - 3y 2 + l) 



(x 2 + y 2 + 1) 



, and 



fyy (x, y) = 



8y (3x 2 - y 2 + 3) 



(x 2 + y 2 + l) 3 

At (0,-1): Ax (0,-1) = -2, f X y (0,-1) = 0, and f yy (0,-l) = -2, so 

D (0, -1) = f xx (0, -1) / w (0, -1) - f 2 y (0, -1) = (-2) (-2) - 0 2 = 4 > 0. Since f xx (0, -1) = -2 < 0, we see that 

(0,-1) gives a relative maximum of / with value / (0, — 1) — 2. 

At (0, 1): f xx (0, 1) = 2, f xy (0, 1) = 0, and f yy (0, 1) = 2, so 

D (0, 1) = f xx (0, 1) fyy (0, 1) - fj^ (0, 1) = (2) (2) - 0 2 = 4 > 0. Since f xx (0, 1) = 2 > 0, we see that (0, 1) gives a 
relative minimum of / with value / (0, 1) = —2. 
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17. 



fx (x, y) = 



d / _j2_y2\ 2_y2 



dx 



fy( x >y)= dj\ e 



d I „-x 2 -y 2 \ _ _2 ye -x 2 -y 2 



f xx (x, y) = 2 (2x 2 - l) e- xl -y\ f xy (x, y) = toye'* 2 '?, and 



0 
0 



x = 0 and y = 0, so (0, 0) is the sole critical point of /. 



fyy (x, y) = 2 hy 2 - l) e'*-? . Setting f * ( *' y) = 

V 7 fy (x, y) 

Next, D (0, 0) = f xx (0, 0) f yy (0, 0) - f 2 y (0, 0) = (-2) (-2) - 0 2 = 4 > 0 and f xx (0, 0) = -2 < 0, we see that / has 
a relative maximum at (0, 0) with value / (0, 0) = 1. 



18. 



fx (x, y) = -fa (e x sin y) = e x sin y = 0 

d 

3y 

saddle point. 



f y (x, y) = 4 (e x siny) = e x cosy = 0 



has no solution, so / has no critical point and thus no relative extremum or 



19 fx (x, y) = -§-(x siny) = siny = 0 
f y (x,y)= ^ (x sin y) = x cosy = 0 

Next, D (x, y) = f xx (x, y) f yy (x, y) • 
D (0, niz) — — cos 2 niT — — \ < 0 for ft 



=> (0, 0), (0, 7r), and (0, 27r) are critical points of /. 

f xy (x,y) = 0(— xsiny) — (cosy) 2 = — cos 2 y. Since 

: 0, 1, or 2, we see that (0, 0, 0), (0, 7r, 0), and (0, 2-7T, 0) are saddle points of / 



20. 



(0, 0), (0, tt), (0, 2tt), (-1, f ), and (-1, ¥) are critical 



fx (x, y) = ^ (xe x siny) = (* + 1) <r* siny = 0 
f y (x, y) = ^7 (xe* sin y) = xe* cos y = 0 

points of /. Next, f xx (x, y) = (x + 2) e x siny, f xy (x, y) = (x + 1) cos y, and /y-y (x, y) = — xe* siny, so 

D (x 9 y) = /jcjc (x, y) / V y y) - f} y (x, y) = -x (x + 2) e 2 * sin 2 y - (x + l) 2 e 2 * cos 2 y 

At (0, «7r): D (0, n7r) = 0 — (±1) 2 = — 1 < 0, so (0, hit, 0) are saddle points of / for n = 0, 1, and 2. 



At (-1, y) : d (— 1> y) = e 2 > 0 and (-1, y) = * 1 > 0, so / has the relative minimum value / (-1, y) = -± 



-1 



At (-1,^)- 



: i>(-l, 



-1 3tt) = e~ 2 > Oand 



Ax ( — 1, ¥) = — e 1 < 0, so / has the relative maximum value 



I 

e • 



21. 



fx (x, y) = mi e x cos y) = ~ e x cos y = 0 

cos y) = —e~ x sin y — 0 



dx 

d l-x 



fy (x, y) = ^ (e 
or saddle point. 



has no solution, so / has no critical point and thus no relative extremum 



fx (x, y) = 4z (sinx + sin y) = cos* = 0 — >\— ^. %— 

22. v y) dxK y) ^ x = f or and y = 5 or 2f. Thus, / has the critical points 

f y (x, y) = -jjy (sin* + siny) = cos y = 0 J 

(f > £)• (f • ¥)' (¥> f )' and (¥' ¥)• Next ' fxx (x, y) = ~ sin^, Ay (x, y) = 0, and fyy (jc, y) = - siny, so 
^ y) = A x (x, y) / yy (x, y) - (x, y) = sin* sin y. 

At (f , f ): D (f , f ) = 1 > 0 and f xx (f , f ) = -1 < 0, so / has the relative maximum value / (f , f ) = 2. 



^ (f,¥)^ (?>¥) = - 



= -1 < 0 



/ has the saddle point (f, 3^, 0^. 



At f f) = -1 < 0 => / has the saddle point f ,o). 

At D ^) = 1 > 0 and f xx = 1 > 0, so / has the relative minimum value 
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23. a. It appears that / has a saddle point at (0, 0, 0) and relative minima at — |) an d j)- 

b. Set f x = 3x 2 - 3y 2 = 0 (1) and f y = -6xy + 4y 3 = 0 (2). From (1), we find y = ±x. Substituting y = -x 
into (2) gives 6x 2 — Ax 3 = 2x 2 (3 — 2x) = 0 <=> x = 0 or * = |. Substituting y = x into (2) gives 
— 6x 2 + 4x 3 = — 2* 2 (3 — 2x) = 0 <=> x = 0 or * = |. The corresponding values of y are 0 (for x = 0) and ±| (for 

x = |). Thus, / has critical points (0, 0), — and Next, = 6x, = — 6y, and f yy — —6x + 12y 2 , 

so D (x, y) = fxxfyy - f xy = 72xy 2 - 36* 2 - 36y 2 . We use the SDT: 

At (0, 0), D (0, 0) = 0, so the test does not apply. But observe that for x = 0, / (0, y) = y , and so the values of / are 

positive in the y-direction in the neighborhood of (0, 0). On the other hand, for y = 0, / (x, 0) = x , and we see that 
/ (x, y) < 0 for x < 0 and / (x, y) > 0 for x > 0 near (0, 0). This shows that (0, 0, 0) is a saddle point of /. 

At — D — |^ = 81 > 0, and since f xx — ^ = 6*1^=3/2 = 9 > 0, we see that — gives a relative 
minimum value of / — |^ = — 

^ (§» i)' ^ (§> l) = ^ > ^' anc * smce (§' i) = ^ > ^' we see tnat (|' |) §i ves a re l at i ve minimum value of 

f (3 3\ _ 27 
J \2> 2 J - ~T6- 

a. We see that / has a saddle point at (0, 0, 0). 

b. Set f x — 3y 2 — 3x 2 — 0 (1) and f y — 6xy — 0 (2). Then x = y = 0. / XJC = — 6x, / X j = 6y, and f yy — 6x, so 
D (x, y) = Ax/yy - fxy = (— 6jc) (6x) - (6y) 2 = -36 (x 2 + y 2 ) . Z) (0, 0) = 0 and the SDT does not apply, but 

observe that / (0, y) = 0 and / (x, 0) = -x 3 . So if x < 0, then / (0, x) > 0 and if x > 0, then / (0, x) < 0. This 
shows that / assumes both positive and negative values near (0, 0), and so / has a saddle point at (0, 0, 0). 



24. 



25. 



200 





We see that / has a saddle point at (0, 0) and relative minima at (—1, 2) and (4, —8). We set 

f x = 2x 3 - 6x 2 + 4y = 0 (1) and f y = Ax + 2y = 0 (2). From (2), we have y = -2x. Substituting into (1) gives 

2x 3 — 6x 2 — Sx = 2x (x 2 — 3x — 4^ = 2x (x — 4) (x + 1) = 0 x = — 1, 0, or 4. The corresponding values of y are 

y = 2, 0, and —8, so / has critical points (—1, 2), (0, 0), and (4, —8). f xx — 6x 2 — \2x — 6x (x — 2), f xy — 4, and 

f yy = 2, so D (x, y) = fx X fy y - fly = \2x (x - 2) - 16 = 4 (?>x 2 - 6* - 4) . 

At (-1, 2), D (-1, 2) = 4 (3 + 6 - 4) = 20 > 0, and since f xx (-1, 2) = 18 > 0, we see that (-1, 2) gives a relative 

minimum with value / (— 1 , 2) — — |. 

At (0, 0), D (0, 0) = - 16 < 0, so (0, 0, 0) is a saddle point. 

At (4, —8), D (4, — 8) = 80 > 0, and since f xx (4, — 8) = 48 > 0, we see that (4, —8) gives a relative minimum with value 
/ (4, -8) = -64. 
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26. 




X 




We see that / has relative minima at (0, 0) and (0, 2). We set 



fx= 2xe-y=0 

= -e~y (x 2 + y 2 - 2yj = 0 



fy 



(1) 

(2) 



whence 



x — 0 and y — 0 or 2. This gives (0, 0) and (0, 2) as critical points of /. We find f xx — 2e y , f xy = —2xe y , and 
f yy ^ e -y( x 2 + y 2_ Ay + 2 y 

D (0, 0) = f xx (0, 0) f yy (0, 0) - fl y (0, 0) = 2 • 2 = 4 > 0, and since f xx (0, 0) = 2 > 0, we see that (0, 0) gives a 
relative minimum with value / (0, 0) = 0. 

D (0, 2) = f xx (0, 2) fyy (0, 2) - fly (0, 2) = 2^~ 2 (2e~ 2 ) - 0 = 4^" 4 > 0 and f xx (0, 2) = 2e~ 2 > 0, so we see that 
(0, 2) gives a relative minimum with value / (0, 2) = 4<? -2 . 



27. 





We see that / has a relative minimum at (—1, —2). We set 



fy = 



2 . . 4 

y = =■ , and substituting into the second gives x + 



y+^ =0 

x z 

4 



The first equation gives 



x 



= 0<^>x+x 4 = x^l+ x 3 ^ = () <=> .\" = — 1 (si 



since 



x ^ 0). The corresponding value of y is —2, and so (—1, —2) is the only critical point of /. We find f xx = —4/x^, 

f xy = 1, and fyy = -8/y 3 , so D (-1, -2) = (-1, -2) / >7 (-1, -2) - (-1, -2) = 4 • 1 - 1 = 3 > 0, and since 

fxx (~ Ij — 2) = 4 > 0, we see that / has a relative minimum at (—1, —2) with value / (— 1, —2) = 14. 
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28. 





We see that / has a saddle point at (0, 0) and relative maxima at (1,-1) and (1, 1). We set 



f x = 6y 2 -6x 2 =6(y-x)(y + x) = 0 



f y = I2xy - 12y 3 = 12y (x - y 2 ) = 0 



The first equation gives x = ±y. If x = — y, then the second 



equation gives y = 0 or y = — 1. If x = y, then we have y = 0 or y = 1. Thus, / has critical points (0, 0), (1, —1), and 
(1, 1). fxx = -12*. fxy = 12y, and f yy = 12 (x - 3y 2 ), so D (x, y) = f xx f yy - f 2 y = -UAx (x - 3y 2 ) - 144y 2 . 

D (0, 0) = 0, so the SDT is not applicable, but observe that / (x, 0) = — 2.x 3 , which is negative for x < 0 and positive for 
x > 0, showing that / has a saddle point at (0, 0, 0). 

D (1, —1) = 144 > 0, and since f xx (1, —1) = — 12 < 0, we see that (1, —1) gives a relative maximum with value 
/(1,-1) = 1. 

D (1, 1) = 144 > 0, and since f xx (1, 1) = — 12 < 0, we see that (1, 1) gives a relative maximum with value / (1, 1) = 1 



29. / (jc, y) = 2x 4 - 8x 2 + y 2 + 4x - 2y - 5 => 

£ = Sx 3 - \6x + 4 = 4 (2x 3 - 4* + l) = 0 
/y = 2y-2 = 0 



Using a calculator 



20 

10 

0 

-10 

-20 
-2 




0 



0 



-2 



or computer, we see that the roots of 2x 3 — 4x + 1 = 0 are approximately 
— 1.526, 0.259, and 1.267. The solution of the second equation is y = 1, 
so / has critical points (-1.526, 1), (0.259, 1), and (1.267, 1). Next, 

f xx = 24x 2 - 16 = 8 (3x 2 - 2), f xy = 0, and f yy = 2, so Y X 

D (x, y) = f xx fyy - f 2 y = 8 (3* 2 - 2) (2) = 16 (3* 2 - 2). 

D (-1.526, 1) = 16 [3 (-1.526) 2 - 2 j % 79.776 > 0 and since f xx (-1.526, 1) « 39.888 > 0, we see that (-1.526, 1) 
gives a relative minimum with value / (—1.526, 1) ~ —19.888. 

D (0.259, 1) = 16 [3 (0.259) 2 - 2 j % -28.78 < 0, and so (0.259, 1, -5.492) is a saddle point. 

D (1.267, 1) % 45.054 > 0, and since f xx (1.267, 1) % 22.527 > 0, we see that (1.267, 1) gives a relative minimum with 
value/ (1.267, 1) % -8.620. 



Section B. 8 Extrema of Functions of Two Variables ET Section 12.8 253 



30. / (jc, y) = 2 - 2x 2 + 5xy + 2y - y 



f x = -Ax + 5y =0 
f y = 5x + 2- 4y 3 = 0 



(1) 
(2) 



From (1), we have x = | y. 




Substituting into (2) gives 5 (| y) + 2 - 4y 3 = 0 ^ 4y 3 - ^y - 2 = 0. 

Using a calculator or computer, we see that the roots of this equation are 
approximately —1.040, —0.347, and 1.387. The corresponding values of x 
are —1.300, —0.434, and 1.734, so / has critical points 

(-1.300, -1.040), (-0.434, -0.347), and (1.734, 1.387). Next, f xx = -4, f xy = 5, and f yy = -12y 2 , so 

D (x, y) = f xx f yy - f}y = 48y 2 - 25. D (-1.300, -1.040) % 26.917 > 0 and since f xx (-1.300, -1.040) = -4 < 0, 

we see that (-1.300, -1.040) gives a relative maximum with value / (-1.300, -1.040) % 2.130. 
D (-0.434, -0.347) % -19.220 < 0, and so (-0.434, -0.347, 1.668) is a saddle point. 

D (1.734, 1.387) % 67.341 > 0, and since f xx (1.734, 1.387) = -4 < 0, we see that (1.734, 1.387) gives a relative 
maximum with value / (1.734, 1.387) « 7.085. 

31. / (jc, y) = -x 4 - y 4 + 2x 2 y + x 2 + y - 2 => 

f x = -Ax 3 + 4xy + 2x = -2x (2x 2 - 2y - l) = 0 (1) 
fy= -4y 3 +2x 2 +l=0 (2) 



-10 




From (1), we see that x = 0 or y = j (2x 2 — . If x = 0, then (2) gives 

y « 0.630. If 2x 2 = 2y + 1, then (2) gives -4y 3 + 2y + 2 = 0. Solving 
this equation, we find y = 1 . The corresponding values of x are 
approximately ±1.225, so / has critical points (—1.225, 1), (0, 0.630), 

and (1.225, 1). Next, f xx = - I2x 2 + 4y + 2, f xy = Ax, and 

fyy = -12y 2 , so D (x 9 y) = f xx fyy - fl y = 12y 2 (\2x 2 - Ay - 2) - 16* 2 . 
D (0, 0.630) % -21.528 < 0, and so (0, 0.630, -1.528) is a saddle point. 

D (±1.225, 1) = 120.08 > 0 and f xx (±1.225, 1) * -12.008 < 0, and so (±1.225, 1) give relative maxima of / with 
value/ (±1.225, 1) % 0.250. 



32. / (jc, y) = x 4 - 2x 2 + x + y 2 + e~y 



f x = Ax 3 - Ax + 1 = 0 
f y = 2y-e-y=0 



(1) 
(2) 



Using a calculator or computer, 



so 




we see that the roots of (1) are approximately —1.107, 0.270, and 0.838. 
The approximate root of (2) is 0.352, so / has critical points 
(-1.107, 0.352), (0.270, 0.352), and (0.838, 0.352). Next, 

f xx = \2x 2 -4 = 4 (3x 2 - l), fxy = 0, and fyy = 2 + e~y, 

D (x, y) = fxxfyy - fl y = 4 (3* 2 - l) (2 + e"?). 

D (-1.107, 0.352) % 28.940 > 0, and since f xx (-1.107, 0.352) % 10.705 > 0, we see that (-1.107, 0.352) gives a 

relative minimum with value / (-1.107, 0.352) % -1.229. 

D (0.270, 0.352) % -8.448 < 0, and so (0.270, 0.352, 0.9567) is a saddle point. 

D (0.838, 0.352) % 11.967 > 0, and since f xx (0.838, 0.352) % 4.427 > 0, we see that (0.838, 0.352) gives a relative 
minimum with value / (0.838, 0.352) % 0.754. 
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33. Since f x (x, y) = (2x + 3y - 6) = 2 and 

f y (x, y) = (2x + 3y — 6) = 3 are never equal to 0, / has no critical 
point on D. 

On£i, x = 2 and y = y, so g (y) = / (2, y) = 3y - 2 for -2 < y < 3. 
We see that g has an absolute minimum value of —8 at (2, —2) and an 
absolute maximum value of 7 at (2, 3). 

On £2, x — x an d y = 3, so h (x) = / (x, 3) = 2x + 3 for 0 < x < 2. We see that h has an absolute minimum value of 3 at 
(0, 3) and an absolute maximum value of 7 at (2, 3). 

On £3, x = 0 and y = y, so 5 (y) = / (0, y) = 3y — 6 for — 2 < y < 3. We see that s has an absolute minimum value of 

— 12 at (0, —2) and an absolute maximum value of 3 at (0, 3). 

On £4, x = x and y = —2, so f (x) = / (x, —2) = 2x — 12 for 0 < x < 2. We see that t has an absolute minimum value of 

— 12 at (0, —2) and an absolute maximum value of —8 at (2, —2). 

The extreme values of / on each boundary of D are summarized below. 



3 

e 3 


i 


> 


D 


0 

-2 













h 


'2 


'3 


h 


(x,y) 

Extreme value 


(2, -2) 
-8 


(2,3) 
7 


(0, 3) 
3 


(2, 3) 
7 


(0, -2) 
-12 


(0,3) 
3 


(0, -2) 
-12 


(2, -2) 
-8 



We see that / has an absolute minimum value of / (0, —2) = — 12 and an absolute maximum value of / (2, 3) = 7 on D. 



34. 



fx(*>y) = £i* 2 + x y + y 2 ) =2* + y = o 



x = 0 and y = 0, 




1 



1 



so (0, 0) is the only critical point of / in D. 

On £ u x = 2 and y = y, so g (y) = / (2, y) = 4 + 2y + y 2 for 

-1 < y < 1. g r (y) = 2 + 2y = 0=> y = -1, so since g (-1) = 3 and 
g (1) = 7, we see that / has an absolute minimum value of 3 and an 
absolute maximum value of 7 on t\ . 

On x — x an d y = 1, so /z (x) = / (x, 1) = x 2 + x + 1 for — 2 < x < 2. (x) = 2x + 1 = 0 => x = — so — ^ is a 

critical number of h. Since /* (—2) = 3, h y—^J — |, and h (2) = 7, we see that / has an absolute minimum value of | 
and an absolute maximum value of 7 on £2- 

On £ 3 , x = -2 and y = y, so 5 (y) = / (-2, y) = 4 - 2y + y 2 for -1 < y < 1. s' (y) = -2 + 2y = 0 => y = 1, an 
endpoint. Since s (— 1) = 7 and s (1) = 3, we see that / has an absolute minimum value of 3 and an absolute maximum 
value of 7 on ^3 . 

On £4, x = x and y = — 1, so t (x) — f (x, — 1) = x 2 — x + 1 for — 2 < x < 2. g' (x) = 2x — 1 = 0 => x = ^, so J has 

critical number ^- Since g (—2) = 7, g — i> anc * £ (2) = 3, we see that / has an absolute minimum value of | and an 
absolute maximum value of 7 on £4. 

The extreme values of / on D and its boundaries are summarized below. 





Critical point 


h 




^3 


^4 


(x,y) 

Extreme value 


(0,0) 
0 


(2,-1) 
3 


(2, 1) 
7 


HO 

3 
3 


(2, 1) 
7 


(-2,-1) 
7 


(-2, 1) 
3 


M 

3 
4 


(-2,-1) 
7 



We see that / has an absolute minimum value of 0 and an absolute maximum value of 7 on D 
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35. f x (x, y) = 3 and f y (x,y) = 4, so / has no critical point. 

On £\ , x — x and y — 0, so g (y) = / (x, 0) = 3x — 12 for 0 < x < 3. 
We see that / has an absolute minimum value of — 12 and an absolute 
maximum value of — 3 on £\ . 

On £ 2 ,x = 3 and y = y, so h (y) = f (3, y) = Ay - 3 for 0 < y < 4. We 
see that / has an absolute minimum value of —3 and an absolute 
maximum value of 13 on £ 2 . 

On £3, y = jjt, so 5" (x) = / ^x, = 3x + 4 ^ — 12 = ^x — 12 for 0 < x < 3. We see that / has an absolute 
minimum value of — 12 and an absolute maximum value of 13 on £3. 

From these calculations, we see that / has an absolute minimum value of —12 and an absolute maximum value of 13 on D 



fx fay) = £-(3x^ + 2xy + y z ) = 6x + 2y = 0 

d 



,2\ 



36. 



x = 0 and 



fy(x>y) = 7fy[3x z + 2xy + y'') =2x + 2y = 0 

y = 0, so (0, 0) is the only critical point of / in Z), and we find that 
/ (0, 0) = 0. 

On£\, x — x and y = — 1, so g (x) = / (x, — 1) = 3x 2 — 2x + 1 for 
-2 < * < 1. 

(x) = 6x — 2 = 0 <=> x = ^, and from the table, we see that / has an 
absolute minimum value of | and an absolute maximum value of 17 on £\ 

On £ 2 ,x = 1 and y = y, so h(y) = f (1, y) = 3 + 2y + y 2 for 

— 1 < y < 2. h' (y) = 2 + 2y = 0 <^> y = -1, an endpoint. We compute 
h (— 1) = 2 and h{2) — 11 and see that / has an absolute minimum value 
of 2 and an absolute maximum value of 1 1 on £ 2 . 

On £ 3 , y = x + 1, so s (x) = f (x, x + 1) = 3x 2 + 2x (jc + 1) + (x + l) 2 = 6x 2 + 4x + 1 
for -2 < x < 1. 

5 r (x) = 12i + 4 = 0oi = — 3. From the table, we see that / has an absolute minimum 

value of ^ and an absolute maximum value of 1 7 on £3 . 

The extreme values of / on each boundary of D are summarized below. 




X 


-2 


1 

3 


1 


8(x) 


17 


2 
3 


2 



X 


-2 


1 

3 


1 


s(x) 


17 


1 

3 


11 





Critical points 


h 


h 


h 


Extreme value 


(0,0) 
0 


(-2,-1) 
17 


(M 

2 
3 


(1,-1) 

2 


(1,2) 
11 


(-2,-1) 
17 


1 

3 



We see that / has an absolute minimum value of 0 and an absolute maximum value of 17 on D 
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37. 



fx(x,y) = £ (xy - x 2 )=y -2x = 0 
/y(*,y) = ^(xv-* 2 )=* = 0 



x = 0, y = 0, so / has 



no critical point in the interior of D. 

On Ci, y = x 2 , so g (x) = / yx, x 2 ^ — — x 2 for —2 < x < 2. 

g' (x) = 3x 2 — 2x — x (3x — 2) = 0 => x = 0 or jc = |, so 0 and | are 
critical numbers of g on (—2, 2). 

From the table, we see that / has an absolute minimum value of —12 and 
an absolute maximum value of 4 on C\ . 



On C2, x — x and y — 4, so h (x) = / (x, 4) = 4x — x 2 for —2 



A 7 (x) = 4 — 2x = 0 => x = 2, an endpoint. We find h (—2) = — 12 and 
g (2) = 4, so / has an absolute minimum value of — 12 and an absolute 
maximum value of 4 on C2 • 






X 


-2 


0 


2 
3 


2 


4x - x 2 for -2 < x < 2. 




-12 


0 


4 
27 


4 



We conclude that / has an absolute minimum value of — 12 and an absolute maximum value of 4 on D. 



A(*,y) = £(4^ + v^) = 8* = o 



2 



38. 



dx 
d 



fy(x,y) = -^[4x" + y 2 )=2y = 0 



x = 0, y = 0, and so / has 



no critical point in D . 

On C\,x — x and v = 0, so g (x) — f 0) = 4jc for —2 < x < 2. 
Thus, / has an absolute minimum value of 0 at the critical number 0 and 
an absolute maximum value of 16 at the endpoints ±2 of C\ . 



= x 4 -4x 2 + 16 for 




X 


-72 


0 


V2 


h(x) 


12 


16 


12 



On C2, y = 4 — x , so 
h(x) = f (x, 4 - a- 2 ) = 4x 2 + (4 - jc 2 ) 

-2 < x < 2. (x) = 4x 3 - Sx = Ax (x 2 - 2) = 0 => x = ±V2 or 0. 

From the table, we see that / has an absolute minimum value of 12 and an 
absolute maximum value of 16 on C2. 

Taking the smallest and largest function values from above, we see that / has an absolute minimum value of 0 and an 
absolute maximum value of 16 on D. 
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39. 



f x 0, y) = -^ (x 2 + 4y 2 + 3x - 1 ) = 2x + 3 = 0 



=> x = — 4 and 




fy (x, y) = ?k [x 2 + ^ + 3x ~ 1 ) = 8 ^ = 0 
j = 0, so / has the critical point (— |, (A in D with /" ^ — 0^ = — ij-. 

Next we consider the boundary of D. On Cj, y = y/A — x 2 , so 
g(jc) = / (jc, a/4 — jc 2 ) = x 2 +4(V4-x 2 ) +3x-l = -3x 2 + 3x + 15 
for —2 < x < 2. (x) = — 6x + 3 = 0 => x = so / nas a critical point 
at (l' ~^T^) ■ From the table, we see that / has an absolute minimum 
value of —3 and an absolute maximum value of ^ on C\ . 

2 

On C% y = —y/A- x 2 , so h(x) = / (x, — \/S — x 2 ^ = x 2 + 4 ^— \/4 — x 2 ^ + 3x — 1, which is the same as g (x). So /z 
has a critical point at (j, — ■ We conclude that / has an absolute minimum value of — ^ attained at the critical point 
( — 1' ^) on ^' anc * an aDSOmte maximum value of ^ attained at the points ±^^j on the boundary of D. 



X 


-2 


1 


2 


gix) 


-3 


63 
4 


9 



40. 



fx (x, y) = 4 ( 4x 2 + y 2 + 2x - y ) = 8x + 2 = 0 



fy y) = Jfy ( 4xl + y 2 + 2* - yj = 2y - 1 = 0 
critical point ^— ^, in Z) with / ^— jj = — ^. 

Next we consider the boundary of D. On Ci, y = vf — 4x 2 , so 
g (jc) = / ^jc, Vl -4x 2 ) = 4x 2 + (Vl -4* 2 ) + 2x - 

Vl -4x 2 = 1+2* - v 7 ! -4jt 2 for-± < x < i. 



/ has the 



4* 



= () => a" = — ^= , so — ^= is a critical number of 



g on ^— ^ , ^ V From the table, we see that / has an absolute minimum 

value of 1 — \fl and an absolute maximum value of 2 on C\ . 
On C2, y = — \/ 1 — 4x 2 , so 

h(x) = f (x, -y/l-Ax 2 ^ = 1 + 2x + Vl -4x 2 for -\ < x < \. 

Ax 



ti (x) = 2- 



l-Ax 2 



— 0 => x — ^= , so ^= is a critical number of /i 



on 



( — I s l) ' ^ rom me tarj le, we see that / has an absolute minimum 



value of 0 and an absolute maximum value of 1 + V2 on Co. 




Therefore, / has an absolute minimum value of / ^— ^, = —j and an absolute maximum value of 
/(V2,f) = l+V2. 



X 


1 

~I 


V2 


1 


g(x) 


0 


1-^ 


2 




X 


1 




1 

2 


h(x) 


0 


1 + V2 


2 
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41. We want to minimize d 2 = f (x, y) = x L + y z + z L = x L + y z + (4 - x - 2y) z = 2x L + 5y z + 4xy - Sx - \6y + 16. 



_ v-2 



2 _ v 2 



2 o v 2 



f x (jc, y) = £ ( 2x 2 + 5y z + 4xy - 8* - 16y + 16 ) = 4x + Ay - 8 = 0 



2 



/ y (jc, y) = ^ (2x 2 + 5y 2 + 4;ty - 8jc - I6y + 16) = lOy + 4* - 16 = 0 



x — |, y = so ^ is a critical 



point of /. D (x, y) = f xx (x, y) f yy (x, y) - f 2 y (x, y) = 4 ■ 10 - 4 2 = 24 > 0 and f xx (§, = 4 > 0, so 
(§» gi yes me on ly relative minimum (and thus the absolute minimum) of / in the plane. The required distance is 



21 V2 



2V6 



42. We want to minimize 

d 2 = f (x,y) = (x - 2) 2 + (y - 3) 2 + (z + I) 2 = (x - 2) 2 + (y - 3) 2 + (4- x - 2y) 



= 2x 2 + 5y z + 4xy - I2x - 22y + 29 

A (*, y) = 4* + 4y - 12 = 0 } 4 5 / 4 5 \ . ... . f . , 

} => x = t, y = t» so I t> t I 1S a critical point of f . 
f y (x,y) = 10y + 4x-22 = 0 J 33 V 33 / 

D (x, y) = f xx (x, y) f yy (x, y) - (x, y) = 4 • 10 - 4 2 = 24 > 0 and f xx (|, = 4 > 0, so (|, f ) gives the only 
relative minimum (and thus the absolute minimum) of / in the plane. Since z — x-\-2y — 5 = j + 2 — 5 = — ^, the 
required point is |, — 



43. We want to minimize d 2 — f (x, y) = x 2 + y 2 + z — x 2 + y 2 + xy — x + 4y + 21. 



/, (x, y) = 2* + y - 1 = 0 
f y (x,y) = 2y + x + 4 = 0 



x — 2 and y = —3, so (2, —3) is a critical point of /. D (x, y) = f xx (x, y) /y-y (x, y) — (x, y) = 2 • 2 — l 2 = 3 > 0 
and fxx (2, —3) = 2 > 0, so (2, —3) gives the only relative minimum (and thus the absolute minimum) of /. The required 



points are (2, —3, ±1), and the required distance is d = V f (2, —3) = J2 2 + (-3) 2 + l 2 = y/\4. 



44. We want to minimize d 2 — f (x, y) = x 2 + y 2 + z 2 = x 2 + y 2 + ( ) = * 2 + y 2 H — J^j. 

*y z / x z y 4 



A y) = 2x - 



32 



= 0 



64 



fy (*, y) = 2y = 0 

x z y D 



x 4 y 4 = 16 
x 2 y 6 = 32 



x = ± and y = ± 4^8 , so / has the four critical points 



(±4/2, ±4/s). Z) (x, y) = (x, y) / >7 (*, y) - f 2 y (x, y) = ^2 + 



96 



*4y4 




2 + 



320 

x 2 y 6 



)-( 



128 

x 3 y 5 



and we can 



check that D > 0 for each critical point. For example, D (\/2, 4^ ^ 64.3 > 0. Since f xx > 0 for each critical point, 



16 



they all satisfy the requirement, and the shortest distance is d = J \[2 + 2^2 H — = 2^2. 

8v 2 
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45. Denote the three numbers by x, y, and z. We want to maximize P = xyz. But x + y + z — 500 o 

f x (x,y) = -2xy-y 2 + 500y = 0 
f (x, y) = -x 2 - 2xy + 500jc = 0 



z = 500 - x — y, so / (x, y) = xy (500 — x — y) = -x 2 y — xy 2 + 500xy. 



2x + y - 500 = 0 
x + 2y - 500 = 0 



x = y = 500, SQ ^500 ? 500^ is a cridcal point of y 



£ (*, y) = /** (x, y) fyy y) - ffv (x, y) = (-2?) (-2*) + (-2x - 2y + 500) 2 = 4xy + (2x + 2y - 500) z > 0 



yy 



xy 



and (^p, = — < 0, so (^p, gives a relative maximum (and thus the absolute maximum) of /. 



z = 500 - x - y = 500 - ^00 _ 500 = 500 ? SQ aU mree numbers are 2^ 

46. Denote the length, width, and height of the box (in feet) by x, y, and z, 
respectively. We want to maximize V = xyz, but xy + 2xz + 2yz = 48 o 

48 - xy T7 „ , / 48 - xy\ 4Sxy - x 2 y 2 



500 



z = 



2(x + y) 



, so V = f (x 9 y) = 



, y) = x y ( 



- , , 48 y 2 - x 2 y 2 - 2xy 3 
fx(x,y) = — ~2 and f y (x,y) = 



2x + 2y) 2(x + y) 

48x 2 - x 2 y 2 - 2yx 3 




- 



X 



2(x + y) 



2 (x + y) 



Setting f x (x, y) = 0 and f y (x,y) = 0 and keeping in mind that x > 0 and y > 0, we have 



2xy + y 2 = 48 

= 48 



2xy + a: 2 

x = y = 4, so (4, 4) is the only critical point of /. Since a maximum must exist, we see that the dimensions of the 

48-4-4 



rectangular box are x = 4, y = 4, and z = 



2 (4 + 4) 



= 2; that is, 4'x4'x 2'. 



47. 



Denote the length, width, and height of the box (in feet) by x, y, and z, respectively. We want to maximize 

24 - xv\ 2Axy - x 2 y 2 



24 - xy 

V = xyz, but 2xy + 2yz + 2xz = 48 z = -, soV = /(x 



x + y 

24x 2 - x 2 y 2 - 2x 3 y 



> y) = x y I — : — I = 

V x + y J 



x + y 



24y 2 - x 2 y 2 — 2xy 3 

f x (x 9 y) = — ; ^ — and f y (x, y) = — ^ . Setting f x (x, y) = 0 and f y (x, y) = 0 and 



(x + y) 2 



keeping in mind that x > 0 and y > 0, we have 2 



C* + y) 2 

x 2 + 2xy = 24 
y 2 + 2xy = 24 



x — y — 2V2, so ^2 a/2, 2\/2^ is the only critical 



point of /. Since a maximum must exist, we see that the dimensions of the rectangular box are x — 2 a/2, y = 2\/2, and 



24- (2V2) 2 
z=^± ^ = 2V2. 



2V2 + 2V2 

48. Denote the length, width, and height of the box (in inches) by x, y, and z, respectively. We 
want to minimize S = xy + 2xz + 2yz subject to the condition xyz = 108 <=> z = 



S = / (x, y) = xy + 2x 



108 

xy 



+ 2y 



(")- 



216 216 

= xy + + 

y x 



A (*, y) = y- 



fx (x, y) = x - 



108 






so 


xy 




216 


0 




X 2 


216 


0 


„2 ~ 



y 



x = y = 6, so (6, 6) 



is a critical point of /. Since / must attain a minimum value, we see that the dimensions of the box are x = 6, y = 6, and 
z = ^ = 3; that is, 6" x 6" x 3". 
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49. The length, width, and height of the box in the first octant are x, y, and z, respectively. Thus, V = xyz, where V 
is one eighth of the volume of the box. z = |\/36 — 9x 2 — Ay 2 , so V = / (x, y) = |xy-v/36 — 9x 2 — 4y 2 => 



A (*> j) = 



2y (36- 18x 2 -4y 2 ) 
3^/36 - 9x 2 - 4y 2 



and /y (x, y) = 



. Setting /* (x, y) = 0 and /y (x, y) = 0 



36-18x 2 -4y 2 = 0 
simultaneously leads to . . 

36 - 9x 2 - 8y 2 = 0 



2x (36 - 9x 2 - 8y 2 ) 
3^36 - 9x 2 - 4y 2 



x = and y = so ( , V3^ is the only critical point of / 



Since a maximum must exist, we conclude that the dimensions of the rectangular box are 2x = 2y = 2^3, and 



2z = Ip6 - 9 (^) - 4 (VI) = that is, ±f x 2V3 x 



50. We want to maximize V = xyz where x, y, and z denote the length, width, and height of the rectangular box in the first 

x 2 2 2 c 
octant. ^ + + ^ = = -^--v/^ 2 ^ 2 — ^ 2 * 2 — « 2 v 2 , so V = / (x, y) = C -^-^J a 2 b 2 — b 2 x 2 — a 2 y 2 



a 



c 



ab 



ab 



fx 0, y) = 



cy_ 
ab 




b 2 — 2b 2 x A — a A 



2 h 2 _ h 2 x 2 _ 



2 2 2 \ 

^ ay \ 
x 2 — a 2 y 2 J 



and f y (x, y) = 



cx I a 



2 b 2 - b 2 x 2 - 2a 2 



ab \Ja 2 b 2 -b 2 x 2 - 
2b 2 x 2 + a 2 y 2 = a 2 b 2 



2 2 y 2 \ 



Setting f x (x, y) = 0 and 



f y (x, y) = 0 and recalling that x > 0 and y > 0, we have ' " " ' ~ " 0 J => x = and y = so 
* Z? 2 x 2 + 2tf 2 y 2 =tf 2 £ 2 ' 3 7 3 

(^<3, is the only critical point of /. Since a maximum volume does exist, we see that the required dimensions are 

2x = h^-a, 2y = h^-b, and 2z = ^i/^ 2 ~ bl {*T a ) 2 ~ a i^T^) = c; that is ' x Hr b x c - 



51. V — xyz, but z = 6 — 2x — 3y, so 

y = / (x, y) = xy (6 - 2x - 3y) = 6xy - 2x 2 y - 3xy 2 



z A 



fx (x, y) = 6y - 4xy - 3y 2 = 0 
/ y (x, y) = 6 A" — 2x 2 — 6xy — 0 



6 - 4* - 3y = 0 
6 - 2x - 6y = 0 



x = 1 



and y = |, so (l, |^ is a critical point of /. Since the maximum must 

exist, we conclude that the volume of the required box is 

V = (1) (|) [6 - 2 (1) - 3 (§) j = | and the dimensions of the box are 



1x4x2. 



z = 6 - 2x - 3y 




52. V = xyz, but z = c - ^x - £y, so V = f (x, y) = xy (c - §x - |y) = cxy - ^x 2 y - |xy 



A(*,y) = cy-^y-!y^ = 0 



c„2 



/ y (x, y) = cx - fx 2 - ^xy = 0 
the maximum must exist, we see that the volume of the required box is V = (|) (% J (c — | • | — f • | ) = ^jabc. 



i 
i 



x = j and y = |, so (|, | j is a critical point of /. Since 
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53. Denote the length, width, and height of the box (in feet) by x, y, and z, respectively. We may assume, without affecting 

the conclusion, that the cost of the material for the sides of the box is $l/ft 2 . We want to minimize the cost function 

24 

12 24 24 f*(*>y) = 3 y-^ = ° 

C = 3xy + 2xz + 2yz, but xyz = 12 <^> z = — , so C = / (x, y) = 3xy H 1 . 0/1 

xy y X f x (x,y) = 3x-^ = 0 

x = y = 2, so (2, 2) is a critical point of /. Since the minimum cost clearly exists, we see that the dimensions of the box 

12 



are x = 2, y = 2, and z — 



2-2 



= 3; that is, 2'x2'x 3'. 



54. Denote the length, width, and height of the box (in feet) by x, y, and z, respectively. We may assume, without affecting the 

conclusion, that the cost of the material for the top and sides of the box is $l/ft 2 . We want to minimize the cost function 

16 32 32 
C — 2xy + xy + 2xz + 2yz — 3xy + 2xz + 2yz, but xyz — 16 o z = — , so C — f (x, y) — 3xy H 1 . 

xy y x 



32 

2 



f x (x 9 y) = 3y- — =0 

x 

32 

fx (x, y) = 3x T = 0 



y 



3x 2 y = 32 
3xy 2 = 32 



x = y = |^/36, so (1^36, |^36) is a critical point of /. 



Since the minimum cost clearly exists, we see that the dimensions of the box are x = fV36, y = f V36, and 
16 



z = 



(1^36) 



= V36; that is, about 2.20' x 2.20' x 3.30'. 



55. The sums of the squares of the distances from the proposed site of the radio station to the three communities is 



D = f (x, y) = [d (P, A)] 2 + [d (P, B)Y + [d (P, C)] z 

= [(x - 2) 2 + (y - 4) 2 ] + [(x - 20) 2 + (y - 8) 2 ] + [(x - 4) 2 + (y - 24) 2 ] 



f x (x , y ) = 2 (x - 2) + 2 (x - 20) + 2 (jc - 4) = 0 
/ y (jc, y) = 2 (y - 4) + 2 (y - 8) + 2 (y - 24) = 0 



x = 2^ and y = 12, so 12^ is a critical point of /. Since it 



is clear that D must attain a minimum, we see that the station should be located at 12^ . 



56. 



We want to maximize V — irr 2 £. But we have 2nr + £ — 130 => ^ = 130 — 2-7rr, so we need to maximize 

V = f (r) = tit 2 (130 - 2izr) = -2ir 2 r 3 + 1307rr 2 . Now V' = f (r) = -67r 2 r 2 + 260tit = -2irr (3izr - 130) 

= -12tt 2 (0} + 2607T = -2607T < 0, 



= 0 



r = 0 or r = Since f" (0) = (-127r 2 r + 260tt) 



130/(3tt) 



130 



we conclude that r = does yield the absolute maximum for /. We find £ = 130 - 2-7T (yjf) = ^ or 43 ^ . 



57. g (m,b) — Zfc=i (yk ~ mx k ~ b), so we require that 



gm (w, b) = -2 Y!k=\ x k (yk ~ mx k - b) = 0 
gb (m, b) = -2 Y!=\ (yk - mx k -b) = 0 



(ZLi 4) m + (H=i **) b - XLi 



(ZLi 4) ^ + (SLi * = ZLi 
(ZLi ^) m + w/? = ZLi ^ 



It is clear 



that a minimum value of g must exist, so the critical point (mo, bo) satisfying the system gives the least-squares line 
y = mr\x + br\ that we seek. 
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58. a. The data are shown in the table. 



X 


y 


x 2 


xy 


1 


3 


1 


3 


2 


5 


4 


10 


3 


5 


9 


15 


4 


7 


16 


28 


5 


8 


25 


40 


15 


28 


55 


96 



The normal equations are 



55m + 15b = 96 
15m + 5b = 28 

Solving, we find m = 1.2 and Z? = 2, so the required equation 
isy = 1.2* + 2. 



b. The scatter diagram and the least- squares line for 
the given data are shown below. 




t 


y 


t 2 


ty 


0 


6.8 


0 


0 


1 


8.3 


1 


8.3 


2 


9.8 


4 


19.6 


3 


11.3 


9 


33.9 


4 


12.8 


16 


51.2 


5 


14.9 


25 


74.5 


15 


63.9 


55 


187.5 



a. The normal equations are 



6b + 15m = 63.9 



The solutions 



15b + 55m = 187.5 

are m & 1.59 and b & 6.69. Therefore, the required equation is 
y = 1.59^ + 6.69. 

b. y = 1.59(8) + 6.69 = 19.41, or $19.41 billion. 



X 


y 


x 2 


xy 


0 


15.9 


0 


0 


10 


16.8 


100 


168 


20 


17.6 


400 


352 


30 


18.5 


900 


555 


40 


19.3 


1600 


772 


50 


20.3 


2500 


1015 


150 


108.4 


5500 


2862 



a. The data are summarized in the table. The normal equations are 

6b + 150m = 108.4 ^ 
150/? + 5500m = 2862 



The solutions are b ~ 15.90 and m « 0.09, so the required equation 
is y = 0.09% + 15.90. 

b. The predicted life expectancy at 65 of a male in 2040 is 
y = 0.09 (40) + 15.9 = 19.5, about 19.5 years. 

c. The predicted life expectancy at 65 of a male in 2030 is 
y = 0.09 (30) + 15.9 = 18.6, about 18.6 years. 
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61. 



X 


y 


x 2 


xy 


5 


40 


25 


200 


6 


43.2 


36 


259.2 


7 


47.4 


49 


331.8 


8 


50.5 


64 


404 


9 


53.7 


81 


483.3 


10 


56.8 


100 


568 


45 


291.6 


355 


2246.3 



a. The data are summarized in the table. The normal equations are 

6b + 45m = 291.6 
45b + 355m = 2246.3 

The solutions are m % 3.39 and ~ 23.19. The required equation is 
y = 3.39x + 23.19. 

b. $3.39billion/yr 

c. y (1 1) = 3.39 (1 1) + 23. 19 = 60.48, representing about $60.5 billion 



62. a. The domain of / (x, y) is {(*, y) | — oo < x < oo and — oo < y < oo}. We set 



f x (x,y) = 2x + 2y =0 
f y (x, y) = -2y + 2x = 0 

x = y = 0, so (0, 0) is the only critical point of /. Next, f xx (x,y) = 2, f xy (x,y) = 2, and f yy (x,y) = —2, so 

D (x, y) = f xx (x, y) f yy (x, y) — f} y (x, y) = — 4 — 4 = — 8 < 0, showing that (0, 0, 2) is a saddle point. / has no 
maximum or minimum value. 

b. Observe that the boundary of D has parametric representation x = 2 cos t, y = sin ? for 0 < t < 2tt. On the boundary, 

we have F {t) — f (2 cos sin = 4 cos t — sin ? + 4 cos £ sin t + 2. Using a calculator or computer, we see that / has 
a minimum value of approximately 0.2984 attained at t ^ 1.9082 and t ^ 5.0498, giving the points (—0.66, 0.94) and 
(0.66, —0.94), and a maximum value of approximately 6.7106 attained at t ^ 3.4790, giving the point (—1.89, —0.33). 
We conclude that the required maximum value of / in D is approximately 6.7106 and the minimum value of / in D is 
approximately 0.2984. 



63. a. The domain of / (x, y) is {(x, y) | — oo < x < oo and — oo < y < oo}. We complete the squares in x and y, obtaining 

/ ( x , y) = -3 [* 2 - 2x + (-1) 2 ] - 4 ^y 2 + y + (^) 2 J - 3 + 3 + 1 = -3 (x - l) 2 - 4 (y + i) 2 + 1. Since x and y 
are arbitrary, / is unbounded below. This shows that / has no minimum value. 



b. 



fx (x, y) = -6x + 6 = -6 (x - 1) = 0 
/ v (*,y) = -8y-4 = -4(2y+l) =0 



x = 1, y = — j, so ^1, — 2) is the only critical point in Z), and 



f {} 9 ~ 2) = N ext ' observe that the boundary of Z) has parametric representation x = cos y = sin? for 
0 < f < 2tt. We find 

F (t) — f (cos t, sin /) = —3 cos 2 1 + 6 cos t — 4 sin 2 J — 4 sin £ — 3 

= —3 ^cos 2 1 + sin 2 + 6 cos £ — sin 2 f — 4sku — 3 = — sin 2 r + 6 cos t — 4 sin t — 6 

Using a calculator or computer, we see that / has a minimum value of approximately —13.5833 attained at t % 2.4154 

=> x = cos 2.4154 ~ —0.75 and y = sin 2.4154 % 0.66. Its maximum value of approximately 0.9560 is attained at 

t % 5.8082 => x = cos 5.8082 % 0.89 and y = sin 5.8082 % -0.46. We conclude that the required maximum value of / 

is 1 attained at the critical point ^1, — jj, and its minimum value is approximately —13.5833 attained at the point 
(—0.75, 0.66) on the boundary. 
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64. / (jc, y) = Ax 2 + 2Bxy + Cy 2 => f x (x, y) = 2Ax + 2By, f y (x, y) = 2Bx + 2Cy. Clearly, / has 
a critical point at (0, 0). Next, we find f xx (x, y) = 2A, f X y (x, y) = 2B, and f yy (x, y) = 2C. Thus, 

D (x, y) = f xx (x, y) f yy (x, y) - f 2 y (x, y) = (2A) (2C) - (2B) 2 = 4 (AC - B 2 ^ . For there to be a relative minimum 

at (0, 0), we must have D (0, 0) = 4 (AC - £ 2 ) > 0 and f xx (0, 0) = 2A > 0; that is, AC > B 2 and A > 0. For there to 

be a relative maximum at (0, 0), we must have AC > B 2 and A < 0. For there to be a saddle point at (0, 0), we must have 
AC < B 2 . 

65. False. / (x, y) = 1 — |jc| — \y\ has an absolute maximum value of 1 attained at (0, 0), but f x and f y do not exist at (0, 0). 

66. True. h x (x, y) = f (*), h xx (x, y) = f" (x), h xy (x, y) = 0, h y (x, y) = g' (v), and h yy (x, y) = g" (y). Since 

f" (x) > 0 and g" (y) < 0, we see that D (x, y) = h xx (x, y) h yy (x, y) — h 2 y (x,y) = f" (x) g" (y) < 0, so the Second 
Derivative Test implies that h cannot have a relative extremum. 

67. False. The function / (x, y) = x 2 — y 2 satsifies V/ (0, 0) = 0, but (0, 0, 0) is a saddle point. 

68. True. If both f xx (x, y) and f yy (x, y) are equal to 0, then D (x, y) = f xx (x, y) f yy (x, y) - f 2 y (x,y) < 0, 
and so / cannot have a relative extremum. If either f xx (x, y) or f yy (x, y) has a value different from 0, then 
fxx (x,y) = — fyy (x,y). Thus, D (x,y) < 0, and the conclusion is the same. 




B.9 Concept Questions ET12.9 



1. See page 1 128 (1 124 in ET). Answers will vary. 



2. Seepage 1131 (1127 in ET). 



3. There are four (critical) points where the graph of / is tangent to a level curve of g. We see that the values of / attained at 
these points are 4, —6, 6, and —2, so the minimum value is —6 and the maximum value is 4. 



1. V/ = 3i + 4j and Vg = 2xi + 2yj, so V/ = AVg => 

3i + 4j = 2\xi + 2Ayj. Together with the constraint equation, we have 

3 = 2Xx 

4 = 2Xy 
x 2 + y 2 = 1 

Solving the system, we find A = |, x = 1, and y = 4 or A = — |, 



x = — y, and y = — |. The minimum value of / subject to x L + y z = 1 is 
/ ^— |, — |^ = — 5 and the maximum value of / subject to x 2 + y 2 — 1 

- / (h i) = 5 




3x + Ay = 5 



3x + 4y = -5 3jc + 4)> = 0 
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2. V/ = 2xi + 2yj and Vg = 2i + 4j, so V/ = AVg => 

2xi + 2yj = 2Ai + 4Aj. Together with the constraint equation, we have 

2x = 2A 
2y =4A 
2* + 4y = 5 

Solving the system, we find A = j, x — \, and y — 1. The minimum 

value of / subject to 2x + 4y = 5 is / lj = | . There is no maximum 
value because the constraint is unbounded. 




3. V/ = 2xi + 2yj and Vg = yi + so V/ = AVg => 

2xi + 2yj — Xyi + Axj. Together with the constraint equation, we have 

2x — \y 
2y = Xx 
xy = 1 



Solving the system, we find A = 2, x = — 1, and y 
and y = 1. The minimum value of / subject to xy 
/(-!,-!) = /(!,!) = 2. 



— 1 or A = 2, x 
lis 



= 1, 




x 1 + y 2 =l 



4. V/ = yi + xj and Vg = 2xi + 2yj, so V/ = AVg => 

yi + x] — 2Xx\ + 2Ayj. Together with the constraint equation, we have 

y = 2Xx 
x — 2Xy 
x 2 + y 2 = 4 

Solving the system, we find A = — x — — \/2, and y = V2 or A = — 



= V5, and y = — V5 or A = ^, x = — V2, and y = — V2 or A = ^, 



X = 


\/2, and 


y = V2. 














(V2, -V2) 


(-V2, - V2) 


(V2,V2) 




/fey) 


-2 


-2 


2 


2 



From the table, we see that the minimum value of / subject to x 2 + y 2 = 4 
is —2 and the maximum value of / subject to x 2 + y 2 = 4 is 2. 



vy = 4 




xy = 2 



5. / (x, y) = xy => V/ (*, y) = yi + xj and g (*, y) = 2x + 3y - 6 => Vg 0, y) = 2i + 3j, so V/ = AVg 



y 

yi + x} = 2Ai + 3Aj, and we solve x 

2x + 3y 



2X (1) 
3A (2) 
6 (3) 



1 ^ 

A = j, x — and y = 1. The maximum value of / 



/(§.!) = §■ 
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6. / (x, y) = x 2 -y 2 ^ Vf (x, y) = 2xi - 2yj and g (x, y) = x 2 + y 2 - 1 => Vg (x, y) = 2xi + 2yj, so V/ = AVg 

2x — 2Xx (1) 

2xi - 2yj = 2\xi + 2Ayj, and we solve -2y = 2\y (2) 

x 2 + y 2 = 1 (3) 

(3) gives y = ±1. If A = 1, then (2) gives y = 0 and (3) then gives x = ±1. 



From (1) we see that x = 0 or A = 1. If x = 0, then 



C*,;v) 


(0, 1) 


(0,-1) 


(-1,0) 


(1,0) 




-l 


-1 


1 


1 



From the table, we see that the minimum value of / is — 1 and the maximum value of / is 1 



7. / (x, y)=xy^ V/ (x, y) = yi + xj and g (x, y) = x 2 + Ay 2 - 1 => Vg (x, y) = 2xi + 8yj, so V/ = AV g 

y = 2Xx (1) 

yi + x} = 2\xi + 8Ayj, and we solve x = 8 Ay (2) 

+ 4y 2 = 1 (3) 



Substituting (1) into (2) gives x = 8 A (2 Ax) 



A = ±|. [Note that (x, y) 7^ (0, 0) since this violates (3).] If A = — ^, then (1) gives y = — i?x and so (3) gives y = =b^ 
and x = =f^; if A = |, then (1) gives y = £jc and so (3) gives ^) and - ^). 





f ) 






(-?.-?) 




1 

~4 


1 

~4 


1 

4 


1 

4 



From the table, we see that / has a minimum value of — ^ and a maximum value of | . 



8. / (jc, y) = 8* + 9y => V/ (x, y) = 8i + 9j and g (x, y) = 4x 2 + 9y 2 - 36 => Vg (jc, y) = 8xi + 18yj, so V/ = AVg 



8 = 8 Ax 

8i + 9j = 8Axi + 18Ayj, and we solve 9 = 18 Ay 

4x 2 + 9y 2 = 36 



(1) 
(2) 
(3) 



1 

From (1), we see that x = —, and from (2) we 

A 



have y = — . Substituting into (3), we obtain 4 ( — ) +9 



= 36<=> A = ± ^ . If A 



— jj, then x = —42 and 



y = — |, and if A = then x = and y = |. We see that / has a minimum value of / ^— 42, — | ^ = —30 and a 



maximum value of 



/(¥.§) = 



= 30. 



9. / (x, y) = x 2 + xy + y 2 => V/ (x, y) = (2x + y) i + (x + 2y) j and g (x, y) = x 2 + y 2 - 8 => Vg (x, y) = 2xi + 2yj, 

2x + y = 2Ax 

so V/ = AVg => (2x + y) i + (jc + 2y) j = 2Axi + 2Ayj, and we solve x + 2y = 2 Ay 

= 8 

y = ±x (because A = 1 => x = y = 0, violating the third equation). Substituting y = ±x into the third equation gives 
x — ±2 and y = ±2. 



x 2 + y 2 



x = 2y (A - 1) 
y = 2x (A - 1) 





(-2, -2) 


(-2, 2) 


(2, -2) 


(2,2) 


f(x,y) 


12 


4 


4 


12 



From the table, we see that / has a minimum value of 4 and a maximum value of 12. 
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10. / (jc, y) = x 2 + y 2 => V/ (jc, y) = 2xi + 2yj and g (jc, y) = x« + y* - 1 => Vg (jc, y) = 4jc J i + 4y->j, so V/ = AV g 



4 , .,4 



a ^3 



2jc = 4 Ax 3 

2jri + 2yj = 4Ax 3 i + 4Ay 3 j, and we solve 2y = 4 Ay 3 

x 4 + y 4 = 1 



x (2Ajc z -11=0 (1) 

v (2Av 2 - 1 ) = 0 (2) 
*4 + / = ! (3) 



From (1), we see 



9 1 ? 1 

that x = 0 or jc z = — -. From (2), we have y = 0 or y z = — -. If jc = 0, then (3) gives y = ±1 and if y = 0, then jc = ± 1 

2A ZA 



If ^ = ^and/=^, then (3) gives (±) + (±) = 



1 



1 



1 



1 => A = ±— — . Now if A = — — , then jc = ±-r= and 



V2 



^2 



1 



ft 



(x,y) 


(0,-1) 


(0, 1) 


(-1.0) 


(1,0) 




(-1/2, n) 




(ft ft) 


f(x,y) 


l 


1 


1 


1 


V2 


V2 


V2 


V2 



From the table, we see that / has a minimum value of 1 and a maximum value of \fl. 

11. / (x, y, z) = x + 2y + z => V/ (jc, y, z) = i + 2j + k and g (x, y, z) = x 2 + 4y 2 - z => Vg (x, y, z) = 2xi + 8yj - k, so 

1 = 2Ajc 

2 = 8Ay 
1 = -A 

x 2 + 4y 2 - z = 0 



V/ = AVg => i + 2j + k = 2Ajci + 8Ayj - Ak, and we solve 



We find A = -1, jc = - 



1 

2 



y = — and z—\. We see that / has a minimum value of / (— ^, —^2) = — 2* 



12. /(x,y,z) =x+y+z^ V/(x,y,z) = i+j +k and g (jc, y, z) =x 2 + y 2 + z 2 -l => Vg (jc, y) = 2xi + 2yj + 2zk, so 

1 = 2Ax 
1 = 2Ay 
1 = 2Az 

x 2 + y 2 + z 2 = 1 

2 



V / = A Vg => i + j + k = 2Ajci + 2Ayj + 2Azk, and we solve 



We see that x = y = z = 



and substituting into the last equation gives 3 



1 1 

= 1 <=^ — - = ±— 
2A V3 



V3 

x — y — z — ± — - . We see that / has a 



minimum value of / ^— — — — — \/3 and a maximum value of / (3^, 3^, ^) = \/3. 



13. / (jc, y, z) = x + 2y - 2z => V/ 0, y, z) = i + 2j - 2k and g (x, y, z) = x 2 + 2y 2 + 4z 2 - 1 => 
Vg (jc, y, z) = 2jci + 4yj + 8zk, soV/ = AVg => i + 2j - 2k = 2Ajci + 4Ayj + 8Azk, and we solve 

1 =2Ajc 



2 =4Ay 
-2 = 8Az 

jc 2 + 2y 2 + 4z 2 = 1 



11 1 
We see that x — ——, y = — -, and z = --7, which we substitute into the fourth equation: 

2A 2A 4A 



(2^) ^ 2 {j\) +4 (~4x) = 1 ^ A = ±l.If A = -l,thenA = -i,y = -i,and7= |;ifA = l,thenjc = 
y = and z = — \. We see that the minimum value of / is / j, — ^, ^ = —2 and the maximum value of / is 



1 

2' 
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14. / 0, y, z) = x 2 + y 2 + z 2 => V/ (x, y, z) = 2xi + 2yj + 2zk and g (x, y, z) = -x + y - 1 => Vg (*, y, z) = -i + j, so 



V/ = AVg => 2xi + 2yj + 2zk = -Ai + Aj, and we solve 



2x — —A 
2y = A 
2z =0 
y — x = 1 



A = 1, * = — i, y = A, and z = 0. We 



see that / has a minimum value of / \ — ^, Oj = \, 



15. / (x, y, z) = xyz => V f (x, y, z) = yzi + xzj + xyk and g y, z) = x 2 + 2y 2 + ^z 2 = 6 



Vg y, z) = 2xi + 4yj + zk, so V/ = AVg => yd + xzj + xyk = 2Axi + 4Ayj + Azk, and we solve 



yz — 2Xx 
xz — 4Ay 
xy = \z 
x 2 + 2y 2 + \z 2 = 6 



yz xz 

Solving the first three equations for A gives A = — = — = 



— ,sox z = 2y z and 



6=>y 2 = l=>y = ±l. 



^ 2 = 4y 2 . Substituting these into the last equation in the system gives 2y 2 + 2y 2 + ^ ^4y 2 ^ = 

Thus, x = ±V5 and z = ±2. Evaluating / (x, y, z) at (±V3, -1, -2^, (±V2, -1, 2^, (±V2, 1, -2^, and (±V2, 1, 2^, 
we see that / has a minimum value of —2^/2 and a maximum value of 2>/2. 



16. / (x, y, z) = xy + xz => V/ (x, y, z) = (y + z) i + xj + xk and g (x, y, z) = x 2 + y 2 + z 2 - 8 

Vg (x, y, z) = 2xi + 2yj + 2zk, so V/ = AVg => (y + z) i + xj + xk = 2Axi + 2Ayj + 2Azk, and we solve 



y + z = 2Ax 
x = 2Ay 
x = 2Az 
x 2 + y 2 + z 2 = 8 

equation gives 2z 2 = 8 



If A = 0, then x = 0 and y + z = 0=>y = — z. Substituting this into the fourth 



z = ±2 => y = =p2. This gives the critical points (0, 2, —2) and (0, -2, 2). Suppose 



A^0. The first three equations give A = 



y + z 

2x 



x 



X 



— — - — — — , so x 2 — y 2 + yz and y = z. Substituting these into 

2y 2z 



the last equation in the system gives y 2 + y 2 + y 2 + y 2 = 8 => y = ± a/2 ^ x 2 — \=> x — ±2 and z = ±>/2. 
Notice that if y = a/2 and z = — a/2 or y = — a/2 and z = \/2, then x — 0. Thus, the critical points are (0, 2, —2), 

(0, -2, 2), (±2, -V2, -V2"), and (±2, V2, V^). Evaluating / at these critical points, we see that / has the 
minimum value given by / ^2, —a/2, — \/2j = f (—2, a/2, a/2^ = — 4a/2 and the maximum value given by 
/ (-V2, -V2, -V2) = / (a/2, a/2, V2 = 4V2). 
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17. / (x, y, z) = 2x + y => V/ (x, y, z) = 2i + j, g (x, y, z) = x + y + z - 1 => Vg (x 9 y, z) = i + j + k, and 

/z y, z) = y 2 + z 2 — 9 => V/z y, z) = 2yj + 2zk, so V/ = AVg + /xV/i along with the constraints g (x, y, z) = 0 



and /z (x, y, z) = 0 give the system 



2 = 
1 = 
0 = 

x + y + z = 



A 

A + 

A + 2(j,z 

1 

9 



(1) 
(2) 
(3) 
(4) 
(5) 



From (1), (2), and (3), we obtain \jl = — — — — 



1 

2y 



l 

z 



z = 2y. Substituting this into (5) gives y 2 + (2y) 2 = 5y 2 = 9 <^> y = ± 



3V5 



6V5 

z = ±— =— . Then (4) gives 




5=f9V5 



, so / has minimum value / 



5 5 
5-9V5 3V5 6V5 



= 2- 3 V5 and 



maximum value / 1 , — , — | = 2 + 3V5. 



18. / (x, y, z) = x + y + z => V/ (x, y, z) = i + j + k, g (x, y, z) = x 2 + y 2 - 1 => Vg (x, y, z) = 2xi + 2yj, and 
/z (x, y, z) = ^ + z — 2 => V/z (x, y, z) = i + k, so V/ = AVg + /iV/i along with the constraints g (x, y, z) = 0 and 



/z (x, y, z) = 0 give the system 



x 2 + y 



1 = 

1 = 

1 = 

2 



X + Z = 



2Ax + ii 
2\y 

M 
1 

2 



(1) 
(2) 
(3) 
(4) 
(5) 



Substituting (3) into (1) gives 2\x — 0, but (2) implies 



that A ^ 0. So x — 0, and therefore (4) gives y = ±1 and (5) gives z — 2. We consider the points (0,-1, 2) and (0, 1, 2), 
and find that / has minimum value / (0, — 1, 2) = 1 and maximum value / (0, 1,2) = 3. 



19. / (x, y, z) = yz + xz^> V/ (x, y, z) = zi + zj + (x + y) k, g (*, y, z) = xz - 1 => Vg (*, y, z) = zi + xk, 
and /z (x, y, z) = y 2 + z 2 — 1 => V/z (x, y, z) — 2yj + 2zk, so V / = AVg + /xV/z along with the constraints 



g (x, y, z) = 0 and h (x, y, z) = 



z 


= \z 


(1) 


z 


= 2w 


(2) 


* + y 


= Xx + 2fiz 


(3) 


xz 


= 1 


(4) 


y 2 + z 2 


= 1 


(5) 



From ( 1 ) we have A = 1 since 



z ^ 0 by (4). From (2) we have //=-—. Substituting these into (3) gives x + y = x + 2 



2y 




2 2 

y z = z z 



z = ±y. Using (5), we obtain y 2 + y 2 = 1 => y = ±^ => z = ±^r» and by (4), x = ±\/2. Because x and z 
must have the same sign by (4), we consider the points (^2, ^j, (^2, (-V2, ~^r), and 

(-V2, -^). We see that / has minimum value / = / (v5, ^) = £ and maximum 

value / (-V2, -f , -f ) = / ti% f , f ) = |. 



. V2 
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20. / (x, y, Z )=x 2 + y 2 + z 2 ^ Vf (x, y, z) = 2xi + 2yj + 2 z k, g (x, y, z) = 2x + y + z - 2 => Vg (x, y, z) = 2i + j + k, 
and h (x, y, z) — x — 2y + 3z + 4 = 0 => V/z (x, y, z) = i — 2j + 3k, so V/ = AVg + /xV/z along with the constraints 



g (x, y, z) = 0 and /i (*, y, z) = 



2x 


= 2A + /x 


(1) 




= A — 2fj, 


(2) 


0 give the system 2z 


= A + 3/x 


(3) 


2x + y + z 


= 2 


(4) 


— x + 2y - 3z 


= 4 


(5) 



Solving the system, we find 



A = /x = — j, x = |, y = |, and z = — |. We see that the minimum value of / is / — |^ = |. Note that / is 

unbounded above since the two constraints imply that / is restricted to lie on an unbounded line. 



21. 



f x (x 9 y) = £(3x 2 + 2y 2 -2x-l 

> 2 -2x- \) =4y 



fy(x,y) = §-[3x 2 + 2 y 



- l) = 6x - 2 = 0 

= 0 



x = ^ and y 



= 0, so / has the critical point y^ 9 Oj in the disk 



D = J (x, y) | a 2 + y 2 < 9 J . Next, we use the method of Lagrange to find the critical points of / on the boundary of D 
We write g (x, y) = x 2 + y 2 - 9 = 0. Then V/ (x, y) = (6x - 2) i + 4yj and Vg 0, y) = 2xi + 2yj. The equation 



Equation (2) gives 



6x - 2 = 2\x (l) 

V/ = AVg and the constraint equation g (x,y) = 0 give the system 4y = 2 Ay (2) 

X 2 + y 2 = 9 (3) 

y = 0 or A = 2. If y = 0, then (3) gives x = d=3; if A = 2, then (l) gives x = 1. Substituting this value of x into (3) gives 

y = 




(x,y) 




(-3, 0) 


(3,0) 


(l,-2V2) 


(l,2V2) 


f(*,y) 


4 

~3 


32 


20 


16 


16 



From the table, we see that / has a minimum value of / y^ 9 Oj = — | and a maximum value of / (— 3, 0) = 32 



22. 



= y = 0, so / has the critical point (0, 0) in the disk 



fx(x 9 y) = £(x 2 y\=2xy=0 

fy(x,y) = -^{x 2 y)=x 2 =o^ 

D — y) | 4* 2 + y 2 < 4j. Next, we use the method of Lagrange to find the critical points of / on the boundary of D 

Writing g (x,y) = 4x 2 + y 2 — 4 = 0, we find V/ (x 9 y) = 2xyi + x 2 ] and Vg (x, y) = 8xi + 2yj. The equation 

7rv = 8Ar ml 



2xy = 8 Ax 

V/ = AVg and the constraint equation g y) = 0 give the system x 2 = 2 Ay 

4x 2 + y 2 = 4 



(1) 
(2) 
(3) 



Equation (1) gives 



x = 0 or A = ^y. If * = 0, then (3) gives y = ±2, and if A = ^y, then (2) gives x 2 — 2 (\y} y — \y 



y 2 = 2x 



_ 1 V6 



2V3 



Substituting this into (3) gives 4x + 2x = 4 <=> x = ±^p, and the corresponding values of y are ± : 3^. 





(0,0) 


(0, -2) 


(0,2) 




/ V6 2V3\ 
I 3 > 3 J 


/V6 2V3\ 

It- "3-j 


(V6 2V3\ 
I 3 > 3 J 




0 


0 


0 


4v"3 
9 


4^/3 
9 


4^3 
9 


4^3 
9 



From the table, we see that / has a minimum value of — and a maximum value of . 
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23. 



The distance from the origin to a point (x, y, z) on the plane ;c + 2y + z = 4is.D = v ' x2 + y 2 + z 2 . To minimize 

D, we just need to minimize / (x, y, z) = D 2 = ;c 2 + y 2 + z 2 subject to g (;c, y, z) = x + 2y + z — 4 = 0. 

V / (x, y, z) = 2xi + 2yj + 2zk and Vg (;c, y, z) — i + 2j + k, so V/ = AVg and g (x, y, z) = 0 give the system 

2x = A 



2y = 2A 
2z = A 
x + 2y + z = 4 



<=> 



x - ^A 
y = A 
z = ±A 

x + 2y + z = 4 



^A + 2A+ ^A = 4, giving A = j. Therefore, the required point is 



(2 4 2\ 
v 3' 3' 3J- 



24. 



9 9 

The distance from the origin to the curve 5x + 6xy + 5y — 10 = 0 is D = 

need to minimize D 2 = / (x, y) = x 2 + y subject to the constraint g (;c, y) 
V/ (jc, y) = 2xi + 2yj and Vg (jc, y) = (10* + 6y)i + (fix + 10y)j, so V/ 

2x = 2A (5* + 3y) 
equation gives 2y = 2 A (3x + 5y) 

5* 2 + 6xy + 5y 2 = 10 



x 2 _j_ ^,2 minimize D, we just 

= 5x 2 + 6xy + 5y 2 - 10 = 0. 

= AVg together with the constraint 



Dividing the first equation by the second gives — = - — — 

6 M J s y 3x + 5y 



2 2 
y A — x , so 



y = ±x. If y = x, then we have 5x 2 + 6* 2 + 5x 2 = 10 => x 2 = | and y 2 = | and D m i n = A /f + f = If y = —x, 



8 



F ^ 8 - ~T 



then we have 5x 2 - 6x 2 + 5x 2 = 10 => x 2 = |, so y 2 = | and £> max = y § + § = V5. 
25. The distance from a point (x, y, z) on the plane x + 2y — z = 5 to the point (2, 3, — 1) 



is D = yj (x — 2) 2 + (y — 3) 2 + (z + l) 2 . To minimize D, it suffices to minimize 

D 2 = f (jc, y) = (* - 2) 2 + (y - 3) 2 + (z + l) 2 subject to g (jc, y) = jc + 2y - z 
V/(x,y) = 2(x-2)i + 2(y-3)j + 2(z + l)kandVg(^,y)=i + 2j-k, soV/ = 



-5 = 0. 
AVg together with the constraint 



equation gives 



2* -4 = 


A 


2y-6 = 


2A 


2z + 2 = 


-A 


x + 2y — z = 


5 


A + 2 





Solving the first three equations for x, y, and z in terms of A, we find x = 



A + 4 



^±l +2(A + 3)+ ^=5 



A = — so the required point is |, — 



26. We want to minimize D = v 1 x 2 + y 2 + z 2 subject to g (jc, y, z) = Jcy — x + 4y — z 2 + 21 =0. Equivalently, we can 
minimize £> 2 = / (x, y, z) = x 2 + y 2 + z 2 . Vf(x,y,z) = 2xi + 2yj + 2zk and Vg (x, y, z) = (y - 1) i + (jc + 4) j — 2zk, 



and V/ = AVg together with g (x, y, z) = 0 gives 



2x 

2y 

2z 
2 



= A(y-l) 
= A(x +4) 
= -2Az 
xy — x + 4y — z z = —21 



(i) 

(2) 
(3) 
(4) 



Equation (3) gives 



x - 21 

z (1 + A) = 0. If z = 0, then (4) gives xy — x + Ay = —21 » y = — (5). The graph of (5) is unbounded, and so D 

2x = — y + 1 

has no minimum value in this case. If z # 0, then A = — 1, in which case (1) and (2) give => x = 2 and 

2y = — x — 4 

y = —3. Then (4) gives z = ±1. We conclude that the required points are (2, —3, —1) and (2, —3, 1), and the shortest 
distance is Vl4. 
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27. The distance from the origin to a point (x, y, z) on the surface xy 2 z — 4 = 0 is D = yj x^- + y 2 + z 2 . To 
minimize Z), it suffices to minimize D 2 = / (x, y, z) — x 2 + y 2 + z 2 subject to g (x, y, z) = xy 2 z — 4 = 0. 
V / (x, y, z) = 2xi + 2yj + 2zk and Vg (*, y, z) = y 2 zi + 2xyzj + xy 2 k, soV/ = AVg together with g (x, y 9 z) = 0 



leads to the system 



2x 


= Ay 2 z 


(1) 


2y 


— 2\xyz 


(2) 


2z 


= \xy 2 


(3) 


xy^z 


= 4 


(4) 



From (2), we have y (Xxz — 1) = 0. Now y # 0 because of (4), so 



1 



A = — . Substituting this into (1) and (3) successively gives 2x 2 = y 2 and 2z L — y z . We see that z 

xz 



2 _ „2 



2 2 



x L <^=> z = ±x. 



Now z 7^ —x, because then (4) gives — x 2 y 2 = 4, which is impossible. If z = x, then (4) gives * ( 2 - x;2 ) * = 4 <=> 
x = d=2 1 /4 => v = ± 2 3/4 and z = ±2^4. 





(_ 2 l/4, _ 2 3/4 9 _ 2 l/4j 


(_ 2 l/4,2 3 / 4 ,-2 1 / 4 ) 


(2 1 /4,_ 2 3/4, 2 l/4) 


(2 1 /4, 2 3/4 ?2 l/4^ 


f(x,y,z) 


4^2 


4^2 


4^2 


4^2 



From the table, we see that there are four such points: (-2 1 / 4 , ±2 3 / 4 , -2 1 / 4 ) and (2 1 / 4 , ±2 3 / 4 , 2 1 / 4 ). The shortest 



distance is D = V / 4v / 2 = 2^/2. 



28. Denote the three numbers by x, y, and z. We want to maximize / (x,y, z) = xyz subject to 

g (x, y, z) = * + y + z - 500 = 0. V/ (x, y, z) = yzi + *zj + xyk and Vg O, y, z) = i + j + k. The equation 



V/ = AVg together with g (x, y, z) = 0 leads to the system 



yz = A 
xz = A 

xy = 

* + y + z = 



A 

500 



Solving the system, we find 



x = y = z, and so all three numbers are 



29. Denote the length, width, and height of the base by x, y, and z respectively. Then we want to maximize 
V = f (x, y, z) = xyz subject to 2 (xy + yz + xz) - 48 = 0 => g (x, y) = xy + yz + xz — 24 = 0. 
V/ (x, y, z) = yzi + xzj + xyk and Vg (x, y, z) = (y + z) i + (x + z) j + (x + y) k, so V/ = AVg together 



with the constraint equation gives the system 



yz = 

xz = 
xy = 

xy + yz + xz — 



A(y + z) 

A (x + z) 

A (x + y) 
24 



(1) 
(2) 
(3) 
(4) 



Equations (1) and (2) give 



yz 



A = 

y + z 

(3) give A = 



xz 



x + z 
xz 



xyz + yz 2 = xyz + xz 2 => z 2 (y — x) = 0. Since z > 0, we see that y = x. Equations (2) and 



xy 



x + z x + y 
dimensions are 2<v / 2 / x 2 V? x 2>/2 . 



, and as above, z = y. Substituting into (4) gives 3x 2 = 24 



x — 



2V2. The required 
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30. Denote the length, width, and height of the base by x, y, and z respectively. Then we want to maximize 

V = f (x, y, z) — xyz subject to g (x, y, z) — xy + 2yz + 2xz — 12 = 0. V/ (x, y, z) — yzi + xzj + xyk and 
Vg (x, y, z) = (y + 2z) i + (x + 2z) j + (2x + 2y) k, so V/ = AVg together with the constraint equation gives 



yz = 



the system 



xz 
xy 

xy + 2yz + 2xz 



A (y + 2z) 
A (jc + 2z) 
A (2x + 2y) 
12 



(1) 
(2) 
(3) 
(4) 



Equations (1) and (2) give A = 



yz 



xz 



y + 2z x + 2z 



xyz + 2yz 2 = xyz + 2xz 2 => 2z 2 (x — y) 



A = 



xy 

x + 2z~ 2x + 2y 



= 0. Since z > 0, we see that y — x. Next, equations (2) and (3) give 
2x 2 z + 2xyz = x 2 y + 2xyz => x 1 (2z — y) = 0 => z = ^y. Substituting these values into (4) 



gives y 2 + 2 (y) (^y) + 2 (y) (^y) = 12 => y 2 = 4 => y = 2. The required dimensions are 2' x 2' x 1'. 



31. Denote the length, width, and height of the base by x, y, and z respectively. Then we want 
to minimize S = f (x, y, z) = xy + 2yz + 2xz subject to g (x, y, z) = xyz — 108 = 0. 

V / (x, y, z ) = (y + 2z) i + (x + 2z) j + (2x + 2y) k and Vg (x, y, z) = yzi + xzj + xyk, so V / = XV g together with 



the constraint equation gives the system 



y + 2z = Ayz 
x + 2z = Axz 
2x + 2y = Axy 
xyz = 108 



(1) 
(2) 
(3) 
(4) 



Equations ( 1 ) and (2) give A = 



y + 2z x + 2z 



yz 



xz 



xyz + 2xz = xyz + 2yz z => 2z z (x — y) = 0^>x = y. Equations (2) and (3) give A = 



x + 2z 2x + 2y 



xz 



xy 



x 2 y + 2xyz = 2x 2 z + 2xyz =^> x 2 (y — 2z) = 0 => z = \y. Substituting these values into (4) gives y (y) (j^y) = 108 
y 3 = 216=>y = 6, sox = 6 and z = 3. Therefore, the required dimensions are 6" x 6" x 3" . 



32. Let (x, y, z) denote the corner point of the inscribed rectangular box in the first octant. Then the volume of the box is 

2 2 2 

x y z 

V = f (x, y, z) = 8xyz, where x, y, and z satisfy g (x, y, z) = — + — + — — 1 = 0. We want to maximize / subject to 

4 9 16 

g (x, y, z) = 0, so we calculate V/ (x, y, z) = 8yzi + 8xzj + 8xyk and Vg (x, y, z) = ^xi + |yj + gzk. V/ = AVg 



and the constraint lead to 



** 2 + ^ 2 



8yz = 


^ \x 


(1) 


8xz = 


9 Ay 


(2) 


8xy = 




(3) 


Xz 2 - 

16 z ~ 


1 


(4) 



From (1) and (2), we have A = 



16yz 36xz 



x 



4 7 



x z = gy . From (2) and (3), we have A = 



36xz 

y 



64x y 2 \6 7 



z z = -^y . Substituting these values into (4) gives 



h (y 2 ) + £ (^ 2 ) = 



+ T6 

the box are ^ x 2^3 x 



1 



ly 2 = 1 => y = so x = and z = ^j^. Therefore, the dimensions of 
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33. Let (x,y,z) denote the corner point of the inscribed rectangular box in the first octant. Then the volume of the box is 



2 2 2 
x L y z z 



V = f (x, y, z) = 8xyz, where x, y, and z satisfy g (x, y, z) = + + — 1 = 0. We want to maximize / subject to 



a 



u2 c 2 



2x 



2y. , 2z 



g (x, y, z) = 0, so we calculate V / (x, y, z) = 8yd + 8xzj + 8xyk and Vg (x, y, z) = — T i + -pd + -~k. V/ = AVg 



a 



b 2 



and the constraint lead to 



x l yl 

a 2 + b 2 



%yz 


= 2Xx/a 2 


(1) 


Sxz 


= 2\y/b 2 


(2) 


Sxy 


= 2Xz/c 2 


(3) 


z 2 
+ - 

C L 


= 1 


(4) 



From (1) and (2), we have A = 



4a 2 yz 4b 2 xz 



x 



(a 2 y 2 — b 2 x 2 ^ z — 0 => x 2 — j^y 2 - From (2) and (3), we have A — 



4b 2 xz 4c 2 xy 



z 



(b 2 z 2 - c 2 y 2 ) x = 0 



2 
b 2 



z 2 — -^y 2 - Substituting these values into (4) gives 




2 =1 



3 y 2 = l^y = 4b, 



b 2 



so x — ^-a and z = ^y-c. Therefore, the dimensions of the box are ^y-a x ^y-b x ^y-c. 



34. The volume of the inscribed box is V = / (x, y, z) = xyz, where x, y, and z satisfy g (x, y, z) — 2x + 3y + z — 6 = 0. We 
want to maximize /. V/ (x, y, z) — yzi + xzi + xyk and Vg (x, y, z) — 2i + 3j + k. V/ = AV ' g together with the 



constraint equation gives 



yz = 2A (1) 

xz = 3A (2) 

xy = A (3) 

2x + 3y + z = 6 (4) 



From (1) and (2), we find A=^ = ^=>z(3y — 2x) — 0 



x = |y (since z > 0). From (2) and (3), we find A = ^ = xy => x ^~ — yj = 0 => z = 3y (since x > 0). Substituting 



into (4), we find 2^> ; )+3y + 3y = 6=>9y = 6=>y = |. Thus, x = 1 and z — 2, and the required dimensions are 



1 x | x 2. The volume of the box is |. 



xyz 

35. The volume of the inscribed box is V = / (x, y, z) = xyz, where x,y, and z satisfy g (x, y, z) = — I 1 1 = 0. We 

a b c 

want to maximize / subject to g (x, y, z) = 0. V/ (x, y, z) — yzi + *zj + xyk and Vg (x, y, z) = -i + -j + -k. 

a b c 



V / = A V g together with the constraint equation gives 





yz 


= X/a 


(1) 




xz 


— X/b 


(2) 


a b 


xy 
z 

+ - 

c 


= X/c 
= 1 


(3) 
(4) 



From (1) and (2), we have 



a 



X — ayz — bxz => z(ay — bx) = 0 => x = —y. From (2) and (3), we find A — bxz — cxy => x (bz — cy) = 0 

b 



c 1 /a \ 1 1 /c \ 

z — -y. Substituting into (4), we find - ( + + - ( = 

b a \b J b c \b J 

dimensions are — x - x -. The volume of the box is — — . 

o o o 97 



1 



a c 
Thus, x = -and z = -, and the required 
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36. Let x,y, and z denote the length, width, and height of the box. We can assume without loss of generality that the cost of the 

material for constructing the sides is $1 /ft 2 . Then the total cost is C = / (x, y, z) — 3xy + 2xz + 2yz. We want to 
minimize / subject to the constraint g (x 9 y, z) — xyz — 12 = 0. V/ (x 9 y, z) = (3y + 2z) i + (3x + 2z) j + (2x + 2y) k 



and Vg(ij,z) = yzi + xz] + xyk, soV/ = AVg together with the constraint gives 



3y + 2z 


= Xyz 


(1) 


3x + 2z 


— Xxz 


(2) 


2x + 2y 


= Xxy 


(3) 


xyz 


= 12 


(4) 



From (1) and (2), we find A = 



3y + 2z 3x + 2z 



yz 



xz 



3xyz + 2xz = 3xyz + 2yz => x = y. From (2) and (3), we have 



A = = => 3x 2 y + 2xyz = 2x 2 z + 2xyz => z = |y. Substituting into (4), we have y (y) (|y) = 12 



y 



xz xy 

3 = 8 => y = 2. Thus, * = 2 and z = 3. The dimensions of the box are 2' x 2' x 3' . 



37. Let y, and z denote the length, width, and height of the box. We can assume without loss of generality that the cost of the 

material for constructing the sides and top is $l/ft 2 . Then the total cost is C — f (x, y, z) — 3xy + 2xz + 2yz. We want to 
minimize / subject to the constraint g (x, y, z) — xyz — 16 = 0. V/ (x, y, z) — (3y + 2z) i + (3x + 2z) j + (2x + 2y) k 



and Vg (x, y, z) — yzi + xzj + xyk, so V/ = AVg together with the constraint gives 



3y + 2z 


= Xyz 


(1) 


3x + 2z 


— Xxz 


(2) 


2x + 3y 


— Xxy 


(3) 


xyz 


= 16 


(4) 



3^y | 2^ 3jc j 2^ 

From (1) and (2), we find A — = => 3xyz + 2xz 2 — 3xyz + 2yz 2 => x = y. From (2) and (3), we have 



yz 



xz 



3x + 2z 2x + 2y 9 9 ^ / ^ \ 

A = — => 3x A y + 2xyz — 2x L z + 2xyz => z = fy. Substituting into (4), we have y (y) I §y I — 16 



xz 



xy 



3 - 32 — y = |^36. Thus, x = | ^36 and z = ^36. The dimensions of the box are \if3^> x | ^/36 / x Zfi& . 



y =t 



38. We want to maximize the function P (x, y) subject to the constraint g (x, y) = * + y — 400 = 0. 

VP (x, y) = (-0.01* - 0.002y + 14) i + (-0.006y - 0.002* + 12) j and Vg = i + j, so VP = AVg together with the 

-O.Olx - 0.002y + 14 = A 
constraint gives -0.006y - 0.002.x + 12 = A 

x + y = 400 

substituting this into the third equation gives x + (2x — 500) = 400 <=> x — 300, and so y = 100. Thus, the company 
should publish 300 deluxe and 100 standard editions. 



Solving the first two equations for y, we find y = 2x — 500, and 



39. 



/ 0, y) = IOOjc^V/ 4 and g (x, y) = 200* + 300y - 60,000. V/ (x, y) = 75;t- 1 / 4 y 1 / 4 i + 25x 3 / 4 y~ 3 / 4 j 
and Vg (x, y) = 200i + 300j. The equation V/ = AVg together with the constraint gives 

75(y/x) 1 / 4 = 200A (1) 



25 O/y) 3 / 4 = 300A 
200.x + 300y = 60,000 



(2) 
(3) 



Dividing (2) by ( 1 ) gives 



25 Cx/y) 3 / 4 300 



75^/y)- 1 / 4 200 



x 9 

— = x = %y. Substituting 

y 2 z 



this into (3) gives 200 + 300y = 60,000 => y = 50, and soi = 225. We need 225 units of labor and 50 units of 
capital. 
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40. a. The distance between P (x\, y\) and a point Q (x, y) on the line ax + by + c = 0 is 

J = y (* — x\) 2 + (>' — yi) 2 . We want to minimize / (x, y) — d 2 — (x — x\) 2 + (y — y^) 2 subject 

to g (x, y) = ax + by + c = 0. The equation V/ = Xg is 2 (x — jq) i + 2 (y — yi) = A (ai + so we 



2(x — x\) — Xa 
need to solve the system 2 (y — y\) = A& 

ax + by + c = 0 



(1) 
(2) 
(3) 



From (1), we find x — x\ + ^Atf, and from 



(2), we have y — y\ + ^A/?. Substituting into (3) gives a (x\ + jAo) + b (y\ + jAZ?^ + c = 0 



2fljci + Xa 2 + 2Z?yi + Xb 2 + 2c = 0 



A = V l 7 y l } (4). Finally, using (1), (2), and (4), we find 



a 2 +b 2 



d 2 — (x — x x ) 2 + (y - y x ) 2 = \a 2 X 2 + \b 2 X 2 = \ (a 2 + b 2 ) X 2 = \(a 2 + b 2 ) 



-2 (ax i + by\ + c) 



n2 



and so 



the required distance is d = 



b. The required distance is d = 



\ax\ + by\ + c\ 
y/a 2 + b 2 
|2(2) + 3(-l)-6| 

y/i 2 ^ 2 



VT3 



5VT3 
13 



41. 



a. V/ (*, y) = i - j and Vg (x, y) = (l+5* 4 ) i — j, so V/ = AVg together with the constraint constant lead to the 

l=A(l+5x 4 ) (1) 

system — 1 = —A (2) } From (2), we have A = 1, which we substitute into (1) to get 

x + x 5 - y = 1 (3) 

1 = 1 + 5x 4 => x = 0. Substituting this into (3) gives y = —1, so / may have a relative maximum or a relative 
minimum at the point (0,-1). 



b. 



2- 



0 



-2 



-4 




Observe that the point (0, —1), at which the level curve x — y = 1 is 
tangent to the constraint curve g (x, y) = 1, is an inflection point of the 
graph of g. In a neighborhood of (0, — 1), / (x, y) takes on values greater 
than 1 if (x , y) lies on the graph of g but with x < 0. On the other hand, 
/ (x, y) takes on values less than 1 if (x, y) lies on the graph of g but with 
x > 0. Thus, / does not have a relative maximum or a relative minimum 
at (0,-1). 



-4 



-2 



0 



c. Solving the constraint equation x + x 5 — y = 1 for y and substituting this value of y into the expression for / gives 
F (x) = f (x, y) = x — y = x — (x + x 5 — ij — —x 5 + 1. Since F' (x) — — 5x 4 => x = 0, we see that 0 is a critical 

number of F. But F' does not change sign as we move across 0, so F has no relative extremum at 0. 

42. a. If g (x, y) — 1, then we have x + y = 1 => y = 1 — so / (x, y) = x 2 — y 2 = x 2 — (1 — x) 2 — 2x — 1 = F (x), 
which has no maximum or minimum value. 

b. Here V/ (x, y) = 2xi — 2yj and Vg (x, y) = i + j, so the equation V/ = AVg together with the constraint equation 

2x = X (1) 

Equations (1) and (2) imply that 2x = —2y <=> x + y = 0, but this contradicts 



leads to — 2y = A 
x + y = 1 



(2) 
(3) 



equation (3), so the system has no solution and the Method of Lagrange fails in this instance. This does not contradict 
Theorem 1 , whose hypothesis requires that / has an extremum at the point in question. 
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x + 2y - 3z = 9 



Write the 



43. We want to minimize / (x, y) = x 2 + y 2 subject to the system 

2x - 3y + z = 4 

constraint equations in the form g (x, y, z) = x + 2y — 3z = 9 and h(x,y,z) 
Then the equation V / (x,y,z) = AVg (x 9 y, z) + [iVh (x,y,z) becomes 

2xi + 2yj = A (i + 2j - 3k) + (2i - 3j + k) = (A + 2/x) i + (2 A - 3/x) j + (-3 A + //) k. Equating like components 



= 2x - 3y + z = 4 



Equation (3) gives fi = 3A. 



2x = A + 2/x (1) 

2y = 2A - 3fi (2) 

and rewriting the constraint equations leads to 0 = — 3 A — 3fi (3) 

x + 2y - 3z = 9 (4) 

2.x -3y + z=4 (5) 

Substituting this into (1) and (2) gives 2* = 7 A and 2y = — 7 A => y = — x. Substituting this into (4) and (5) gives 



x — 2x — 3z — 9 
2x + 3x + z = 4 



-jc - 3z =9 
5x+ z =4 



— 5jc - I5z = 45 
5x+ z =4 



-147 = 49 



r 3 



y = — |. Thus, the required point is — |, — ^ 



44. 



It is clear that the shortest distance from the origin to the curve 

y = (x — l) 3 / 2 is 1. To solve using the Method of Lagrange, we minimize 

/ (x, y) = x 2 + y 2 subject to g (x, y) = y 2 — (x — l) 3 = 0: 

V/ (jc, y) = 2xi + 2yj and Vg (x, y) = -3 (x - l) 2 i + 2yj, and 
V/ = AVg together with the constraint equation gives 




From (2), we see that y(l — A) = 0=>y = 0orA = 1. If y = 0, then (3) implies 



2x = -3A (jc - l) 2 (1) 
2y = 2Ay (2) 

(x - l) 3 = y 2 (3) 

that x = 1. Substituting this value of x into (1) gives 2 = 0, a contradiction, and there is no solution. If A = 1, then (1) 

gives 2x — — 3 (x — l) 2 => 3x 2 — 4x + 3 = 0, which has no real solution. The Method of Lagrange fails because at the 
point where the minimum is attained, Vg (1,0) = Oi + Oj = 0, and the hypothesis of Theorem 1 is not satisfied. 



45. a. The maximum distance is the distance between (0, 0) and the point of intersection of y = x and x 3 + y 3 — 3axy = 0. 
We find x 3 + x 3 — 3ax 2 — 0 => x 2 (2x — 3a) = 0 =^ x = 0 or x — ^a, and so y = ^a. The required distance is 



3„\ 2 _ 3V2 



<2. 



b. We want to maximize / (x, y) = x 2 + y 2 subject to g (x, y) = x 3 + y 3 — 3^xy = 0. V/ (x, y) = 2xi + 2yj 
and (1, j) = 3 - ay^ i + 3 (y 2 — ax^ j, so V/ = AVg together with the constraint equation gives 

2x — 3A ( x 2 — ay 

From (1) and (2), we see that A = 



2y = 3A ( y 2 — ax 

x^ + y 3 — 3a^y = 0 



(i) 

(2) 
(3) 



2x 



2y 



3 (x 2 — ay) 3 (y 2 — ax) 



x 2 (y + a) — y 2 (x + a). By inspection, we see that y — x satisfies the last equation. Substituting this into (3) gives the 
result obtained earlier. 
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46. 



a. V/ = V (x\yi +x 2 y2 H \rx n y n ) = {y\,y 2 , • • • , yn,xi,x 2 , . ..,x n ). Also, ifg(x u x 2 , ...,x n ) = Z/Ll*/ 

and h (yuyz, • • • , yn) = Z"=i yf> tnen = V X?=i *? = (2*i, 2*2, • • • , 2x„, 0, 0, . . . , 0) and 



V/i = V Y!i=\ yf = (0, 0, . . . , 0, 2y x , 2y 2 , . . . , 2y n ). So V/ = AV g + /iVA together with the 



n 



yi = 2Xxi 
Xi = Ifxyi 

2 



(1 < i < n) 
(1 < i < n) 



constraint equations lead to Z x f = 1 



Z ?, 2 = i 



(1) 

(2) 
(3) 

(4) 



/=l 



From (1) and (4), we have 



1 = Z?=i yf = ZLl ( 2Xx i) 2 = 4x2 Z/U *, ? = 4a2 u P° n usin g ( 3 >- Thus > A = ±\. If A = then (1) gives 
v/ = -x t for 1 < i < n, and so / (x\ 9 x 2 , . . . , **, yi, )>2> • • • » »i) = ZLl = ~ Z/=l A = _1 b y ( 3 )- l£X = h 
then (1) gives y; = x t and / X2, . . . , x w , yi, y2, . . . , y n ) = Z"=i = L Similarly, using (2), (3), and (4), we find 
that fj, = ±2 => = ±y; for 1 < / < n, and so / (jci , Jt2, , yi, y2> • • • > yn) = =•=!• Thus, the maximum value of 

/ fa, x 2 , . . . , yi, y2, • • • , y n ) = Z?=i is L 



b. If V af — 0, then a f - = 0 for 1 < / < n and the result follows trivially. So we may suppose that Z?— 1 a f ^ ® 
i - iii 

i=i 



and £JL \ b f # °- Put^f = 

Z"_ Z? 2 

and ZLi )f = ^l" 1 ,? = L Usin § tne result of P art a ' we have ZLi = ZLi 



and = 



2 



• Then X" = l *< = 



2 _ S=i «? 



= 1 



asbi 



' ^2 
1 / 



< 1 <=> 



ZLi *,V 



ZLi^WZLi^Z^ 



47. a. V/ = y^ 1 ) and with g (x, y) = xy we have Vg = (y, Thus, V/ = AV g and the constraint 



equation g (x, y) = xy — c = 0 give y4 1 = \x 



xP- 1 


= Ay 


(1) 




= \x 


(2) 


xy 


— c 


(3) 



From (1) and (2), we have A = 



x p-l q-l 



y 



X 



X P = yi ^=> x = ytlP. Using (3), we have xy = y^'Py = y^/P)* 1 = y ti+P)/P = c <^ y = C P^P + ^ and 

\ c q/(p+q)Y 

x = ^ c p/{p+q) J /p = c q/{p+q). Therefore, the minimum value of / is / (c^^P + ^\ C P^P + ^ = ± — =L 

^ VP ^/ 



+ 



= f _L 4. i I c pqltp+q) = c pq/(p+q) = c [(i/p)+(i/q)T l = c . 



xP yi 



b. Using the result of part a, we have / (x, y) = 1 > c = xy. 

P q 
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48. 



a. To maximize / (jci, X2, . . . , x n ) = tyx\X2 • • • x n subject to 

g (x\,X2, . . . , x n ) — x\ + X2 + • • • + x n — c = 0, it suffices to maximize F (x\ 9 X2, . . . , x n ) = x\X2 • • • x n . 

VF (x\ 9 X2, ...,**) = (*2*3 • '-x n ,x\xi • ■■x n ,x\X2X4 •••*«,.. . , x\X2 • • • x n -\) and 

Vg (x\ 9 X2, . . . , = (1, 1, • • • , 1), so VF = AVg together with the constraint equation gives the system 



*2*3 *4 ' ' ' */? 
JKIX3X4 • • • Xn 

X\X2Xs\. • • • Xfi 



= A 
= A 
= A 



(1) 
(2) 
(3) 



* 1*2*3 ' ' "*w-l — ^ 
*1 +*2 H \-*n =C 



(n) 
(ii + 1) 



*1 

Dividing (2) by (1) gives — = 1 => JC2 = x\. Similarly, (2) and 

X2 



(3) give ^3 = X2, and so on. Thus, x\ = X2 = *3 = • • • = x n . Substituting this into Equation (n + 1) gives 



X\ +X{ + 



Y 

71 times 



+ x\ = c => x\ — — . Thus, — X2 
' n 



— x n = -, and the maximum value of / is 
n 



/(£,£,...,£)= »/(£) (£). ••(£) = £. 



b. Using the result of part a, we see that / (x\ 9 X2, . . . , = ^T^I 777 *^ < -• But c = *i + *2 + h x n , so 

/2 



. xi+x 2 -\ \~x n c 

J}/x\X2 • • • x n < with equality only 11 x\ — X2 = • • • = x n — — . 

n n 

49. Let d\ denote the distance between P and O and d2 the distance between Q and O . Then d\ — 

u 

7T 



COS0 



and 



1 



d,2 — — , where 0 \ and 62 lie between 0 and 5- . The time it takes for a ray of light to travel from P to Q is 

cos 62 



a 



+ 



d\ do 

/; = — + — = — ^ 

02 OlCOS^j 02 COS 02 



. But k = a tan ^1 + b tan O2, so the problem can be solved by minimizing 



t = f(o u e 2 ) = 



a 



+ 



b 



a b 

— — — sec 6\ H sec O2 subject to g (6\ , 62) — a tan 0i + b tan #2 — k = 0: 

I>1 COS ^1 02 cos ^2 y l y 2 



V/ (0 X , 02) = — sec 0 X tanflx i + — sec 0 2 tan 0 2 j and Vg (0 X , 0 2 ) = a sec 2 0 X i + 6 sec 2 0 2 j. Then V/ = AV g 



«1 



0 2 



together with the constraint equation gives 



a 



«1 



«2 



sec 0i tan 0i = A<3 sec 2 0i 



sec 02 tan 02 = \b sec 2 02 



a tan 0i + Man 02 = k 



sin 0i 

*>1 
sin 02 

o 2 



= A 



= A 



a tan 0i + /Man 02 = & 



1 01 02 

The first two equations imply that — — — — — 

A sin 0i sin 02 



, and the result follows. 



is equivalent to V/ = — AVg and g (x, y) = 0, which in 



F x (a, b) = f x (a, b) + \g x {a, b) = 0 

50. True. The system F y (a,b) = f y (a,b) + \g y (a,b)=0 

F x (a,b) = g(a 9 b) =0 
fact has an extremum at (a,b). 

51. False. Take f (x,y) = x 2 + j 2 and g (x, y) = x + v — 1 = 0. Then (2*2) §i yes a constrained minimum of / subject to 
g (x,y) = 0. But it does not give an unconstrained extremum of /, which in fact has a minimum at (0, 0). 

52. False. Refer to the example in Exercise 51. / has a constrained minimum at with value ^, but 
/,(l,l)=2(l) = 1^0. 
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Concept Review 




1. a. rule; (x, y) 



b. dependent; independent; range 



c. {(x, y,z)\z = f 0, y) , (x, y) e D] 



2. a. level curves 



b. f(x,y,z) = k;f 



3. L; L; (a, b) 

4. does not 



5. a. / {a, b) 



b. R 



6. a. everywhere; domain 



b. (a, b) 



7. a . lim = (fl> ft> / ( fe x . cQnstant . = b by . x 

h->0 h 

8. fy X (x, y) 

9. a. f x dx + /y dy b. dz c. Ax; Ay; 0; 0 
d. f x (a, b) Ax + f y (a, b) Ay + e\ Ax + £2 Ay; £1 -> 0; £2 -> 0; (0, 0) 



10. a. differentiable 



b. continuous 



11 



du) fix 5 to dy 

a. + r 

dx a? dy a? 



610 5 to dy 
b. + - 

dx dw dy dw 



12 



F* (x, y, z) F y (x,y,z) „ ( 

d. - — -; -TT7 r; y,z)^o 

F z (x, y, z) F z (x, y, z) 

f(x +huuy + hu 2 ) - f(x,y) 



a. lim 

h^0 



h 



c fx (x, y) u\ + /y (*> y) u 2 d. /jc (x, y) i + A, (x, y) j 



^ (x, y) 

c —=-7 -\F y (x,y)^0 

F v (x, y) 



b. (a, b); u = iqi + 



e. V/(x,y)-u 



13. a. |V/(x,y)|;V/(x,y) 



b. -|V/(x,y)|;-V/(x,y) 



14. a. orthogonal 



b. normal 



c. F x (a, b, c) (x — a) + Fy (a, /?, c) (y - b) + F z (a, c) (z - c) — 0; 



x — a 



y — b 



z — c 



15. a. relative maximum 



b. absolute minimum 



F x (a,b,c) F y {a,b,c) F z (a,b,c) 
c. does not exist; 0 



d. critical point 



e. Second Derivative Test 



16. a. f (a, b); (a, b); f (c, d); (c, d) b. critical points of /; boundary; maximum; minimum 



17. a. constrained 



b. A V g (x, y); multiplier 



c. XV g (x, y); / (x, y); critical points; maximum; minimum 
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Review Exercises 



1. D = 



{(x,y) | 0 <x 2 + y 2 < 9j 




2. We require that x — 2y — 4 > 0 and x + y ^ 0, so 
D = [(x, y) | x - 2y - 4 > 0 and y ^ -*}. 




3. We require that — 1 < x < 1, so 4. We require that ;ry — 1 > 0, so Z) = {(x, y) \ xy > 1}. 




U,vW(0,0) 2v + 3 3 
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x 2 y 2 0 x 2 y 2 x 4 1 

12. Along y = 0, lim — = 7 = lim — = 0. Along y = x, lim — = 7 — lim — : 7 — -. Since 

(*,>>)-> (0,0) x 4 + 3y 4 x^Ox 4 (*,?)-> (0,0) x 4 + 3y 4 x^O x 4 + 3x 4 4 

the limits along two different paths are not equal, the given limit does not exist. 

x 2 y+x 3 0+1 3 

13. lim — = — —= — 1 

(jc,y>-> (1,0+) V* + Vy VT + 0 

* 2 — 2y 2 + 3z 2 3z 2 

14. Along the z-axis, lim — = = =— = lim — =- = 3. Along the y-axis, 

(*,y,z)-> (0,0,0) x 2 + y 2 + z 2 z^0 z 2 

* 2 — 2y 2 + 3z 2 . — 2y 2 
lim — = = = lim — = —2. Since the limits along two different paths are not equal, the given 

(x,y,z)^ (0,0,0) x 2 + y 2 + z 2 y^0 y 2 
limit does not exist. 

15. In (x — y) is continuous if x — y > 0. We also require that (x,y) ^ (0, 0). Thus, / is continuous on S = {(x, y) | y < x} 

16. / is continuous on 5 = {(x, y, z) | y / 0 and y < x}. 

17. / (x, y) = 2x 2 y - x x l 2 => /, (*, y) = 4xy - — and / y (*, y) = 2x 2 . 

2 (x 2 + y 2 ) (y 2 ) - (xy 2 ) (2*) / _ ,2 2 y 2 (y 2 - x 2 ) 

18. / (jc, y) = 9 7 9 => /jc (jc, y) = ^ ) = ^ = — * and 

* 2 + J 2 (* 2 + y 2 ) 2 (* 2 + y 2 ) 2 (* 2 + y 2 ) 2 



(* 2 + y 2 ) 2 {x 2 + y 2 Y 

19. /(r,j) = re"^ 2 ) => f r (r,s) = e '^ +p ) + r (-2r) H' 2 "* 2 ) = (l - 2r 2 ) s-(' 2 + f2 ) and 



/ s (r,5) = -2r^-( r +s ). 

20. /(m,o) = e 2u cos (u 2 + v 2 ^j => f u (u,v) = 2e 2u cos (u 2 + v 2 ^j + 

6> 2m (-2m) sin (w 2 + u 2 ) = 2e 2M [cos (i* 2 + o 2 ) - w sin (u 2 + o 2 )] and /„ (u, v) = -2ve 2u sin (u 2 + o 2 ) 

2 _ y 2 (z 2 - x 2 ) (2x) - (x 2 - y 2 ) (-2x) 2x (z 2 - y 2 ) 



x — y 

21. / (x, y, z) = -5 j (*' z ) = 



^ z "* z (z 2 -* 2 ) z (z 2 -x 2 ) 



2 ' 



2y 2y / \ / \ -2 2z y ~ x ) 

f y (*, y, z) = -3—2 = 72-^2 ' and fz (*> z) = " (* 2 " J 2 ) U 2 " * 2 ) (2z) = — r^"- 

z — x x — z v /x / (z z — 

5* s s s 

22. / (r, 5,0 = r cos st + 5 sin - => / r (r, s, t) = cos 5?, / s (r, 5, r) = — rt sin st + sin - H — cos -, and 

t XXX 

2 

s s 

ft (r, s, t) — —rs sin st ^ cos ~- 

23. / (jc, y) = x 4 - 2x 2 y 3 + y 2 - 2 => (jc, y) = 4x 3 - 4xy 3 and f y (x, y) = -6x 2 y 2 + 2y, 



*ofxx(.x,y) = ^(4^ 3 -4xy 3 ) = 12x 2 - 4y 3 = 4(3x 2 -y 3 ), 
fxyOcy) = ?y(*x 3 -4xy 3 ) = -Uxy 2 = & (~6x 2 y 2 + 2y) = f yx (pc 9 y), 
fyy i*> y) = m (-6x 2 y 2 + 2y) = -\2x 2 y + 2. 



and 
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24. / (jc, y) = e-*y cos (2x + 3y) => 

f x ( x , y) = -ye- x y cos (2x + 3y) - 2e~ x y sin (2x + 3y) = [ y cos (2jc + 3y) + 2 sin (2x + 3 j)] and 

/y ( x , y) = -xe~xy cos (2x + 3j) - 3e~*> sin (2x + 3y) = -e~ x y [ x cos (2jc + 3 y) + 3 sin (2x + 3y)], so 
/ XJC (x,y) = ye~xy [y cos (2x + 3y) + 2 sin (2jc + 3y)] - *r*? [-2y sin (2x + 3y) + 4 cos (2x + 3y)] 

= e"*? [{y 2 - 4) cos (2jc + 3y) + 4j sin (2* + 3y)l, 
/xj (^j) = xe~xy cos (2x + 3y) + 2 sin (2x + 3j)] — [cos (2x + 3y) — 3y sin (2x + 3j) + 6 cos (2.x + 3j)] 

= [fry - 7) cos (2x + 3y) + (2x + 3y) sin (2x + 3j)] = (x, y), and 
/ yy fr y) = xe~xy [ x cos (2x + 3;y) + 3 sin (2jc + 3y)] - e~ x y [-3x sin (2x + 3 j) + 9 cos (2jc + 3y)] 

= e~xy [(x 2 - 9) cos (2x + 3y) + 6x sin (2jc + 3y)j. 

25. / fr z) = x 2 yz 3 => fx fr y, z) = 2xyz 3 , fy fr y, z) = x 2 z 3 , and f z fr y, z) = 3x 2 yz 2 , so f xx fr y, z) = 2yz 3 , 
fyy (x, y, z) = 0, f zz fr y, z) = 6x 2 yz, f xy fr y, z) = f yx fr y, z) = 2xz 3 , f xz (x, y, z) = f zx (x, y, z) = 6xyz 2 , and 
fyz (x, y, z) = f zy fr y, z) = 3x 2 z 2 . 

26. / (w, v 9 to) = ue~ v sin to => f u (u, 0, to) = e~ v sin to, f v (u, v, to) = —ue~ v sin to, and 

f w (u, v, to) — ue~ v cos to, so f uu (u, v, w) — 0, f vv (u, v, w) — ue~ v sin w, f ww (u, v, w) — —ue~" sin to, 
f uv (u, 0, to) = -e~ v sinw = f vu (u, 0, to), f uw (u, 0, to) = e~ v cos to = f wu (u, 0, to), and 
f vw (u, 0, w) = -ue~ v cos to = (w, 0, to). 

27. 21 = V-^ 2 + y 2 + => ^ = ^ (^ 2 + y 2 + z 2 ) V2 , ^ = y (x 2 + j 2 + z 2 ) 1/2 , and ^ = z (x 2 + y 2 + z 2 ^j W2 , 

d 2 u y 2 + z 2 d 2 u x 2 + z 2 , d 2 u x 2 + y 2 

SO T = y^t, T — TTT' an( l T — Thus, 

Sx2 (x 2 + )) 2 + z 2)3/2 ay 2 ^ 2 + y2 + ^3/2 a ,2 (jc 2 + y 2 + ,2)3/2 



d 2 u d 2 u d 2 u 2{x 2 + y 2 +z 2 ) 2 2 

H H 7T — — rrpr = , = -, as was to be shown. 



dx 2 dy 2 dz 2 ( x 2 + ); 2 + z 2)3/2 J x 2 + y 2 + z 2 u 



28. u — e 1 cos — => \i{ — — e 1 cos — and u x — — e t sin — , so u xx = — 1 cos — . Thus, u t — c 2 u xx . 

c c c c c z c 

9 9 9 

29. u — 2z — x — y ' => u x — —2x, u xx = —2, u y — —2y, u yy — —2, u z — 4z, and u zz — 4, so 
u X x + Uyy + u zz = -2 - 2 + 4 = 0. 

i y _ z (~y A 2 ) _ yz _ 2xyz _ z(l/x) _ xz 

x l + (j/x) 2 x 2 + y 2 (x2 + 3 ;2) 2 y \ + (y/x) 2 x 2 + y 2 

2xyz _i y , rt 2xjz 2xjz 

(x 2 + y 2 ) Z x (x 2 + y 2 y (x 2 + y 2 y 

o 2 2 

31. dz = — (x 2 tan -1 y 3 ) dx H fx 2 tan -1 ) = 2x tan -1 ^ H —r dy 

OX V / 5j V / 1 _|_ -yO 

32. / (x, j) = x 2 — 3x y -\- y 2 ^ f x (x, y) — 2x — 3y and f y (x, y) — —3x + 2y, so with x = 2, y = —1, dx = —0.1, and 
rfy = 0.2, / (1.9, -0.8) - / (2, -1) « df = A (2, -1) rfx + f v (2, -l)dy = (4 + 3) (-0.1) + (-6 - 2) (0.2) = -2.3 
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33. Let w = / (x, y, z) = x 2 jy 2 + z 3 . Then f x = 2xjy 2 + z 3 , f y = -===, and / z = — Suppose (*, y, z) 

V y 2 + ^ 3 2Vy 2 + z 3 

changes from (2, 2, 3) to (2.01, 1.98, 3.02), so that dx = 0.01, dy = -0.02, and dz = 0.02. Then 
Aw = / (2.01, 1.98, 3.02) - / (2, 2, 3) * </u> = A (2, 2, 3) + />, (2, 2, 3) + f z (2, 2, 3) 

, 4.? 3-4-9 81a/3T 

= 2 • 2V4T27 (0.01) + ■ (-0.02) + , (0.02) = — — % 0.5819 



V4 + 27 



V4 + 27 



775 



22.853. 



oi /ai 3181 F\ 1 

(1.98) 2 + (3.02) 3 = / (2.01, 1.98, 3.02) « / (2, 2, 3) + = 4^31 + = ^ 

34. P(x,y) = -0.0005.x 2 - 0.003y 2 - 0.002.xy + 14a: + I2y - 200 => 

AP % dP = (-0.001* - 0.002y + 14) dx + (-0.006y - 0.002x + 12) dy. With x = 1000, y = 1700, dx = 50, and 

dy = -50, we have AP % (-1 - 3.4 + 14) (50) + (-10.2 -2+ 12) (-50) = 490 or $490. 

df df df df 

35. No. If such a function / existed, then V/ = — i H j = — yi + xj, which is equivalent to — = — y and — = x. Then 

ox dy dx dy 

0 2 f d d 2 f d 

= — (— y) = —1 and = — (x) = 1. Both f xy and f yx are continuous, but f xy ^ f yx , a contradiction. 

dy dx dy dx dy dx 

Thus, no such function exists. 

d 



V 

36. R = j 



dR = 



dV 




d 



di 



/V\ dV 

7 *'=T- 



, so 



dR 
~R 



dV di 



V 



dR 
~R 



< 



dV 



+ 



di 



. With 



dV_ 



dl\ \dR . 

< 0.02 and I — I < 0.01, we find | 1 < 0.02 + 0.01 = 0.03, so the maximum percentage error in the calculated 



R 



value of R is 3%. 



37.^ = 



dz dx dz dy 
1 L 

dt dx dt dy dt 



) 7, (•") 



d 

dy 



(x 2 y-yV 2 



38. 



dw 
du 



) Jt (C ° S 0 

= (2xy) (2e 2t ^j + (x 2 - (- sin?) = 4xye 2t + ^^1= - x 2 ^ sin? 

= (e x cos y + e x y cos e x ) (2w) + (— e x sin v + sin e x ) y 



dw dx dw dy 
+ L 

dx du dy du 



v 



2^/uv 



= 2e x (cos y + y cos e x ) u + (sin e x — e x sin y) ^ 



v 




uv 



dw 
dv 



dw dx dw dy 
+ 

dx dv dy dv 



= (e x cos y + e x ycose x ) (—2d) + (— e x siny + sine*) f — — j 

y L\j uv j 



— —2e x (cos y + y cos e x ) v + (sin e x — e x sin y) ^ 



u 



2^/uv 



39. Let F (x, y) = x 3 - 3x 2 y + 2jty 2 + 2y 3 - 9 = 0. Then ^ = - — 



3x 2 - 6xy + 2y 2 3x 2 - 6xy + 2y 



dx 



y 



40. Let F (x, y, z) = x 3 z 2 + yz 3 - cosxz = 0. Then 



dz 

dx 



Fx 



-3x 2 + 4xy + 6y 2 3x 2 - 4xy - 6y 2 ' 
3x 2 z 2 + zsinxz 



2x 3 z + 3yz 2 +x sinxz 



and 



dz 

dy 



2x 3 z + 3yz 2 + x sinxz 



41. 



v^T- 2 



i + 



42. 



V/(l,2) = /^(l,2)i + / v (l,2)j = 

" ^J(U) 
V/(0, f) = (/*i + /yJ)|(p >w /4)= (-^tanyi + ^sec 2 yj) 



(0,7T/4) 



j=^(i + 2j) 

J(l,2) 

= -i + 2j 



43. V/ (2, 1,-3)= (Ai H-/yj + /zk)| (2j i j _ 3 ) = (v 2 + 2^) i + (2xy - z 2 ) j + (-2yz + x 2 ) k| (2 i 



-3) 



= —Hi - 5 j + 10k 



44. V/(2,l,l) = (/ l i + />j + / z k)| (2)U) = lnyi+(J + lnz)j + ^k 
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= 0i + (2 + lnl)j + k = 2j + k 

(2,1,1) 



45. u = — = 



v 3i - 4j 



|y| = |i - I). V/ = £ (*V - xy 3 ) i + £ (* V - xy 3 ) j = (3* V - /) i + (2* 3 y - 3*y 2 ) j, 

so Z>u/ (2, -1) = V/ (2, -1) • u = [3 (4) (1) - (-1)] (§) + [2 (8) (-1) - 3 (2) (1)] (-f ) = 

46. u = = ^| = ^ (i - j). V/ = £ (e-* 2 cos y) i+ £ (e~* 2 cos y) j = (-Ixe'" 2 cos y) i - (e^ 2 sin y) j, 




so D»f (0, f ) = V/ (0, f ) • u = (0) (^) - (1) (-^) = ^. 
47 u - V - 1 ~ 2 J + 2k - lj _ 2= , 2 k 

V/ = & (^x^T^) i + £ (xv^ 2 ") j + & (xv/^T^) k = TTT^i + -^L=j + -^L=k. Then 
Z> u/ (2, 3, 4) = V9TT6 (0 + (- 2 ) + ^ © = S . 

48. / (x, y,z) = x 2 lny + xv 2 ^ ^ f x — 2.x In y + y 2 e z , / y = h 2xye z , and / z = xy 2 e z , so 

V/(2,l,0) = A(2,l,0)i + / y (2,l,0)j + / z (2,l,0)k = i + 8jH-2k. Also, u = 4=== = < 3 ' 2 >' 80 

V9 + 1 + 4 A ^ 

D u /(2,1,0) = V/(2,l,0)-u = ^(3-8 + 4) = -^. 

49. V/ (x, y) = f x (x, y) i + f y (x, y) j = £ (*V2 + ^ i + |_ ^1/2 + j = ^_L + y 2 ) i + 2*yj. At the point 

(4, 1), / is increasing most rapidly in the direction of V/ (4, 1) = ( — — + l 2 ) i + 2 • 4j = |i + 8j and its maximum rate 

\2V4 / 4 

of increase is |V/ (4, 1)| = J ffi + 8 2 = ^2. 

50. V/ (x, y, z) = £ (x, y, z) i + / y (x, y, z) j + f z (x, y, z) k = £ (**3*) i + ^ j + £ (jce?*) k = + xze^i + 
xye^k. At the point (4, 3, 0), / is decreasing most rapidly in the direction of —V / (4, 3, 0) = — (i + 12k) = — i — 12k, 

and its greatest rate of decrease is |-V/ (4, 3, 0)| = yj / (-l) 2 + (-12) 2 = Vl45. 

51. Let F (x, y, z) = 2x 2 + 4y 2 + 9z 2 - 27. Then VF (x, y, z) = 4xi + 8yj + 18zk, so 
VF (1, 2, 1) = 4i + 16j + 18k = 2 (2i + 8j + 9k). Thus, an equation of the tangent plane is 

x — 1 y — 2 z — 1 

2 (x — 1) + 8 (y — 2) + 9 (z — 1) = 0 => 2x + 8y + 9z = 27, and equations of the normal line are — - — = — - — = — - — . 

O 

52. Let F 0, y, z) = x 2 + 2y 2 - 3z 2 - 19. Then VF (x, y, z) = 2xi + 4yj - 6zk, so 

VF (2, 3, 1) = 4i + 12j - 6k = 2 (2i + 6j - 3k). Thus, an equation of the tangent plane is 

x 2 3 1 

2 (x — 2) + 6 (y — 3) — 3 (z — 1) = 0 => 2x + 6y — 3z = 19, and equations of the normal line are — - — = — - — — — — . 

2 6 —3 

53. Let F 0, y, z) = x 2 + 3xy 2 - z. Then VF 0, y, z) = (lx + 3y 2 ) i + 6xy} - k, so VF (3, 1, 18) = 9i + 18j - k. Thus, 

an equation of the tangent plane is 9 (x — 3) + 18 (y — 1) — (z — 18) = 0 => 9x + 18y — z = 27, and equations of the 

x-3 y-1 z-18 
normal line are — - — — ^ = j— . 

54. Let F 0, y, z) = x^ - ^ - z. Then VF (x, y, z) = ^ _> 'i - x^ _ >j - k, so VF (1, 0, 1) = i - j - k. Thus, an equation 
of the tangent plane is (x — 1) — (y — 0) — (z — 1) = 0=>.x — y — z = 0, and equations of the normal line are 
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55. a. 




b. We need to show that V/ and Vg are orthogonal at each point (x, y) in the 
plane where the curves intersect. But 



V/ (x, y) • Vg (*, y) = (2xi + 2yj)| -%\ + % j I = - 



4y 2 4y 2 



x 



x 



X 



and the result follows. 



56. 



V/ (*o, Jo) = fx C*o> Jo) i + fy (*0> yo) j is normal to the level curve 

/ (x, y) = / (xq, yo) at the point (xq, yo). A vector tangent to the curve at (xq, yo) 

is v = f y (xq, y 0 ) i - fx Oo> yo) j, since 

V/ • v = [/jc (x 0 , y 0 ) i + /v (x 0 , yo) j] • [/y (*0> Jo) i - A (*o, Jo) j] = 0> so 



normal equations of the required tangent line are 

fx to, yo) (x - xq) + f y (xq, yo) (y - yo) = 0. 



j-jo 



/y (xq, y 0 ) Oo> JO) 



<=> 



V/(x 0 , y Q ) 




f{x, y) = f(x 0 , y 0 ) 



57. f(x,y) = x 2 + xy + y 2 - 5* + 8y + 5 => (jc, y) = 2* + y - 5 and /y (jc, y) = jc + 2y + 8. 
Setting f x (x,y) = /-y (x, y) = 0, we find that the sole critical point of / is (6, —7). Next, we calculate 

D (x, y) = fxx (x, y) f yy (x, y) - f} y (x, y) = 2 • 2 - 1 = 3, so since D (6, -7) = 3 > 0 and f xx (6, -7) = 2 > 0, we 
see that (6, —7) gives a relative minimum of / with value / (6, —7) = —38. 

58. / (x, y) = 8x 3 - 6xy + y 3 => f x (x, y) = 2Ax 2 - 6y and f y (x, y) = -6x + 3y 2 . Setting f x (x, y) = f y (x, y) = 0, 



we have 



Ax 2 - y = 0 



2x - y 2 = 0 



(1) 

(2) 



From (1), y = Ax 2 . Substituting this into (2) gives 2x — 16x 4 = 0 



=> x = Oor j = ^, with y = 0 or y = 1, respectively. Thus, (0, 0) and ( j> are critical points of /. 

D (x, y) = fxx (x, y) f yy (x, y) - f 2 y (x, y) = (48*) (6y) - (-6) 2 = 36 (8*y - 1). 
For (0, 0): D (0, 0) = -36 < 0, so (0, 0, 0) is a saddle point. 

For l) : D 1^ = 108 > 0 and f xx ij = 24 > 0, so 1^ gives a relative minimum with value 
/(i 1 ) = - L 

59. / (jc, y) = x 3 - 3*y + y 2 => (jc, y) = 3x 2 - 3y = 3 (x 2 - y) and f y (x, y) = -3x + 2y. 



We set 



f x (x,y) = 3(x 2 -y) = 0 
/ v (x,y)= -3x + 2y=0 



(1) 
(2) 



From (1), y = x 2 . Substituting this into (2) gives 



— 3x + 2x 2 = x (—3 + 2x) = 0 => x = 0 or x = |, so (0, 0) and (§> f j are critical points of /. 

D (x, y) = fxx (x, y) fyy (x, y) - f 2 y (x, y) = (6x) (2) - (-3) 2 = 3 (4* - 3). 
For (0, 0): D (0, 0) = -9 < 0, and so (0, 0, 0) is a saddle point. 

For ^ (l' I) = ^ > 0 and (§> f) — 9 > 0, so / has a relative minimum at |^ with value 

f /3 9\ _ 27 
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2 4 2 4 

60. / (x, y) = — I xy => f x (x, y) = — y — y and f y (x,y) = — T - x. We set 

x y x l 



y 



f x (x, y) = (2/x 2 ) + y = 0 (1) 
f y {x,y)=x + (4/y 2 ) = 0 (2) 



From (1), we have y = Substituting into (2), we have 

x z 



x + 4| - 



x 



2 



= 0 => x ^1 + x 3 ^ = 0 => x = — 1 (since x ^ 0). We see that the sole critical point of 



/ is (-1, -2). D (x, y) = f xx (x, y) f yy (x, y) - f} y (x, y) = (J^j (^j - (-1) 2 = 



32 



— 1, SO 



32 

D (— 1, —2) = — 1 = 3 > 0, and since f xx ( — 1, —2) = —4 < 0, we conclude that / has a relative maximum at 

(-1) (-8) 

(-1, -2) with value / (-1, -2) = -6. 
61. / (x, y) — x 2 + xy 2 — y 3 => (x, y) = 2x + y 2 and f y (x, y) = 2xy — 3y 2 . We set 

fx (x, y)= 2x + y 2 =0~ 



f y (x, y) = 2xy -3y 2 =0 



Solving the system gives (0, 0) as the critical point of / in D because ^— |, —3^ does 



not lie in D, and / (0, 0) = 


0. 








Ont 1 :x = Usog(y) = f(l,y) 




1 + y 2 - 


g' (y) = 2y-3y 2 = y(2- 


- 3y) = 


= 0 


y 


= 0 




y 


0 


2 


2 




g(y) 


1 


31 

27 


-3 




From the table, we see that g has a minimum value of —3 and a maximum 
value of yj • 

On £2' y = 2, so h (x) = f (x, 2) = x 2 + 4x - 8 for -1 < x < 1. // (x) = 2x + 4 = 0 => x = -2, so h has no critical 
number in (—1, 1). h (— 1) = —11 and h (1) = —3 are the minimum and maximum values of h on [—1, 1]. 

On ty. x = -1, sos(y) = f(-l,y) = 1 - y 2 - y 3 for 0 < y < 2. (y) = -2y - 3y 2 = -y (2 + 3y) = 0 => y = 0 or 

— ^ , so 5 has no critical number in (0, 2). We see that s (0) = 1 and s (2) = —11 are the maximum and minimum values of 
Son [0, 2]. 

On £4: y = 0, so ? (x) = / (x, 0) = x 2 for — 1 < x < 1, which has a minimum value of 0 and a maximum value of 1. 
We see that the absolute minimum value of / on D is — 1 1 attained at (— 1 , 2) and the absolute maximum value is ^ 

attained at ^1, | Y 

62. / (x, y) = (x 2 + 3y 2 ) e~ x f x (x, y) = (-3y 2 - x 2 + 2x) e~ x and f y (x, y) = 6ye~ x . Setting 

(x, y) = fy (x, y) = 0, we find that y = 0, and so x = 0 or 2. Thus, / has critical points (0, 0) and (2, 0) inside D. The 
values of / at these points are / (0, 0) = 0 and / (2, 0) = 4e~ 2 & 0.5413. 

On the boundary, y = ±V9 — x 2 , so y 

2x 2 ) e~ x for -3 < x < 3. 



g(x) = f (x, ±79 - x 2 ) = (27 - 2x 2 ) 
g' (x) = (2x 2 - 4x - 27) e~* = 0 => x = 1 ± ^L, but only 



1 - 



a/58 
2 



—2.8079 lies inside the interval. We find 



g (-3) = 9<? 3 « 180.7698, g (l - ^) ^ 186.1612, and 



g (3) « 0.8962. 
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Thus, we see that / has a minimum value of 0.5413 attained at the interior point (2, 0) and a maximum value of 186. 1612 
attained at the boundary points (-2.8079, 1.0563) and (-2.8079, -1.0563). 

63. / (x, y) = xy 2 => V/ (x, y) = f x (x, y)i + f y (x, y)j = y 2 i + 2xyj and g (x, y) = x 2 + y 2 - 4 => 
^8 (x,y) — 8x (x, y) i + gy (x, y) j = 2xi + 2yj. V/ = AVg together with the constraint equation gives 





— 2Xx 


(1) 


2xy 


= 2Ay 


(2) 


x 2 + y 2 


= 4 


(3) 



Note that x ^ 0; otherwise, from (1), y = 0, which contradicts (3). Thus, A = 



y_ 

2x 



Substituting this into (2) gives x = => y 2 = 2x 2 , y / 0. Substituting this into (3) gives 3x 2 = 4 <=> x = ±2^1. The 



y_ 

2x 



2 /fi 

corresponding values of y are y = ±=*^. If y = 0, then x = ±2. 



(*,y) 


(-2, 0) 


(2,0) 


( 2V3 2V6"\ 
I 3 ' 3 J 


I -3"' "3- J 


/2v^3 2V6\ 
\ 3 ' 3 i 


/2V3 2V6\ 
I 3 ' 3 J 


/ (x, y) 


0 


0 


16V3 
9 


16V3 
9 


16^3 
9 


16V3 
9 



64. 



From the table, we see that / has a minimum value of — ^f^- and a maximum value of ^f^- . 

f(x 9 y)= - + - => V/ (*, y) = (x, y)\ + fy (x, y) j = — U - -^j and g (x, y) = \ + - 9 

x y x z y z x z y z 

1 2A 



2 2 

Vg (x, y) = T j. V/ = AVg together with the constraint equation leads to 

x J y 5 



1 



2A 



:r y 
l l 
- + - =9 

* z y z 



(i) 



(2) 



(3) 



From 



2 /? 

(1), we have x — 2A, and from (2), y = 2A, so x — y. Substituting this into (3) gives — — 9 <^> x — ±^j=, and the 



corresponding values of y are y = ±-^. We consider the two points (j^, ^) and ^— — and find that / has a 
minimum value of / ( — — = — 3\/2 and a maximum value of / ^) = 3^2. 



65. f(x 9 y,z) = xy + yz+xz^V f (x,y,z) = fx (x,y,z)i+f y (x,y,z)i + f z (x,y,z)k = (y + z)i+(x + z)i + (x + y)k 
and g (*, y, z) = * + 2y + 3z - 1 => Vg (x, y, z) = g x (x, y,z)i + gy (x, y, z) j + g z (x, y, z) k = i + 2j + 3k. 



V/ = AVg together with the constraint equation gives 



y + z = A 
x + z = 2A 
x + y = 3A 
x + 2y + 3z = 1 



(1) 
(2) 

(3) 



Solving the system, we find 



A = x = ^, y = |, and z = 0. We see that / 0^ = ^ is the maximum value of /. 



66. f(x 9 y,z) 
g(x,y,z) 
h(x 9 y,z) 



3x 2 + 2y 2 + z 2 
x + y + z - 1 = 
2x — y + z — 2- 



> Vf (x, y, z) = A (*, y, z)i + /y (x, y,z)} + f z (x, y, z) k = 6xi + 4yj + 2zk, 
Vg (x, y, z) = y,z)i + g y (x, y, z) j + g z (x, y, z) k = i + j + k, and 

Vh (x, y, z) = ^ (^, y, z) i + /i y (x,y,z)i + h z (x, y, z) k = 2i - j + k. 



x + y + z 
2x - y + z 



6x = A + 2/x 

V/ = AVg + /zV/z together with the constraint equation gives 4y = A — /x 

2z = A + /x 

system, we find X — — x — y — — and z = j|. We see that / — = 

value of / . 



1 

2 



Solving the 



7^0 , 

is the minimum 
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67. / (x, y) = Ax 2 + Bxy + Cy L + Dx + Ey + F ^> f x (x, y) = 2Ax + By + D and f y (x, y) = Bx + 2Cy + E = 0 



2 



fx=0 

If / has a relative extremum at (xq, vq), then the critical point (xq, yo) must satisfy the system l <^ 

fy — 0 

2Ax + By + £> = 0 " 
Bx + 2Cy + E = 0 

68. / (x, y) = x 2 + IBxy + y 2 => f x (x, y) = 2x + 2£y, / y (x, y) = 2£x + 2y, (x, y) = 2, f xy (x, y) = 2B, and 



f yy (x, y) = 2. Setting 



fx(x,y) = 0 
fy(x 9 y) = 0 



gives 



2x + 2£y = 0 



x = y = 0, so (0, 0) is a critical point of /. 



2Bx + 2y = 0 

D (0, 0) = f xx (0, 0) fyy (0, 0) - f 2 y (0, 0) = 2 • 2 - (2£) 2 = 4 (l - £ 2 ) . In order for / to have a relative minimum at 

(0, 0), D (0, 0) > 0 => 0 < B < 1. Note that if B = 1, then / (jc, y) = (jc + y) 2 > 0 for all (x, y). So / has a relative 
minimum if 0 < B < 1. Observe that f xx (0, 0) = 2 > 0. For / to have a saddle point at (0, 0), we require that B > 1. 
There is no value of 5 for which / has a relative maximum at (0, 0), since f xx (0, 0) = 2 > 0. 

69. We want to minimize D = / (x, y, z) = (jc — 3) 2 + y 2 + z 2 subject to the constraint g (x, y, z) — \x 2 + ^-y 2 — z = 0. 
V/ (jc, y, z) = 2 (x — 3) i + 2yj + 2zk and Vg (x, y, z) = jx'\ + 35 yj — k, so V/ = AVg together with the constraint 



equation leads to 



2x -6 = 


2 


(1) 


2y = 




(2) 


2z = 


-A 


(3) 


y, _L V 2 

+ 25^ _ 


z 


(4) 



From (2), we see that y = 0 or A = 25. Substituting A = 25 into 



4jc - 12 

(3), we obtain z = — but this violates (4). So we must have y = 0, and the system becomes z 

x 2 -4z 



25 



= Xx 
= 0 



x + 8x — 24 = 0 => x = 2. Thus, the required point is (2, 0, 1). 

2 „2 



100 1 — x L — v z 

70. We set r (jc, y) = k <=> 100 tan" 1 y - 



7T 



2y 



= k => tan 



2y 



l-x 2 -y 2 n(lOO-k) 2 . t ff(lOO-fc) 

= tan => + + 2y tan — 

2y 100 y y 100 



1 



* 2 + 



y + tan 



7t(100-£) 

Too 



i2 



9 7T (100 — it) 

= 1 + tan 2 — — — (1). The last 



equation is that of a circle centered at 




100 

tan — I and radius 

100 



I 1 7T (100 - k) r 9 

, / 1 + tan z . Next, if y = 0, then (1) becomes x — 1 => 

V 100 y 

x — ± 1 , and so the arcs of the circles pass through the points x — ± 1 . 
Finally, putting k = 75, we have x 2 + (y + tan = 1 + tan 2 ^ => 

* 2 + (y + l) 2 = 2. 

71. True. If u = i, then D u f (a, b) — D\f {a, b) — f x {a, b). 

72. True. This follows from Theorem 13.6.4 (12.6.4 in ET). 



2 77 (100 - 




100 




y* 




l 




-i {/^^ 




/ 0 
I _1 


x 1 

T(x, v) = 75 
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Challenge Problems 



36 - 4x 2 - 9y 2 > 0 
1. We require that x 2 — 2x + y 2 > 0 

Ax 2 + \6x + 4y 2 + 15 > 0 



\x 2 + \y 2 < 1 
(x - l) 2 + y 2 > 1 
(x + 2) 2 + y 2 > \ 



D = 



4x 2 + 9y 2 < 36, x 2 - 2x + y 2 > 0, 
and 4x 2 + 16y + 4y 2 > -15 









\ 


— 1 ► 




0 


r 


i 


'2 


/3 .v 



-2 



2. We require that 



X 


— a 


> o 


b 


— X 


> o 


y 


— c 


> o 


d 


-y 


> o 


z 


— e 


> o 


f 


— z 


> o 



rectangular box. 



a < x < b 
c < y < d 
e<z< f 



D = [(x, y,z)\a<x<b,c<y<d, and e < z < f}, a closed 



3. a. D u f (x, y) = (f x i+ f y j) • (u x \ + w 2 j) = u\fx + ^ify, 



so 



D 2 f (x, y) = D u (D u f) = (u x f x + u 2 fy) i+ ^ (u\f x + K 2 /y) j] ■ ("1* + «2J) 

= + "2/yJc)i+ ("lAy + "2/^) j] ' M2J) = fxxu\ + 2f xy u\u 2 + /^M2 

Note that /™ = /vjc because, by assumption, / has continuous second partial derivatives in x and y. 



b. Here u = — - = — , 

|v| 13 



i — 



_ v _ 1 - J _ 2VTI , 3^3j_ ^ (JC> y) = 8_ / 2 + ) = y 2 + and /y (jc> y) - 2 *y + 



') 



SO 



fxx (x, y) = y 2 e x y, f xy (x, y) = 2y + (1 + *y) and f yy (x, y) = 2x + * V*. Thus, 



J>2/ (1,0) = /xz (1,0) w 2 + 2 f xy (1, 0) « !M2 + / yv (1, 0) u\ = 0 + 2 (1) (^p) (-^) + 3 (-^I 



r 15 



4. / (*, y) = Ax 2 + 25;ty + Cy 2 + 2Dx + 2£y + F => (*, y) = 2Ax + 2£y + 2D, / y (jc, y) = 2Bx + 2Cy + 2£, 
fxx (*, y) = 2A, fxy (x, y) = 25, and fyy (x, y) = 2C. To find the critical points of /, we solve the system 

Ax + By = -D 
Bx + Cy = -£ 



obtaining the critical point 



/CD- BE AE-BD 



\B 2 - AC' B 2 - AC /* 
a. In order for / to have a relative maximum, we must have 



D (x, y) = f xx (x, y) f yy (x, y) - f 2 (x, y) = (2A) (2C) - (25) z > 0 <=> B L < AC and f xx (x, y) = 2A < 0 



(CD-BE AE — BD\ 9 
A < 0. So / (x, y) has a relative maximum at the point ( — — I if B 



\ B 2 — AC ' B 2 - AC ) 

b. For a relative minimum, we must have A > 0 and Z? 2 < AC. The relative minimum point occurs at 
-BE AE-BD 



< AC, A < 0, and C < 0. 



AC ' £ 2 - AC 
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5. The area of triangle ABC is given by the sum of the areas of AC OB, 
AC AO, and AABO. Thus, 

A = 2[(1 • | • Rcoscx) +(!.§■ tfcos/3) + (± • § • *cos 7 )] 
= ^ /? (<2 cos a + Z? cos /3 + c cos 7) 

and so — = — — ^ R cos a. 



B 




6. Denote the lengths of the sides of the garden by a, b, and c. Then its area is given by 
A — +Js ( s — a)(s — b) (s — c). But s — j (a + b + c) — 12 => c — 24 — a — b, so 

A = V12 (12 - a) (12 - b) (a + b - 12) = 2^37(12 - a) (12 -b)(a + b- 12). To maximize A, it suffices to maximize 



/ {a, b) = 



A 



2V3 



= (12 - a) (12 -b)(a + b- 12). Setting 



f a (a,b) = (12-b) (-2a-b + 24) = 0 
(a, Z?) = (12 - a) {-a - lb + 24) = 0 



gives 



either a = b = 12 or 



2a + = 24 
a + 2& = 24 



a = b = 8. Thus, c = 24 — 8 — 8 = 8. We see that Linda's flower garden has a 



maximum area if each side is 8 ft long. 



7. 



r (t) = It, t 2 , t 3] j => r' (t) = (l, 2t, 3t 2] j and r' (1) = (1, 2, 3} => u = ^ (i ? 2 , 3>, the unit vector in the 
desired direction. Next, V/ (x, y, z) = A (jc, y, z) i + /y(*,y,z)j + f z (x, y, z) k = 2x\ + coszj - y sinzk, 

and so V/ (1,2, = 2i + - V2k. Therefore, 

Da/ (1,2, £) = V/(l,2, ^). u =^(2i+^j-V2k).(i + 2j + 3k) = ^(2 + V2-3v / 2) = ^(l-V2) 



8. If (x,y)^ (0,0), then f x (x,y) = 



(x 2 + y 2 ) (3x 2 y - y 3 ) - (x 3 y - xy 3 ) (2x) ^ + 4j£ 2 y 3 _ y 5 



(x 2 + y 2 ) 



(* 2 + y 2 ) 



. The form of 



— 4r 3 v 2 — xv 4 f (h 0) — f (0 0) 0 

f suggests that f y (x, y) = — T - y -. Also, /* (0, 0) = lim J v ' ^_JJ_J j = lim lim 0 = 0 

/* (0, fc) - f (0, 0) 0 
and f Y (0, 0) = lim J v ■ 7 — iLLlJ. = lim = lim 0 = 0. Therefore, 

7 ^0 k k->0k k-*0 

/xy(0,0) = lim = km - 1 — | = lim (-1) = -1 and 



k^0 



fy(h,0)-f(0,0) 

f yx (0, 0) = hm — = lim - 1 — r I = lim (1) = 1. 



-(-) 

h yh 4 J 



. du du dx du dy du dz 
9. Recall that x — r cos 0, y = r sin 0, z = z. Thus, — = 1 1 

dr dx dr ay dr dz dr 



du 

cos 6 h sin 6 

dx 



du 



dy 



d 2 u _ d / 

~dr 2 ~ dx \ 



du . du 
cos 6 h sin# — 



dx 



dx d 
+ 



dy ) dr dy 



du . du\ dy 
cos 6 h sin^ 



— I cos 6 



d 2 u 
il 2 

d 2 u 



+ sin0 



d 2 u 
dx dy 



cos e + l cos 6 



— cos L 0 — + 2 sin 6 cos 6 

dx 2 



d 2 u 
dx dy 



+ sin 2 6 



dx 

d 2 u 
dy dx 

d 2 u 



dy J dr 



+ sin0 



U U 



dy 



d 2 u 



sinO 



d l u 



d\ 2 



since 



dx dy dy dx 
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du 

dO 2 



du 



du dx du dy du dz du / . ^ 

^ + t: H = — (— r sin 0) H 

dx dO dy dO dz dO dx y ' dy 



(r cos 0) = 



du 



dy 



r cos 0 r sin0 

dx 



— r 



cos0 



d 



dx 



dx 



dO + dy 



d / du\ 



dy~\ du 

— sin 6 

d0\ dy 



—r 



sin0 



d 



dx 




dx d 
+ 



dO dy 



/du\ 



dy_ 

dO 



du 

H cos 6 

dx 



— r 



cos0 



d 2 u 
dx dy 



d 2 u 



(— r sin 0) H ^ (r cos 0) 



5w • a 
sin 6 

dy 



—r 



sin0 



d 2 u 

'dx 2 



(-r sin 0) + 



d 2 w 



(r cos 0) 



H cos 6 

dx 



d 2 u 



d l u 



(2r 2 sin0cos0) + 0 

dxdy V / dy 2 



d 2 u 



(r 2 cos 2 0) + ^ (r 2 sin 2 fl) - ^ (r sin 0) - ^- (r cos 0) 



dy 



Therefore, 

d 2 u I du 1 d 2 w d 2 u 



+ -— + 



+ 



dr 2 r dr r 2 dO 2 dz 2 

9 d 2 u 
= cos z 0 — - + 2 sin 0 cos 0 



d* 2 



d l u 
dx dy 



+ sin 2 0 



d A u 1 / 
d^ 2 + r{ 



-I 5 " , ■ O du 

- I cos 6/ h sin 0 — 



3 r2 ( !1 



— 2 sin 0 cos 0 



d* 

d 2 w 
d* dy 



dy 



+ cos 2 0 



d 2 w sin0dw cos 6 du 



dy 



r dy 



r dx 



+ 



d 2 u 
Jz 2 



d z u 

dx 2 



(sin 2 0 + cos 2 ^) + (sin 2 0 + cos 2 0) + 



dy 



2 - d 2 u d 2 u 

+ — + =0 



9 m d z w 5"// 



dz 2 d* 2 dy 2 dz 2 



10. a. The distance from (xq, yo, zn) to the ellipsoid is d = w (* — *o) 2 + (y _ yo) 2 + — £fj) 2 ' where a:, y, and z satisfy 



2 2 2 

x L y z z 



+ + = 1. To optimize J, it suffices to optimize / y, z) = J 2 = (x — xn) z + (y — yo) z + (z — zo) 
Z? z c z 



2 



a 



2 2 2 

x y z 

subject to the constraint g (x, y, z) = + -~- + - 1 = 0. V/ (x, y, z) = 2 (x - x 0 ) i + 2 (y - y 0 ) j + 2 (z - zq) k 



&2 



_ 2x 2v 2z 

and Vg (x, y, z) — — i + — j + — k, so V/ = Wg together with the constraint equation gives the system 



a- b 2 
x — xq — Xx/a 

y-yo = *y/b 2 

z - zo = Xz/c 2 

2 2 2 

+ + — 1 — 0 

a 2 b 2 c 2 



c 

(i) 

(2) 
(3) 

(4) 



Solving forx, y, and z in (1), (2), and (3), respectively, we find x = 



2 

a xq 
a 2 — X 



b 2 yp 
b 2 -X 



y = 



,z 



2 ,.2 



ax 



2 

(TZQ 

c 2 -X 

2,2 



(5). Substituting into (4) gives 




2 

a xq 
2^A 



2 



2 



+ 



b A yp 
b 2 \b 2 -X 




= 1 o 



0 



[a 2 — A) 2 (£ 2 -A) z (c 2 -A) 



+ 



^0 



2„2 



2 



+ 



C"Z 



0 



= 1. 



4-9 9-4 1-16 
b. With <3 = 2, Z? = 3, c — 1, and (xn, yn, zn) = (3, 2, 4), we have T H T H T = 1. Using a 

(4 - A) 2 (9 - A) 2 (1 - A) 2 
graphing calculator, we find the roots of the equation to be Ai ^ —5.281 1 and A2 ~ 16.2231. Using (5), we find the 

point corresponding to \\ to be Pi (1.2930, 1.2604, 0.6368), whose distance from Pq (3, 2, 4) is about 3.843 

(minimum). The point corresponding to A2 is P2 (—0.9817, —2.4920, —0.2628), whose distance from Pq (3, 2, 4) is 

7.362 (maximum). 



14 


Mu ti pie Integrals 


ETB 




14.1 Concept Questions 


ETB.l 



1. a. 



V 


1 


3 
2 


2 


5 
2 


3 


7 
2 


4 


0 


2 


3 


4 


5 


6 


7 


8 


1 


9 


13 


17 


21 


25 


29 


33 


4 


? 


4 


4 


4 


4 


4 


4 


1 


5 


7 


9 


11 


13 


15 


17 


2 




2 




2 




2 




3 


11 


15 


19 


23 


27 


31 


35 


? 


T 


T 


T 


T 


T 


T 


T 


1 


3 


4 


5 


6 


7 


8 


9 



b. AA = (A*) (Ay) = ("4^) (^T 1 ) = 5' We find that 

= [/(0,l) + /(0,2) + /(0, 3) + /(^,l) + /(^2) + /(^3)] AA 
= l( 2 + 4 + 6 + | + | + ^) = 5L 



y> 

4- 
3- 
2- 

~0 



R\3 


*23 




R 22 




R 2l 



2 



x 



C. 



v * Z?=i X]=i / \ x ij>y*j) AA 

= [/(J.i)+/(i.|)+/(i.i)+/(i.|)+/(i.i)+/(|.i)]AA 



4 



2U + 4 + 4 + 4 + 4 + 4/ ~2 



0 



4 



1 

2 



3 
4 



A" 



2. a. ff R f ( X , y) dA = ^ ZJ_, / (x&, ^) AA 

b. [Lf(x,y)dA= lim T £ , V " , fcAA = & lim Y f , Y". , AA — k(b — a) (d — c) 
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1. / (x, y) = 8 - 2x 2 - y 2 and AA = (Ax) (Ay) = (^) = 

v*-LWLUf( x h> y h) AA 

= [f (0, 0) + / (0, i) + / (£, o) + / l)] • £ 



^,so 



= l (8+(8-l)+[8-2(l) 

= H 8+7+ T + ¥) = f 



2 



+ 



8 



2 



- 1 



2 



2. / (jc, = 8 - 2x 2 - y 2 and AA = (Ax) (Ay) = (^) = \, so 



= [f (0, 1) + / (0, 2) + / (I, l) + / (i, 2)] • I 



1 

2 



(8 - 1) + (8 - 4) + 



8 



-'(I) 1 - 



1 



+ 



8 



->0) 2 - 



2 



= i( 7+4+ £ + 9=* 



3. / (jt, = 8 - 2x 2 - y 2 and AA = (Ax) (Ay) = ("4^) (t^) = 2' so 

v«Z?=iZ}=i/(^^«) AA 



1 

2 



8 



+ 



8 



- 2 (5) 2 - 



1 



+ (8 - 2) + (8 - 2 - 1) 



^ + 6 + 5) = 



25 
~2 



4. / (jc, y) = 8 - 2x 2 - y 2 and A A = (Ax) (Ay) = (±^) = 



1 

2 



+ 



8 - 2 U) 2 -«) 



+ 



8 - 2 d) 2 -o) 



2 



+ 




-(*) 



2 



-I/"6i-L45,53,37\_49 



5. / (x, y) = 2x + 3y and AA = (Ax) (Ay) = (■ L ^) (^) = 2, so 

= [/(0,0) + /(0, l) + /(0,2) + /(l,0)+/(i,l) + /(i,2)] 
= ^ [0 + 3 + 6 + 1 + (1 + 3) + (1 + 6)] 



1 

2 



21 



2 



1 



0 



R 12 


R 22 




R 2i 



y 
2 



1 



0 



y 
2 



1 



0 



y 
2 



1 



0 



y 
3 

2 

1 



0 



1 

2 



R 12 


R22 


Ru 


R21 



I 

2 



1 



*12 


/? 22 




R21 

1 1 



I 

2 



1 



*12 

• 


R 22 

• 


• 


• 



1 

2 



1 



*13 


*23 


' 1 


l 

R 22 


*11 


R 2\ 



2 
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6. / 0, y) = x 2 - 2y and AA = (Ax) (Ay) = (^) (^T 1 ) = so 

V«Zf = iZ}=i/(^.^)AA 

= [/(2,2) + /(2, 3) + /(3,2) + /(3,3) 

+ /(4,2) + /(4, 3) + / (5, 2) + / (5, 3)]- 

= (4 - 4) + (4 - 6) + (9 - 4) + (9 - 6) 

+ (16 - 4) + (16 - 6) + (25 - 4) + (25 - 6) 

= 68 



1 



y t 

3 
2 
1 



0 



1 



R l2 


#22 


#32 


1 

#42 


#n 


R 2l 


#31 


#41 



5 jc 



7. / (x, y)=x 2 + 2y 2 and AA = (Ax) (Ay) = (^) = 1, so 

=[/Hi)+/Hi) + 'H£WHO 



+/(i.y+/(|.!)+/(i. »+/(!. i) 



4 



-1 0 



= (i + i) + (i + !) + (4 i + ¥) + (i + f) + (i + i) + (i + !) + (i + ¥) + (i + f) 



+ 



(! + i) + (? + 5) + (I + ¥) + (? + ¥) + (¥ + i) + (¥ + ?) + (¥ + ¥) + (¥ + ¥) 



= 204 



8. / (x, y) = 2xy and AA = (Ax) (Ay) = [^r^] = h so 



Z4 
/=1 A/=i 



../( : v*..y*.)AA 

+/H-i)+/H-i)+/Hi)+/HD 

+/(*.-§)+/(*.-*) + /(*.*) + /(*•!) 

+/(!•*)] 

K-i)H)^H)H)^H)W^H)ffl- 





y 1 

2 






• 


• 


• 


• 






• 


• 


• 


• 




-1 


• 




• 


• 


► 

1 X 




• 


• 


• 


• 






-2 





1 

2 



0 



9. AA = (Ax) (Ay) = (^) (2^flJ = 1, so 
V « ZLlZ?=i/(4'^)AA 



[^D ^l) + C*l, )>2) + *D Ol, B) + F D (*2, Jl) + (*2, J2) + *D (*2, + C*3, ?l) + (*3, ^2) 
+ (*3> J3) + Fd (X4, y\) + F D (*4, y2) + F D (* 4 , y 3 ) + F# (x 5 , yi) + F D (x 5 , y 2 ) + F D (x 5 , y 3 )] AA 
[0 + 1 + 0 + (-2) + (-1) + 3 + (-1) + 0 + 2+1+2 + 3 + 0 + 3 + 4] =15 
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10. The area of each rectangle in the grid is A A = (5) (5) = 25 ft 2 . The volume of the pond may thus be approximated by 



V « Zf=i Zj=i f where F ( x > y) 



f (x, y) if (x, y) is in D 



0 



if (x , y) is not in D 



Here / (x, y) denotes the depth 



of the pond at the point (x, y) in D. 

V w 25 [F (xi, yi) + F fa, y 2 ) + ^ (*1,?3) + ^ M) + F fa, yi) + F fa, n) + " • + F (x 4 , y 4 ) 

+ F fa> yi) + • • • + F fa, y 4 )] 

= 25 (0 + 2 + 2 + 0+1+6 + 4 + 0 + 3 + 8 + 6 + 0 + 2 + 8 + 6 + 3 



+ 0 + 6 + 5 + 3+1+4 + 3 + 1 + 2 + 3 + 2 + 0 + 0 + 2+1 + 0) 



= 2100 ft 3 



11. We estimate / (x{ v y* x ) = 25, / (** 2 , y* 2 ) = 50, / (xj lf yfa) = 17, and / (x* 2 , y* 2 ) = 35, so 
IIr f fa y) J A » SLi Zy=i / (*y . 3$) A A w (27 + 50 + 17 + 35) • 1 = 129. 



12. 



The average temperature is given by 



^ (90 + 84 + 80 + 84 + 78 + 77 + 80 + 77 + 75) • 9 w 80.6°F. 



13. J*J^ 2 J A represents the volume of the rectangular box 
with base R = [—1,3] x [2, 5] and height 2, so 
ff R 2dA = 2[3-(-l)] (5 -2) = 24. 



X 




14. jj R 2x dA represents the volume of the solid shown. Its 
base is R = [0,2] x [0, 1], so 

JJ R 2xdA= l(2)(l)(4)=4. 




15. 



II R — 2)0 ^ represents the volume of the solid 
shown. Its base is R = [0, 4] x [0, 2] so, calculating the 
area of trapezoidal cross- sections parallel to the yz -plane 
and multiplying by the length in the x -direction, 

ff R (6 - 2y) dA = \ (6 + 2) (2) (4) = 32. 



16. JJ R dA represents the volume of the solid shown. Its base 

is R = {fa y) | x 2 + y 2 < 9, jc > 0, y > oj so, 
calculating one-eighth of the volume of a sphere with 

9-7T 



radius 3, JJ^ V9-x 2 -y 2 JA = | [ ^tt ■ 3 3 ] = 



2 • 
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17. The solid is the wedge bounded above by the cylinder 

z — 4 — x 2 and below by the triangular base 
R = {(x, y) | 0 < y < x, 0 < x < 2}. 



z = 4-x 1 




18. The solid is the region bounded above by the plane 

1 ^ 

y = 3 — ^x — ^y and below by the triangular base 
R = [(x, y) | 2x + 3y < 12, x > 0, y > 0}. 



A" 



7 1 3 




21. //^ y/1 +x 2 + y 2 dA w 1.28079 

dA 



22. 




0.575852 



1 + ^ 

23. Observe that — |/ (jc, y)| < / (x, y) < \f (x, y)\ for every (x, y) e D. Thus, by Property 4 of Theorem 1, we have 

- SSd 1/ (*. >)i dA * //*> / C*. y) rfA < //d 1/ (*. y)i dA «* l/fo / (*. < // D i/ (*, y)i <m. 

24. By Theorem 1, JJ R k dA — k JJ R 1 J A = A: • (Area of R) because the second double integral gives the volume of the right 
cylinder with base R and height 1, which is equal to the area of R. 



25. Observe that 0 < e 1 < e * < 1 for all jc in [0, 1] and 0 < cos y < 1 for all 0 < y < 1, so 0 < e x cos y < 1 
for all (x, y) e R. Thus, by Property 4 of Theorem 1, we have f f R OdA < JJ R e~ x cos y dA < JJ R l dA <^> 

0 < fj R e~ x cosy dA < 1. 

26. Observe that 0 < sin (2x + 3y) < 1 on R = ^0, x |^0, ^J, so by Property 4 of Theorem 1, we have 

JJ R 0dA < JJ R sm(2 X + 3y)dA < jj R \dA = ^ \ = \. 

27. True. J f D \lf (x, y) — 3g (x, y)] dA = JJ D 2f (x, y) dA — ffplg (x, y) dA by Property 1 of Theorem 1. Continuing, 
this is equal to 2 f (x, y) dA — 3 JJd g (x, y) dA by Property 2 of the same theorem. 

28. False. Take / (x, y) = g (x, y) = y/i - x 2 - y 2 and D = {(x, y) | x 2 + y 2 < 4j. Then 

-x 2 -y 2 ^jdA gives the volume of the solid bounded below by D and 
above by the paraboloid z = 4 — x — y , so the integral is equal to 87T (see Exercise 5.2.4). On the other hand, 

r . -|2 

[JJd f (x,y) dA] [JJd g (x, y) d A] = JJ D y 4 — x 2 — y 2 dA gives the square of the volume of the solid bounded 



below by D and above by the upper hemisphere z = y/4 — x 2 — y 2 , which is equal to ( ^ • ^ • 7r • 2^j 



3\ 2 256^.2 
= -g-7T 



29. True. Observe that if (x, y) is a point in then x 2 + xy + y 2 + 1 > 1, so V-^ 2 + -^y + y 2 + 1 > 1. Also, 

y/x 2 + xy + y 2 + 1 



cos (x 2 + y 2 ^ < 1, so 

Vx 2 + xy + y 2 + 1 
/? cos fx 2 + y 2 ) 



cos (x 2 + y 2 ) 



> 1 for (x, y) e Therefore, by Property 4 of Theorem 1, 




dA > // IdA =7T- l 2 = ?r. 
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30. 



True. Observe that D — E U F ', where F — |(x, y) | 0 < x < 1,0 < y < ^ J- Therefore, by Property 5 of Theorem 1, we 

have JJ D f(x,y)dA — ff E f (x,y)dA + ff F f(x,y)dA. The second integral on the right is nonnegative, by Property 3 
of Theorem 1, and the result follows. 



Concept Questions 



ET 13.2 



1. a. See page 1 158 (1 154 in ET). 

b. Seepage 1159 (1155 in ET). 

c. See pages 1 159 and 1 160 (1 155 and 1 156 in ET) 

2. a. Seepage 1161 (1157 in ET). 

b. Seepage 1162 (1158 in ET). 

c. See pages 1 163 and 1 164 (1 159 and 1 160 in ET) 




. /J f 2 (x + 2y) dy dx = $ [j 2 (x + 2y) dy] dx = /J [xy + y 2 ]^ dx = /J (2x + 4) dx = (x 2 + 4*) | q = 5 

S-x Jo ( 3 * 2 + y) dx d y = f-i [So ( 3 * 2 + y) dx ] d y = SU [* 3 + x yJ x ^ 0 d y = S-i ( 27 + 3 >o dy = (2i y + f y 2 ) \ x 



= 54 



3. 



f 2 tfy^dydx = J 2 [j« y* 1 / 2 dy]dx = J 2 [lyV/ 2 ]"~*dx = So %x l/1 dx = 5x^ = 10^2 



1 rl 



4. 




o Jo i + 



dy = 



0 



0 1 +xy 



dy 



dx — I \\n\\ + xy\\ y \dx — / ln(l + x)dx 
JO y Jo 



= {(1 + x) [In (1+ x) - 1]}|J = [2 (In 2 - 1)] - (In 1 - 1) = 2 In 2 - 1 



5. Jj 1 " cos (x + y) dy dx = Jj 7 [f™ cos (x + y) dy\ dx — [sin (x + y)]^ = ^ dx — JJ 1 " [sin (x + 7r) — sinx] dx 



= —2 sin x dx = 2cosx|q" = —4 



0 



6. f? /2 f$ l2 e-x S mydxdy=tf /2 e~* sin y dx]dy = £ /2 [-e~ x sin y ]*Z 



=ln2 
0 



^ = Jo 71 " 72 2 sin y ^ 



i r/ 2 

= -2 COS ^| 0 



1 

2 



8 



Jo 4 So* 2x y d y dx = So [/o 1/2 

ft 12 if^ 2xy dy dx = Jf 2 



y=x 1 ' 2 



2xy dy]dx — Jq [xy 2 ]^ ^ dx — Jq x 2 dx = ^x 3 



_ 64 



0 



V " P7 2xy dy 



dx = J 0 1/2 [*y 2 ]^ X 



dx = Jq 1 ^ 2 x (1 — x) dx = {^x 2 — ^x 3 ^ ' 



0 



1 

T2 



^-/o7( 



l rV^F 



o 



x dx dy = Jq 



So^ x dx 



10 - Jo Jo^ (* + d y dx 



= Io l 



o 



rfx = /o 1 [xy + i/]^ = o 



= /> *(i-^) 1/2 +i(i-^) 



dx = 



dx 



3/2 j 
+ ix 



l r 3 



nl 



2 
3 
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11. J\ e*y dy dx=jl 1 [&> e*+y dy] dx = ^ [e^]^ x dx = j\ (f* - e*) dx = - \e^)\\ 



3 e 



- X -e~ 2 



)- 



2e 6 -3e 5 + 3e-2 
6? 



cosx 




7T 



o Je- 2x y 



0 



cos* 



e 



e 



-2x 



lny 

y 



dy 



7T 



dx — 



0 



-2x 



) 



dx 



= \ Jq (cos 2 x - 4x 2 ^j dx = \ Jq \\ + \ cos 2x ~ 4 * 2 ] dx 

= \ {k x + \ sin2 * " I* 3 ) |o = n 77 ( 3 " 87r2 ) 



13. //^ (x + y 2 ) dA = /fj Jo 1 (* + y 2 ) d* </y = j* [ * * 2 + *y 2 ]* J J}; = J_2 i (1 + ^ Jy = ( 1 y + 1 y3 ) |* 9 



14. //^ (3x 2 + 2xy 3 ) dA = J 2 fa (Sx 2 + 2xy 3 ) dx dy = J 2 [x* + x 2 y^jj_ dy = J 2 (9 + 3y 3 ) dy = (?y + £/) 



0 



= 30 



15. J (x cos y + y sinx) dA = /J 1 ^ 4 f^ 2 (x cos y + y sin*) dx dy = J^* 2 cos y — y cosx | / dy 



y=7r/2 
\x=0 

= ft'* (\. 2 cosy + y) * = (i- 2 sin, + Jy 2 ) |" /4 = fr> ( 2 ^ + l) 



16. Jf R ye*y dA = /J /J ^ d* dy = /J [^]^ dy = /J (e? - l) dy = - y) | J = e - 2 



17 - JJr (* + 2 y)^ = Jo Jo ( x + 2y)dydx 

2 ~\y= x 



18. //^ Vl -jc 2 JA = Jq 1 /* Vl -Jt 2 dy dx 



Jo + J * = 2 Jo * 2 dx 



y=x 



y=0 



2 r 3| 1 _ 2 
3* |o " 3 



1/2 



= /o^( 1 -^ 2 ) dx 

1 




^3/2 



0 



1 

3 
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»• Hr (* 3 + 2 v) dA = Jo /Jf (* 3 + 2 y) d y dx 



= Io 2 ( 

-0 



j=2a 
y=r 

x 4 + 4jc 2 - x J J dx 

2 
0 



x 5 + ^ 3 



U6\| 2 _ 32 

J o" "5" 




3 x 



— 1 



20. jj R xydA— J_j xy dy dx 



f-i [k x y 2 J v _ l+x dx 



y=-x 



= (lx 3 +x\ dx 



9 
2 



a = -1 



6 



0 

-2 | 

-4 
-6 











a = 2 


— R 




> 


■ ^ 1 




2 x 


? 

V — —A 


\ 






\ 



21. ff R (1+2* + 2y) dA = /J ft* (1 + 2* + 2y) dx dy 22. ff R (x 2 + y 2 ) dA = /J (x 2 + y 2 j d;y 



= Jo [ x + * 



2 



A' =2)' 



Ja=v 



dy 



- Jo 1 (sr + y) * 



13 
T 



A = J 




X= 2y 



= /o (b 3 + 2y) dy 



X=y— I 
x=— y— 1 



= (§/ + 3- 

\ ^1 
\ 1 


/lo" 3 

k / 

/ x = v 


\ y 




-2 /M\ 0 
/ -I s 


1 — ► 

1 * 

\x = —y — 1 



23. JJ^ x cos y J A — Jq 1 " ^ x cos y dx dy 



A , =sin v 



= So' 2 [i x2 cos y\ x=0 ' d y 

rir/2 I-? j 
= Jo 2 s ^ cos ^ ^ 



1 • 3 

= 6 sm >' 



7T/2 

0 



1 

6 




x = sin v 



24. 




1 



dA = 




e ry j /*e 

— dx dy — I 
\ Jy xy J\ 



— J — (in y 2 — In y^ dy 

= h^y)% = k 



\nx 



2 

-•x=y 



V 



dy 



J A" =>' 

e In y 



1 y 



dy 
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27. ff R (sin* — y) dA = Jq /2 f™ sx (sin* - y) dy dx 28. JJ R (x 2 + y}dA= /J Jq +2 (x 2 + yj dy dx 




29. JJ R 4* 3 <*A = J* J- x _^ 2 4x1 dy dx 



y=-x+3 



dx 



-«(-! 



1 ,.5 



72 



2^ _ fl r3-2y 2 0 _2 



30. JJ R 2xy^dA = J^r 



y 



2xy z dx dy 
x=3-2y 2 



= J-i hy 6 - 12/ + 9/) dy 



72 
35 



302 Chapter 14 Multiple Integrals ET Chapter B 



0-4 



31. An equation of l\ is y = x and an equation of ti is y — 0 = (x — 6) 
<=> x = 6 — so 

jfc ^ </A = J 4 ^-(./2) Jx ^ = j4 ^J^-&A) ^ 

= Jo 4 [ye 6 ~ iy/2) - ye y ] dy = J 0 4 (e 6 ye~y/ 2 - 3^) dy 
= [4e 6 (-%y - l) e-yi 1 - (y - 1) e- v ] 4 = 4e 6 - 15e 4 - 1 




7 x 



32 - JL y dA = I-l Jo 1 x ~ ydydx = £ 



=Vi— * 



v=0 



2 
3 







/ R 




1 W 


-1 o 


1 A' 



33. V = 



34. V = 



= f n 3 16 dx =48 



35. V = 



/ (x, y)dA = J 0 3 J 4 (6 - y)dydx = Jq [6y - ^ 2 ]^/* = Jo 

Jo Jo 4 ( 4 - * + h) d y dx = Jo [ 4 ? - ^ + i^ 2 ]^ = Jo ( 20 - 4 *) ^ = ( 20 * - 2 * 2 ) 

/ J* / (x, y) = 4 J 2 jf^ (4 - * 2 - y 2) ^ = 4 / 0 2 [4y - * 2 y - ^ 3 ^ 
4 Jo [( 4 - * 2 ) - H 4 " J * = 5 Jo 2 ( 22 " ^ 2 ) 3/2 ^ 



3 
0 



= 42 



= 4/ 2 [(4-, 2 )v / ^-i(4-, 2 ) 



_ x 2 + 346 sin - 



= § Jo 2 (^2 2 -jc 2 ) 3/2 

ill 2 - 
^*Jo ^ usm ^ a ta ^ e °^ integrals) = 87T 



\ / _IU 

36- V=ff R f (x, y) dA = /J / 0 2 - 2> ' (4 - x 2 - y 2 ) dx dy 

= Jo [( 4 " y 2 ) ( 2 " 2 30 " 3 ( 2 " 2y) 3 ] ^ 
= Jo' " ">y 2 + If) dy = - + %y) [ = % 

37- V = // K / (x, y) dA = Jo 4 J 2 (4 - x 2 ) dx dy = J 4 [4* - £* 3 ]* dy = & 
38. V =JJ R f(x, y) dA = J 0 2 J 2 2e-*e-y rf* rfy = / 2 [-^~ x e^f^ dy = / 2 (-2 e - 2 e ->' + 2e~y) 




4 %dy = % 



= ( 



= I 2^- 2 e"> ; - 2^ 



,„ j - 2 (' 2 - 1 ) 



) 



() 



39. V = 



SSr f y) ^ = Jo 1 Jo 2 (4 - 2x - 30 </3> ^ = Jo 1 [( 4 - 2x ) y - b 2 ] Z 0 dx = Jo (6 " 4x) dx = ( 6x ~ 2x2 ) L 



= 4 



40. V = Jq Jq X (x + 2y) dy dx 

y=2x 

y=0 



/o 2 [- 



2 



= 6x 2 = 2x 3 = 16 

JU |q 
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41. y — 2x => x = j y and y — 6 — x ^> x — 6 — y, so 



V = 



jc=6— >' 



//j? / (x, y) dA = J 0 4 xy dx dy = / 0 4 [i* 2 ?] 2 dy 



1 r4 

= 7 Soy 



( 6 _ ^2 _ (l y \ 2 ~\ dy = ) l J4 ( 36y _ ny 2 + 3 y3 \ dy 



^(l8y 2 -4y 3 + ^/)[=40 



V 
4 | 

2- 
0 



-2- 



y = 2x 



y = -x + 6 



i 1- 



i h 



X 



1 2 3 4 5 6X7 8 



9 

42. To find the points of intersection of the two parabolas, we solve x — 
x = ±1, so (±1, 1) are the required points. Thus, 

y=2-x 2 



= 2- 



2 

x 1 - <^=> 



V=fi l & x (x 2 + y)dydx = j\[ 



2 



= ./_i \x y + -> 

2 



=X 2 



dx 



= /i 1 { x 2 (l- X 2 ) + \{l- X 2 ) 

= /I 1 (2-2**)*r=2(,-^)L = ^ 



K* 2 ) 




43. To find the points of intersection of y = x and y = x 2 , we solve x 2 = x <=> 
— l) = 0<=>x = 0orx = 1. Thus, the required points are (0, 0) and 
0,1), so 

JJ R f(x 9 y)dA = Jo 1 £ 2 (* 2 + , 2 ) Jy J* = /J [xh + 1 y 3 ] 

7 



V = 



y=jt 2 



3 
35 




44 - v = !hf y) dA = Jo Jo (* 2 + 3 ? 2 ) ^* 



Jo 4 [*w7 



y=\/x 



=0 



/o 4 (^ 



(2^7/2 + 2,5/2^ r = 1228 



4 
0 




45. 



y 2 + z 2 = 9 <=> z = ±J9 - y 2 , so 

V=JJ R f(x, y) dA = j* jf-»/ 2 79^^ d y 



= Jo 2 M^l 



x=(2-y)/2 
x=0 



dy = fi[$(2-y)y/9=yZ\dy 



= So V9^7dy - \ J 0 2 y^y^dy 

l[,y^ + 9sin-4v]-^4)( 2 )(9-v 2 ) 
= Vl+fsin- 1 | + 5(5V5-27) 



3/2 



0 
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46. V = 2f* 2 f/^ y2 (4 - y)dxdy = 2/ 2 2 [(4 



2 jf 2 [4^4^ " dy 



= 2 



2 v4-J 2 + ^sin- 1 f 




+ Hi) (« - y 2 ) 



3/2' 



-i2 



_ -2 



= 16 [sin -1 1 - sin -1 (-l)j = 16tt 




2 x 



47. 



y runs from y = 0 to y = 1 — x and x runs from x = 0 to x = 1 . Reversing the 
order of integration, we see that x runs from x = 0 to x = 1 — y and y runs 
from y = 0 to y = 1 , so 



Jo Jo X f (*,y)dydx = JJ R f (x,y)dA = £ Jq y f(x,y)dxdy. 



1 rl-V 



y = l-x (x = 1 - y) 




48. 



y runs from y = 2x to y = 2 and x runs from x = 0 to x = 1 . Reversing the 

order of integration, we see that x runs from x = 0 to x = i^y and y runs from 
y = 0 to y = 2, so 

Jo 1 fix f y) d y dx = ///? / (*> y) JA = Jo 2 Jo /2 / (*> >0 Jx d y- 



o 



y = 2x (x = y/2) 



49. x runs from x = y to x = Ny and y runs from y = 0 to y = 1 . Reversing the 

order of integration, we see that y runs from y = x to y = *Jx and x runs from 
x = 0 to x = 1 , so 

Jo /Jz* / (■*, ?) ^ dy = JJ R f (x, y) </A = /J ff* f(x,y) dy dx. 



y 



x = Vy (y = x 3 ) 




x = y 2 (y = sJx 



50. x runs from x = —y/A — y 2 to x = 4 — y 2 and y runs from y = —2 to y = 2. 

Reversing the order of integration, we see that y runs from y = — V 4 — x 2 to 

y = x/4 — x 2 for —2 < x < 0, and from y = — V4 — x to y = V4 — * for 
0 < x < 4, so 



/- 2 / 



4-y 



/ y) rfx dy = JJ R f (x, y) dA 

= J° 2 /^L / (x, y) rfy rf* + / 0 2 /_^ZL / (x, y) dy dx 



X 



= -n/4 - v 2 
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51. 



9 o o 

x runs from x — y L — 4 to x = j~y — j- To find the points of intersection of the 

graphs of x = y — 4 and x = ^-y — § , we solve y — 4 = ^ v — j => 

2y 2 - 3y - 5 = 0 => (2y - 5) (y + 1) = 0 => y = -1 or |, so the points of 

intersection are (—3,-1) and y^, |V Reversing the order of integration, we 
have 

I-l ti'3 y ~°' 2) f(*>y) dx dy = JJ R f (x, y) dA 



y 





y \ 

3- 




3 


f R 




/ \ 


4 2/ 


— ( — 1 — it* 

(-3, -5r^ 


' 0 
-1 


2 

x = y 2 - 


— 1 1 — » 

4 J 

4 



9 9 

52. y runs from y = x to y = 3 — 2x and x runs from x = — 1 to x = 1. To find 

the points of intersection of the graphs of y = x 2 and y = 3 — 2x, we solve 

= 3 — 2x 2 => 3x 2 = 3 jc = ±1, giving y = 1. To reverse the order of 
integration, observe that x runs from x = —^/y to x — ^/y for 0 < y < 1 and 



from x — —\\\ (3 — y) to x — J \ (3 — y) for 1 < y < 3. Thus, 



1 3 

J-l J r 2~ X f(x,y)dydx 



= foAf(^y)dxdy + ^J^^f(x,y)dxdy 




53. y runs from y = 0 to y = lnx and x runs from x = 1 to x = e. To reverse the 
order of integration, observe that x runs from x = to x = £ while y runs 
from y = 0 to y = 1 . Thus, 

It Io nx f (*> y) d y dx = IIr f 0> y) dA = lo & /(*.?) dx d y- 




54. 



y runs from y = 0 to y = tan x and x runs from x = 0 to x = ^- . To reverse the 

order of integration, observe that x runs from x = tan - 1 y to x = ^ as y runs 
from y = 0 to y = 1 . Thus, 

Io /4 Io anx f( x >y) d y dx = IIr f (*> y) dA = lo I^-i y / C*> y) dx d y- 




55 - Jo 1 li y e xl dx d y = lo Io /2 e xl d y dx = lo [y e * 2 ] y J 0 dx 



-a 



2 _ r 2 



2 JO 
4 1 



dx — — 4<? 



x 2 \ _ 
0 



i- 



x = 2y 
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56 - Jo fy/i ey/x dx d y = Jo Io x e) ' /x d y dx = Jo [ xey/x ] y y=0 dx 



e 2 -\ 



ijdx 



57. 



Jo 4 f% sin y 3 *y dx = Jo So sin ^ 3 dx d y = lo [ x sin y 3 ] v=0 d y 



,2 



2 

x=y 



= Jq sin y ay = — ^ cos y J 



2 
0 



1 — cos 8 



58 - lo Xv 4 x cos y 2 d y dx = lo Jo 



X COS 



y 2 dxdy = $]j i 



2 iY = ^y A 

x^ cos y^ dy 
Ja=0 



1 f4 2 j 1 • 2 1 4 1 i / 

2 Jo ^cos^rfy = ?sin/ = ? sin 16 



0 




a- = y/2 (y = 2x) 





4 z-2 




x 



2 



dx dy = 



1 



0 JO Vjc 3 + 1 



dy dx — Jq 



2 



V 



X 3 + 1 



y=x 



- v=0 



dx 



2 2 
z X z 

0 Vx 3 + 1 



2 



= 4 x J + 1 



,3 + ! 



1/2 



0 



1(3 



-D = 5 



60. Jq 1 Jj^_i ^ sec 2 x\l 1 + sec 2 x dx dy — Jo 3 * 1 * sec2 *V 1 + se ° 2 * ^ dx 



f 7T/4 r 2 /Ti 2~~ V =tmx ■ 

Jq sec^ xv 1 + sec z xj ^ dx 

Jj 1 "^ 4 sec 2 x tan xy/ 1 + sec 2 x dx 

3/2 *V 4 



2 • I (l + sec 2 x) 



0 



4- 








3 


j = r 


(* = sfy) / 




2 








1 ■ 




/ R 




0 


i : 


> 

i x 




= £ (3V3 - 2V2) 

61. ff R f(x,y)dA= JJ R g (x) h (y) dA = J* // g(x)h (y) dy dx = /* [// g (x) h (y) dy] dx = /* [g (x) g h (y) dy] dx 

If h (y) dy] [/» g (x) dx] = [/* g (x) dx] [jf h (y) dy] 



62 - JIr f(x,y)dA= J% // f xy (x, y) dy dx = f° [f x (x, y)] y " dx = \° [f x (x,d)- f x (x, c)] dx = [f (x,d)- f (x, c) 



v=d 



b 



= f(b,d)-f(b,c)-f(a,d) + f(a,c) 
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63. M = JJ R S (x, y) dA = ff R (1 + y) dA = f* 2 f^* 2 (1 + y) dy dx = f* 2 [y + 1 y 2 ]^ dx 

= fl 2 [V4 - x 2 + \ (4-* 2 )]<fr = [ixV4-x 2 + 2sin- 1 (^t) + 2*- £* 3 ]* 
= (2 sin- 1 1 + 4 - I) - [2 sin- 1 (-1) - 4 + |J = 2tt + ^ = \ (3tt + 8) slugs 



64. The population is 

5 /.0 



2 / / , ' . dy dx = 20,000 / — - dx = 20,000 ( 1 - e~ 2 ) / — dx 

JoJ-2l+0.5x y Jo A+0.5x_ y= _ 2 \ JJ 0 l + 0.5x 

= 20,000 (l - e~ 2 ^ [2 In (1 + 0.5jc)]g = 40,000 (l - e" 2 ) In 3.5 « 43,329 



43,329 

65. The average population density inside R is — ^- — % 2166 people per square mile. 



20 



66. By symmetry, it suffices to compute the population in the first quadrant where / (x , y) = 



50,000xy 



(x 2 + 20) (y 2 + 36) 



Therefore, 



the population in R is given by 



ff f(x 9 y)dA=4 

JJR JO 



15 



20 



50,000xy 



0 {x 2 + 20) (y 2 + 36) 



dy 



15 



dx = 4 



0 



50,000.x (±) In (y 2 + 36) n * 2 ° 



x 2 + 20 



_ y=0 



15 



= 100,000 (In 436- In 36) 



x 



0 x 



2 + 20 



dx = 100,000 (In 436 - In 36) In (x 2 + 20) ] 



15 
0 



= 50,000 (In 436 - In 36) (In 245 - In 20) * 312,455 people 



67. a. 



1 



0 




0.0 



0.5 



1.0 



b. Using a CAS, we find the x -coordinate of the point of intersection to be 
approximately 0.550. 

„ rr 1 a r0.55 fC osx , , r().55 r ny=cosx , 

c. Jf R xdA= J Q J x2+x xdydx = J Q [xy¥ 2+x dx 



r 0.55 r 

- Jo L 



X cosx 



— x (x 2 + x) j dx 
= (cosx + x sinx — ^x 4 — t$x^ 



0.55 
0 



0.062 



68. a. 



1.0 



0.5 " 



0.0 




0.0 



0.5 



1.0 



Using a CAS, we find the x -coordinates of the points of intersection to be 
approximately 0.453 and 0.990. 

b. ff R x V3//3 dA = J0» /; _^ x l/3 y 2/3 dy dx ^ a045 



69. Using a calculator or computer, we find Jq Jq x 2 y 3 cos (x + y) dy dx % —0.8784. 

1 r2 



70. Using a calculator or computer, we find 



xy 



dy dx % 0.4506. 



0 Jl yfx 2 + y 2 

71. Using a calculator or computer, we find Jo Jo ~ x V 1 + x 2 + y 3 dy dx % 0.5610. 

2 M-* 2 



72. Using a calculator or computer, we find 



n ./_./Z^2 1 +x 2 + v 2 



dydx = 4.8839 



308 Chapter 14 Multiple Integrals ET Chapter 13 



73. True. This follows from Fubini's Theorem. 

74. False. // [/* / (x, y) dx] dy = - J* [/ fe fl f(x,y) dx] dy 



75. True. ]* 



dy~^ dx = flf [y]y—Q dx — f (x) dx. The last integral gives the area under the graph of / on [a, b] 



76. False. The regions of integration are different. 

Jo [io / (*» y) dx ] d y = Hr x f ( x > y) dA and 

fo [Jo f (*» y) d y] dx = IIr 2 f 30 dA > where ^1 and ^2 are 
shown at right. 



y 
1 





0 



1 




77. False: Jq J^_\X cos (y^j dx dy = I" x dx~^ ^ Jq cos (y^ dy~^ = 0 • cos (^ 2 ) ^ 



= 0. 



78. True: 



Jo 1 Jo 1 (V* + )>) cos >A7 ^ d y < Jo 1 Jo 1 (* 1/2 + y) dx d y 



x=\ 
x=0 



d y = Jo (§ + y) d y 



— 1 + 2 



= Z < L2 



I 14.3 Concept Questions 

1. a. See page 1 168 (1 164 in ET). 
b. Seepage 1169 (1165 in ET). 

2. a. See page 1171(1 167 in ET). 
b. Seepage 1171 (1167 in ET). 



ET13.3 



| 14.3 Double Integrals in Polar Coordinates 



ET13.3 



1. The integral is more easily found using rectangular coordinates: JJr f (x, y) dA = Jq Jq @/3)*+2 j. ^ ^ ^ ^ 



2. The integral is more easily found using polar coordinates: JJ R f (x,y) dA = Jq J^ f (r cos 0, r sin 6) r dr dO. 

3. The integral is more easily found using polar coordinates: JJ R f (x, y) dA = Jq f ( r cos ^> r sm 0)r dr dO 

4. The integral is more easily found using rectangular coordinates: JJ R f (x,y) dA = J_ 2 J_ x f (x,y) dy dx. 



5. r runs from r = 1 to r = 4 and 0 runs from 6 = 0 to 

0 = 7T. 



6. r runs from r — 0 to r — 4 sin 0 and 0 runs from 6 — 0 to 

0 = 7T. 



4 


R \ 

^ V 


-4 


-10 


1 


^ 

4 
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7. r runs from r = 0 to r = 2y/2 and 0 runs from 0 = ? to 8. r runs from r = 0 to r = 1 + cos 0 and 0 runs from 0 = 0 




o 



±r 3 sin0j ~ Q d0 



= 24- A J 0 2?r sin 0 dO = -8 cos 0^ = 0 



2tt 




10. JJ R (x + 2j) = Jq /2 Jq (r cos 0 + 2r sin 0) r d0 



J ( f /2 [lr3(cos0 + 2sin 



in 0)1 



r=3 



d0 



= 9 J^ /2 (cos 0 + 2 sin 0) </0 = 9 (sin 0 - 2 cos 0) |^ /2 
= 9[l-(-2)] = 27 




11. ff R xy dA = j^jl Jo 2 (r cos 0) (r sin 0) r dr dQ 

r=2 



= /; / / 4 2 [^ 4 sin0cos0] r=o J0 
= 4 sin 0 cos 0 d0 = 2sin 2 0 



tt/2 

7T/4 



= 2 1 



-4 



= 1 




12. tan0 = - = V3 



0 = tan _1 V3 = f , so 



JJ* ^T^A = j^ 3 J 2 r • r dr dO = j^ 3 [ * J0 



= I Io /3 dO 



y i 



3 - 



7T/3 

0 



- 8 ^r 



y = V3a- 



x 2 + y 2 = 4 
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13. 




y 



rx 2 + y 2 



dA = I I ^ rdrdO = J 



0 J\ 
1 r27T„ : „2 



-r 2 sin 2 0 
2 



-ir=V2 



dO 



_ r=l 



^/ 0 Z7r sin z OdO = i/ Q 27r i (1 - cos 20) d0 




14 



. JJ R sin (x 2 + j 2 ) dA 



= /J^ 2 (cos 9 - cos l)d0= £ (cos 1 - cos 9) 0 



dO 

7T/2 

0 



= f (cos 1 - cos 9) 




15. x z + j z = 2* => (x - l) z + y L = 1 is an equation of the circle with radius 1 
centered at (1, 0). Its equation in polar coordinates is r = 2 cos 0, so 

SSr y dA = SSI Jo 2 " 8 6 (T si" 9) rdrde = sin oj^ °" * M 



= ! /#4 cos3 flsme^= cos* ^ 



6 



r 2 + y 2 = 2x 




0 0 0 0 

16. x L + j z = 2y => x L + (y - l) z = 1 is an equation of the circle with radius 1 
centered at (0, 1). Its equation in polar coordinates is r — 2 sin 0, so 

ff R (x + y)dA = C' 2 J 2 sin e (r cos 0 + r sin 0) r dr dO 



Jo /2 hr 3 (cos 0 + sin 0)] 



r=2 

r=2sin0 



dO 



I /J 1 " 72 (cos 0 + sin 0) (l - sin 3 0\ dO 

| /J 1 " 72 (cos 0 + sin 0 - sin 3 0 cos 0 - sin 4 6>) </0 



y i 


i 






2 








1 






1 1 


0 




1 

1 


2 ; 



= I [sin0-cos0- ^-sin 4 0 + \ sin 3 0 cos 0 - |0 + -^sin20] o = 



17T/2 28 - 3tt 



2 

17. By symmetry, V = 4 j^ 2 J 2 r 2 ■ r dr J0 = 4 j^ 2 [|r 4 l J0 = 16 j^ 2 J0 = 160|^ /2 = 8tt. 



18. By symmetry, V = 4 /J 1 " 72 /J (9 - r 2 ) r dr dQ = 4 j^ 2 [§r 2 - ^r 4 ]^ J0 = 17 JJ 



- 1 ^ ff /2 do = yp 



32 r7r/2 



19. By symmetry, V = 4 /J 1 " 72 $r-rdrd0 = 4 Jq /2 [±r 3 ] Q J0 = ^ Jj 



20. By symmetry, V = 4 j^ 2 J 2 r ■ r </0 = 4 J^ /2 [~^r 3 l <20 = f j^ 2 </0 = 



147T 
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21. x 2 -\- y 2 = 2.x => (x — l) 2 + y 2 = lisan equation of the circle with radius 1 
centered at (1,0). Its polar equation is r — 2 cos 6, so 

v = JJ R f C*> y) dA = fJ R ( 12 - 3 * - *y) dA 

= Jo Io cos 6 ( 12 - 3r cos 6 - 4r sin °) r dr de 

■=2 cos 0 



= £ [6r 2 - r 3 cos 0 - |r 3 sin 
= Jo 71 " (24 cos 2 0-8 cos 4 0 - ^ cos 3 0 sin d0 



. cos 3 0sin0 3„ 3 » ^ ■ 

120 + 6sin20- 8| + -0 + — sin20 1+ |cos 4 0 

4 8 16 



-| 7T 



= 9tt 




_ 0 



22. 



x 2_|_^2 _2-y^ x 2_|_ ^ _ 1^2 _ j j san equation of the circle with radius 1 
centered at (0, 1). Its polar equation is r — 2 sin 0, so by symmetry, 

V = Hr (* 2 + y 2 ) dA = 2 f£ /2 J 2 si " 0 .2 . r dr d 0 



2sin0 
0 



7r/2 . 4 



d0 = S£ / "sin*0d6 



= 8 ["i sin 3 0cos0 + lO-l sin20]" /2 = 8 ( 3 ) (f ) = 



3tt 



jc 2 + / = 2;y 




23. The intersection of z = 9 — 2x — 2y and z = 1 is the curve 9 — 2x — 2y = 1 
=> x 2 + y 2 = 4. Thus, V = JJ^ ^9 - 2x 2 - 2y 2 ) - lj dA, where 

R — J(x, y) | x 2 + y 2 < 4j. Thus, by symmetry, 

V = 8 Jo" 72 Jo ( 4 " r 2 ) rdrde = % J^ 2 [ir* -\Sfd6 = 32 f^ 2 dO = I6ir 




24. The intersection of the paraboloids is the curve 5x 2 + 5y 2 = 12 
V = ff R [(12 - x 2 - y 2 ) - (5x 2 + 5y 2 )] dA = //^ (l2 - 6x 2 

by symmetry, V = 4 /J 1 " 72 j/ 2 (l2 - 6r 2 ) r dr d0 = 24 J^ 2 [r 2 



2 2 
— y^ 



=> x 2 + y 2 = 2. Thus, 
6y 2 ) dA, where = |(x, y) | x 2 + >' 2 < 2J. Thus, 



V2 



- ^-r 4 J o " dO = 24 /J 1 d0 = 12tt. 



25. 



The intersection of x 2 + y 2 + z 2 = 2 and z = ^/x 2 -\- y 2 is the curve 

x 2 + y 2 + 




- 2 + y 2 ) = 2 => x 2 + y 2 = 1, so 
V = ff R (y/2 -x 2 -y 2 - jx 2 + y 2 ) dA, where 



— y) I x 2 + y 2 < 1 J. By symmetry, we have 



V = 



*fo /2 fo(^^-r)rdrdO = 4f^ 2 



3 7 



-Ht)( 2 -'T - 



C?0 




- 0 

7T 
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26. x 2 + y L = 2y =^> x z + (y - l) z = 1, so 



2 _ 



2 _ 



R = 



J(x, y) | x 2 + (j — l) 2 < 1 J. The equation 



of the boundary of R in polar coordinates is 
r — 2 cos 0, so by symmetry, 

V =2ff Ry /4 -x 2 -y 2 dA 

= 2 [2 f* /2 J 2 cos 6 JT^r dr do] 



2 x3/2 



-i2cos0 



- 0 



dO 





sin 0 + cos 2 0 sin 0) J0 



^ [0 + cos 0 - \ cos 3 0 j 



-|7T/2 

0 



f (3tt - 4) 



3 cos 6 



27. A =/V^2rr^^0 = 2/;/ 2 [^ rf* 



= 9 /J 1 " 72 cos z 0J0=|J O "^(1 + cos 26) dO 

7T/2 

0 ~~ 



2 



_ 9 r*r/2 



§ (fl+l sin 20) 



9tt 



r = 3 cos 0 




cos 20 



28. A =//^A = 2 /o ^/o COS2 ^^^ = 2/J r/4 [Ho d ° 



= f* /4 cos 2 20 d0 = \ Jq 1 " (1 + cos 46T) ^ 

7T/4 



. 1 r^/ 4 



l(0+lsin40)| o 



77 

IT 





1 


■x 0 = 7r/4 

\ ' 

1 ✓ 
I ✓ 
1 / 
I ✓ 
/ / 

x: : ) > 


✓ 

/ 

/ 


_ "^^f 
/ / 
/ I 
/ 1 

/ 

-1 


J r = coslO 



29. A = 



SSr dA = 2 £1% ft 3 S1 " 6 r dr dO = 2 fr 2 ]^ ^ d ° 



= 9 f"l 2 /2 (1 - sin O) 2 dO = 9 f*l 2 /2 (l - 2 sin 0 + sin 2 6>) dO 

\ -|7T/2 

-7T/2 _ 



= 9[0 + 2cos0 + | (0- ^sin20)j 



277T 




r = 3 - 3 sin 0 



30. A=JJ R dA = 4 ft* rdrdO = A jf 4 [^] 

= 2 Jq /4 4 cos 20 dO = 4 sin 20 \* /4 = 4 



V4cos20 



0 



dO 



0=77-/4 




r 2 = 4cos20 



0 = -tt/4 
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31. First, we find the points of intersection of the two circles by solving 

a = 2a sin 0 => sin 6 — ^ => 6 — ^ or giving the points as (a, ^) and 



2a sin 0 



\a, ^-J. Thus, by symmetry, 

A = JJ R dA = 2 fig J* sin °rdrd0 = 2 fig [\r\ 
= fig (4a 2 sin 2 6 - a 2 ) dO = a 2 fig (4 sin 2 6 - l) dO 

= al jC/fi (1 - 2 cos 20) dO = a 2 (6 - sin 26) 



dO 



7T/2 
7T/6 



2^ + 3^ 





2a 


/ = 2<7 sin 0 




R 




57T/6 [ 




1 ^ = 


\ 1 

•*« \ 
**■ \ . 


V "V 

>. 


1 x 

/ s 
X / *" 

*" / \ 

X \ 
** 1 
""* ■"""'^ 1 
— — >■ 


—a \ 


0 


la 


—a 





32. 



To find the points of intersection, we solve 3 sin 6 — 1 + sin 6 
6 = ^ or ^ . Thus, by symmetry, 



sin 6 — j 



r = 3 sin 6 



A=JJ R dA = 2 f*£* 9 rdrd0 = 2 [^] 



-\3sm0 



6»=5tt/6 



l+sin0 



dO 



= fig (8 sin 2 6 - 2 sin 6 - l) dO = (46 - 2 sin 26 - 6 + 2 cos 6) \ 



7T/2 
7T/6 



= 7T 




0 = tt/6 



r = 1 + sin 0 





35. 




1 



1 +* 2 + v 



7T/2 ,1 ! 



-7T/2.70 1 + r 



2 







► 


0 




I 1 x 
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=> r — sec 6 and x = 3 => r — 3 sec 0, so 
ptt/4 /*3sec0i />7r/4 

/ -T^^dydx= / -rdrd0 = [r] 3 ^f dO 

1 70 V* 2 + j 2 JO Jsec6> r Jo secW 

= 2 / 0 W/4 sec 0 dO = 2 In |sec 9 + tan 0\ |? /4 




= 2 In (V2 + l) 



38. Jo 1 Jo V1_r cos (x 2 + y 2 j dx dy = f£ /2 $ cos (r 2 ) r rfr d0 

= C 11 A sin \dO = f sin 1 



39. Observe that y = ±\/2x - * 2 => x 2 + y 2 = 2* => (jc - l) 2 + y 2 = 1. In 
polar coordinates, an equation is r = 2 cos 0, 0 < 0 < 7r, so 

fo ^/5^2 xd y dx = Jo Jo C ° S ° (r cos O)rdrd0 

=2 cos 0 



= | [^cos 3 0sin0+ |0 + ^sin20]^ = tt 





40. I I tsar 1 (-)dydx = [ ' [ tan" 1 f rsin ^ \ r drdO 

xJ JO JO \rcosO 

= Jq /2 Jq tan" 1 (tan 0) r dr dO 

= Io /2 [^]Zo dO = ^o ,2 ^0 
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41 - So 1 fo *y d y dx + fa /o * 2 *y d y dx 



= 5$r x *y dA + IIr 2 xy dA = JJ RlUR2 xy dA 

= Jq /4 ft (r cos 0) (r sin 6) r dr dO 
= f£ /4 ^r*cos0sm0j^ dO 
= 4 C ,A sin 0 cos 0 dO = 2sin 2 0 " /4 = 1 





43. a 



Since y = 1 can be expressed in polar form as r sin 6 = 1 <=> 
r — esc 6, we find 

JfRf( x >y) dA = Jo sc ° f( r cos ^' r sin 0) r dr de - 
ft fly y/^T^dx dy = ff R Jx^TyZdA 



esc 0 
0 



7T/4 



37 1 






: — X 




y = 


\ 




/ 










N. A' 



= j [ — 2 csc 0 cot 0 + jln|csc0-cot0|J 



-|3tt/4 



7T/4 



i[V2 + ln (V2+l)] 



44. A = JJ R dA = ft ft" rdOdr = ft [rOffJ^ dr = ft r (I - o) dr = ft dr = r\\ = 1 



45. a. 




a \/2a 



b. If / (r, 0) = , then 



f 7T/2 f fl _ r 2 



e ' r dr dO — L 



_ r ir/2 
0 



—a 



2 




o" 72 = f 



and //^ / (r, 0) = tf /2 ff a e^rdr dO = f (l - ,- 2 « 2 ) . 



//* 2 / (*. y) «M = /o Jo e " l2 " ) ' 2 ^ ^ = [Jo 3 ^ dx 

2 




dx 



Using polar coordinates and referring to part a, we have 



Sk x e 



2 2 2 2 2 

~ r dA < JJ R2 f (x, y) dA = ff Ri e~ x ~ y dA = Jf R2 e~ r dA < ff R ^ e~ r dA, so the result of part a gives 



7T 

T 
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d. Using the result of part c, we find lim ? ( 1 - e a2 ) < lim ( ffi e * 2 dxY < lim ( 1 - e 2a2 \ 



7T 

4" 



< ( lim /, 



£e- x2 d x y < f <^ 




^ => Jo° g x " = Next, consider 
/ = e~ xL I 2 dx — 2 Jq°° e~ xL I 2 dx. Let x = V2w, so dx = \/ldu, x = 0 => w = 0, and x — > oo 
Thus, / = 2 Jo 00 e"" 2 (V2 dw) = 2^2 J™ e-" 2 du = 2^2 (^) = V^f. 
46. Let I — j x 2 e~ x dx. To find /, we integrate by parts with u — x and dv = xe~ x dx, so 



u — > oo. 



2 2 2 2 

dw = dx and v — j xe~ x dx — —^e~ x . Then / = —^xe~ x + j J* e~ x dx, and so 



Jo 00 x 2 e- x2 dx = lim ^x 1 e- 1 



b—>oo 



■ v ~ = lim 



2 

H~-* 2 )lo+u £ 



6 -* 2 



= lim 

b^>oc 



+ $ J* e~* 2 dx] 



However, lim be ^ 2 — 0 by l'Hopital's Rule, so using the result of Exercise 45, we have 

/?— > oo 

f°°x 2 e- x2 dx = y°°e- x2 dx= [ ^ - J" 



2 2 - 

47. Let w = ^/x u 2 — x, so dx — 2udu, x = 0 =^> u = 0, and x — > oo => u — > oo. Then 



2 _ 

oo „— 1/ 



/ -— dx = / (2udu) = 2 / e" M du = 2(^-\ =x/tF. 

JO V* JO u Jo v ' 

48. a. The total amount of water is A = ff D f(x,y)dA where D = In polar coordinates, 



A = J 0 27r / 0 50 0.1rg-°- lr r dr dO. Let u = -O.lr => dw = -0.1 dr. Then 
A = f 2n [-100 / 0 " 5 u 2 e u dw] dO = -100 J 0 27r [(u 2 - 2u + 2) ^]~^ Q ^ = 100 / 0 27r (2 - 37e~ 5 ^ dO 



= 2007T 



(2 - 37e- 5 ) 



1100 ft 3 



b. A (D) = 7T (50) 2 = 2500tt, so / av = - J^ ^/ (*, y) dA « 



0.14 ft. 



49. True. If / (r cos 0, r sin0) = 1, then / Q g(6>) / (r cos 0, r sin 0) r dr dO = fg Jjf ^ r dr dO = ff R dA — A (R). 

50. True, x = 1 can be expressed in polar coordinates as r cos 0 = 1 ^> r = sec 0, 
so //^ / (jc, y) dA = / Q w/4 / Q sec 0 / (r cos 0, r sin 0) r dr dO. 





1. a. See page 1 176 (1 172 in ET). 

b. Seepage 1178 (1174 in ET). 

c. Seepage 1178 (1174 in ET). 

2. a. See page 1 180 (1 176 in ET). 

b - 1 = IIr i d ?)] p (*> y) 



3. Seepage 1 180 (1 176 in ET). 
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14.4 Applications of Double Integrals 



ET 13.4 



2 

!• m = IIr Pi*,y)dA = Jo 3 Jo 2 ydydx = J Q 3 \_\y 2 \ dx = $ 2dx = 6, 



M x = 



2 

ff R yp (x, y) dA = / 0 3 / 2 y ■ y dy dx = / Q 3 [^ 3 ] q dx = / Q 3 | dx = 8, 



and 



[™ i \' — 2 
2^ 2 J V=0 dx 



= Jq 2.x: = x 2 1 = 9 



» = = (§•!) = (§.*). 



2. m — 



JJ R p (x, y) dA = / 0 3 J 0 ' (x 2 + /) dy dx = / 0 3 [x 2 ? + 1 y 3]^ dx 



$ (x 2 + $)dx= + i x ) 



0 



= 10 



M * = JL C*. y) ^ = Jo Jo 1 y (* 2 + y 2 ) d y dx 



(i* 3 + H 



3 
0 



21 
T 



and 



My = JJ R xp(x,y)dA = $ Jq x(x 2 + y 2 ^)dydx 
87 



-(x,50 = (^^) = (^i) 





Jo 3 py + ^y 3 Jv* = Jo 3 (* 3 + H ^ = (i* 4 + H 



0 



3. The line passing through (0, 0) and (2, 1) has equation y = kx <=> x = 2j and 



the line passing through (2, 1) and (4, 0) has equation y — 0 = j^ji- (x — 4) 



4-2 



y = - ±x + 2 x = 4 - 2y. 



m 



4 2 v 

= JL P (*» y) dA = Jo 1 J 4 " 2 * xdxdy = /J [z* 2 ] ' 

= / 0 1 8(i-y)^= *(y-iy 2 )\l= 4 



y i 


i 






(2,1) 




1 


\=2y^^*\ 


a- = 4 - 2 j 




" £ — 1 1 


— i — ^ — ► 


0 


1 2 


3 4 x 



1 4 2' 

M * = JL yp o> y) ^ = Jo 47 3 x y dx d y 

and 



4 
3 



4 2 

My = JJ R xp (x, y) dA = Jo 1 g~ 2y x 2 dx dy = /J [^]~ dy=\ /J (s - 12y + 6y 2 - 2y 3 ) rfy 
= |(8,-6y 2 + 2y 3 -l/)[ = f 
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4 - m = IIr p C*> y) dA = fo Ii-x (* + - y ) d y dx = Jo \_*y + i> ?2 ] 3 ' =1 _ x Jx 



/ 0 1 (i^+*)dr=(^ + l JC 2)[ 



2 



^ = ^ (x, y) ^ = Jo fl-x + ? 2 ) dy dx = /J [ * *y 2 + * v 3 ] 



= 1-A 



and 




1 JC 



M 3> = ///? *P (*> >0 dA = fo fl-x (x 2 + x y) dy dx 

= (i-* 3 + s* 4 )| 0 = 



Jo 1 [x 2 y + jxy 2 ] =l _ x dx = /J (x 2 + ±x 3 ) dx 



11 

24 



so fir ^- (¥i M A - (n n\ 

so {x, y) - y—, — I - jzj 




6. m 



= ff R p(*,y)dA = f* 2 Jo 4 x 2 ydydx = f* 2 [^y 2 ] Q dx 

= \ fl 2 (\6 - 8jc 2 + x 4 ) dx = Jq (\6 - Sx 2 + x 4 ) dx (even integrand) 



(\6x- 



8„3 



3 



0 



256 
15 



^ = ff R y P (x, y) dA = f 2 2 J 0 4 ^ 2 y 2 dy dx = f 2 2 [iv 3 ]'~* dx 
= j f- 2 ( 64 ~ 48x2 + 12x4 ~ * 6 ) dx 



2 

-2 



4096 
105 




= I (64x - I6x 3 + ^x 5 - jx 7 ) 

and My = JJ R xp (x, y) dA = f 2 2 Jq~ x xy dy dx = f^ 2 ^xy 2 J ^ dx = ^ J!?2 (l^x — 8x 3 + x 5 ^ = 0 
because the integrand is odd. (This can also be seen using symmetry.) Thus, (J, y) = — (o, "t)- 
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7. m = ff R p(x,y)dA = Jq 2xy dy dx = Jq |^xy 2 J ^ dx 



and 



2 



y=e x 



M x = SSr yP( x > y) dA = Jo Jo 2*y 2 dydx = 2 Jq [^J 3 ]" _ dx 



y=0 



= 2 /J xe** dx = 2 foe** - $e>*) [ = * (le* + l) 




Mv = 



3 



/ j R xp (x, y) dA = Jq Jq X 2x 2 y dy dx = 2 JjJ [j-* 2 )' 2 ] 3 ' * dx = Jq x 2 e 2x dx 

= [«* - \ x + \)]\ = \(e*- 1) 



so (x, y) = 



\ m 



At- 



tn 



e 2 -\ 



2 (2e 3 + l) 



2 + 1 



27 



e 2 + 1 



e 2 -l » (2. 3 + l) 
e 2 + 1 ' 27 (e 2 + 1) 



(0.76, 1.45) 




8. m = / / p (x, y) dA 



e p\vlx y 

— dy dx 
I JO * 




2 x 



2~\y=\nx 



dx 



_ v=() 



1 f e (lnx) 



dx = 



(lnx) 



3 



1 



1 

6 



Mr = 




n\nx y 2 
— dy dx 



i y 



3 -iy=\nx 



3 x 



dx 



_ v=0 



1 



*(lnx) 3 1 4 

- dx = — (lnx) 



3J[ x 



12 



1 

12 



and 



\nx 




M y = JlR x P( x >y) dA = J\ Jo nx y d y dx = J\[?y 2 ] 0 dx 

so CF, 50 = = (3 (e - 2) , « (2.15, 0.5). 



2 (lnx) 2 dx = ^ |^2x — 2x lnx + x (lnx) 2 J 



9- m = Jf R p(x,y)dA = Jq / 0 sin * y dy dx = 



/<T [iv 2 ] 



sin A" 



0 



^ Jj 1 " sin 2 x dx = ^ ^x — j sin 2x^ 



7T 



0 



7T 

T 



= //^ yp (x, y) dA = £ mx y 2 dy dx = 



1 pf • 3 j 1 r 1 • 

= 3 Jo snr 5 xdx = j [-3 si 



2 



2 



^ sin X COS X — j COS X | = g 



] 



dx 



and 



v = sin x 




My = jj R xp(x,y)dA — Jo" 1 * xy dy dx — [^ x ^ 2 ]^ 0 dx = ^ Jj 1 ^ x sin 2 x dx 



8 



so (x, y) — (-jfi-, -jjf-) — (f , g^:) • Note that we could also have found x using symmetry. 
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10. m = JJ R p(x,y)dA = f* /2 /J (r cos 0 + r sin 0) r dr dO 
= Io /2 [l r3 (cos0 + sin0)]^ 

7T/2_ 2 

0 " 3 



d0 = * /J 1 "/ 2 (cos 0 + sin 0) dO 



= ^ (sin 0 — cos 0) 



M x = jj R yp(x, y) dA = /J 1 ' Jq 1 (r sin 0) (r cos 0 + r sin 0) r dr dO 



r=\ 



= Io /2 [k r4 ( sin 0 cos 0 + sin2 *)] _ 0 J6 > 

= \ Jq /2 (sin0cos0 + sin 2 0) dO = \ \\ sin 2 9+\Q-\ sh^] 7 ^ 2 

Also, My = so M = (£. = ^> 

11. m = jfc p (r, 6) dA = J% Jo 2 ™ e r ■ r dr dB = ZL\ [hrf™ ' <» 

7T/2 
-7T/2 



_ 7T+2 

- ~r6~ 



= J^ /2 | cos 3 OdO = | ^ sin 0 cos 2 0 + | sin fl) 



_ 32 
- T 

= 0 because p does not depend on 0 and the region is symmetric with 
respect to the polar axis. 

My = JJ R xp (x, y) dA = f*l 2 /2 J 0 2 cos 6 (r cos 0) r • r dr dO 

= I-i 2 /2 [y™e]^*%e = 4jX 2 /2 ^odo 

7T/2 
-7T/2 



64 
15 



= 4^sin0cos 4 0+ ^sin0cos 3 0 + -^sin0] 

-R30=(^^) = (| S 0). 

12. m = p (r, 0)dA = 2 J**™ 0 3r dr dO = 2 [P] ^ * ^ 
= 3 Jq 71 " + 2cos0 + cos 2 0) d0 = 3 [0 + 2sin0 + \e + J sin 20] 



-|7T 

0 



M* = 0 because p does not depend on 0 and the region is symmetric with 
respect to the polar axis. 

2-7T fl+COS0 



My = JJg xp (r, 0) dA = Jo Jq 



(r cos 0) 3r dr J0 



= J 0 27r [r 3 cos ^] r _^ +C ° S 0 dO = J 0 27r (cos 0 + 3 cos 2 0 + 3 cos 3 0 + cos 4 0) 




dO 



r = 2 cos 0 








r = 1 + cos 6 




1 




2 










R \ 

) i 






2 




-1 





= ^sin0cos 3 0 + sin0cos 2 0 + 3sin0+ ^ (0 + sin0cos 0)] q = 

S o(^50 = (^,t) = (i.o). 

13. Q=JJ R a(x, y) dA = /„* J 0 3 (2x 2 + y 3 ) rfx = /J [§x 3 + xy 3 ]^ dy = / 0 X (l8 + 3y 3 ) rfj = (l8y + |> 



= coulombs 



2 

14. Q = JJ R <r(x, y) dA = Jo 71 " J 2 v^r dr dO = Jq Jq r 2 dr dO = £ [^r 3 ] Q dO = f*^dO=^ coulombs 



15. Tftyj 



JJ R T(x,y)dA 



1 



27r r4 25 r 27r r 4 

400 cos (0.1 Vr^jr dO = — / / cos (O.lr) r dr dO 



Jf R dA I6nj 0 Jo \ / n JO JO 

= ^f 0 27r [10 (10 cos O.lr + 4 sin O.lr)] 4 dO = ^ f n 27r (10 cos 0.4 + 4 sin 0.4 - 10) J0 % 384.14°F 
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16. P = 



JJ A a (x, y)dA = f 2n /J 3000e- r2 rdrdO = 3000 J 271 " [- ^e^]* dO = J 27r 1500 (l - e" 1 ) dO 
= 3000tt (l - 5958 people 



17. m = JJ^ p (x, ;y) = p ff R dA = pa/?, 



7 * = JL y z p(x,y)dA = p f£ /* y 2 dydx = p fg [?y 3 ] 0 dx 



— ^p Jq b 3 dx = ^paZ? 



7 )' = IIr x2 P (x,y)dA = p Jq Jq x 2 dydx = p f£ \x 2 y\' dx 



— p Jq bx 2 dx = ^pa?b 



m 



3pab 



3 



Thus, I 0 = I x + I y = \pab (a 2 + b 2 ^, x = J ^ 



pa b 
3pab 




\a 2 



— ^r-a, and 



18. m — jj R p (x, y) dA = p jj R dA = ^pab, 



i CC 2 ( w, r a rb-(b/a)x 2 A , rfl fi 3 -|^-(^/fl> 

7 * = J/*? Z p(*,y)dA = pf 0 f 0 f y z dydx = pf 0 \ dx 




b 5 - 



3b 



x + 



3^3 ^3 

X 2 rrX 3 \dx 



= ±pb 3 X - 



3x 



a 
2 



a 



2 



a 



2a 



a 



a 



4a 3 



0 



pab 
~l2 



3 



h = Jf R x 2 p(x,y)dA = pf° L 



b-(b/a)x jy 



x z dy dx — p 



9 "l.V— b— (b/a)x 
- - • 1 dx — 



=0 



pb 




pb 



a 



n a 



ax 



x 



3 



_ 0 



pa b 
12 



Thus, 7 0 = I x + / v = ^ (a 2 + £ 2 ), * = ^ = ^a, andy = /J 



Jq ^ax^ — x^ dx 



19. m = ff D p(x,y)dA = p JJ D dA = %pR 2 , 



r=R 



I x = ff D yip dA = p J™ f Q R r 2 sin 2 OrdrdO = p J* r 4 sin 2 fl] dO 
= \pR 4 Jq sin 2 6d6 = \pR 4 [±0 - \ sin 20^ = ^irpR 4 



r=R 



I y = Jf D x 2 p dA = p fo for 2 cos 2 OrdrdO = pf*[\r 4 cos 2 #] _ q dO 
= ±pR 4 J" cos 2 OdO = ±pR 4 [±0 + \ sin 20^ = \irpR 4 



Thus, 7 0 = /, + I y = WpR 4 , x = J % = i R, and y = J ± = \r. 
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20. m — JJ R p (x, y) dA = p ff R dA = npab, 



h = 



Jf R ylpdA = P JlJ^f^-yUydx 

— (b/a)^/a z —x z 



ra H 3 f/")^^ 2 dx _£P^ra ( a 2 _ x 2\ 



3/2 



dx 



1 o 

= ^TTpab 




I y =ff D x*pdA = pf"f 



n ra r{b/a)^/a 2 -x 2 ? 



-(b/a)^/a 2 -x 2 



x L dy dx — p _ x z y 



y=(b/aWa 2 -x 2 



y=-(b/a)^/a 2 -x 2 



dx — — — f a „ x 2 \l a 2 — x 2 dx 
a J a 



\npa 



3 b 



Thus, Iq = I x + I y = \izpab (a 2 + Z? 2 ), x = yj ^ = l?a, and y = J ^ = \b. 



2 

21. I x = ff R y 2 p(x,y)dA = f 3 f 2 y 2 • y dy dx = [\y 4 ] dx = 4 $ dx = 12, 



Iy = 



0 

y=2 



ff R x 2 p(x,y)dA = J 0 3 J 2 x 2 ydydx = fo [l x2 y 2 ] y=0 dx = Jo 2x 



^x 3 
3 x 



0 



= 18, and 



Iq = I x + Iy — 12 + 18 = 30. Using the result of Exercise 1, m = 6, x = J = \/3, and y = J ^ = V5 



= _ Ik - 

m 



22. I x = JJ R y*p {x, y) dA = & ^ y*x dx dy = /J [^T J ^ dy = /J 8 (/ - y*) dy = 8 - Jy*V 



2 

3' 



= //« (*» V) dA = Jo ti^ x 3 dx ^ = /o [V] ~ y d y = Jo 32 (2 - Ay + 3y 2 - y 3 ) dy = 24, and 



— I x -\- Iy — nr • Using the result of Exercise 3, m = 4, x = = V6> and y — — 



23 - 7 * = ffRy 2 p( x >y) dA = Jo Jo x y 2 xydydx = Jo f?^ 4 ]" q ^ x = i/o^ 3 ^ = 16 ' 



= JJ R x l p{x, y)dA = Jq J 0 va x 2 xydydx = Jq [%x 3 y 2 ^ q = | Jq x 4 = and /o = + / v = 
Using the result of Exercise 5, m — x = = 4x ^ , and y = = 



592 



24. I x = JJ R y l p (x, y) dA = f" /2 /J (r sin 0) 2 (r cos 0 + r sin 6/) r dr dO = Jq /2 [(sin 2 0 cos 0 + sin 3 (5^)] _ Q 



r=l 



5 Jo^ 72 ( sin2 6 cos 0 + sin3 0 ) ^ = 5 [i sin3 ^ - 5 cos 0 sin 2 0 - 



9 ~| tt/2 . 
fcosfl] =1 



= JJ^ x 2 p (jc, j) JA = Jq /2 Jq (r cos 0) 2 (r cos 0 + r sin 0) r dr dO = f£ /2 [(cos 3 6 + cos 2 0 sin 0} (5^)]^ 



/J 1 " 72 (cos 3 0 + cos 2 0 sin 6>) J0 = ^ [| sin 0 + ^ sin 6 cos 2 0- ^ cos 3 0j^ 7 dO = ± 



1 r 71 "/ 2 

_ 5 



and Iq = I x + Iy = |. Using the result of Exercise 10, m = |, x = 



_ 730 and = _ //.V _ 730 
- HT' and ^ - V m - "TO"' 



25. m = ff R p(x,y)dA. Observe that the line x = 1 can be represented in polar coordinates by r cos 6 = 1 <=> r = sec 0, so 



0 



^4 /" 2 rsin0 
3cflr cos0 



r dO = ff* J 2 C e tan 0 r J0 = [ | r 2 tan ojJ 



d0=\ Jq /4 (4 - sec 2 0) tan 0 1 



= \ Jq /4 (4 tan 0 - tan 0 sec 2 o) dO = \ (-4 In |cos 0\-\ tan 2 0) 



7T/4 



n 



= ln2-| 
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TT M x _ 



26. By symmetry, M x — 0, and so y = — 0. Next, 



n4cos0 



M y = JJ R x dA = £™ * cos £0 r dr dO = [ * r*]^ Q cos 0 dO 
= i £ 56 cos 4 OdO=^[(l cos 3 0 sin 0) ^ + | cos 2 0 d0\ 



56 3 
T * ? 



JiT (I + 2 cos 20)rf0 = 14(±0+ ±sin20)| = 7tt 




and A = 7r ^2 2 ^ — n ^l 2 ^ = 37T, so x = = ^ = Therefore, the 
centroid is ^,oj. 

27. True: m = JJ R [p x (x, y) + p 2 (x, y)] dA = ff R p x (x, y) dA + JJ R p 2 (x, y) dA. 

28. False. Take R = {(x, y) | -1 < x < 1 and - 1 < y < 1} and p (x, y) = 1 + x + y. 
Then R is symmetric with respect to both the x- and y-axes, but 

M *= ff R yp(x,y)dydx = f! l f! l y(\+x + y)dydx = (1 + x)y 2 + j? 3 ] dx = j\^dx 

29. False. For example, the annulus R = J(x, y) | 1 < x 2 + y 2 < 2 J with p = 1 has center of mass (0, 0), which does not lie 
inR. 



j 14.5 Concept Questions 




1. See page 1 184 (1 180 in ET). 




2. See page 1185 (1181 in ET). 




| 14.5 Surface Area 





1. 2x + 3y + z = 12 => z = / )>) = 12 — 2x — 3;y, so / x (x, = —2 and / y (x, y) = —3. Thus, 
A = IIr JfZ + fy+^dA = J 0 2 /J 7(-2) 2 + (-3) 2 + ldydx = VTifi /J rfy <& = 2^14. 



2. 3x + 2j + z = 6 =^ z = / (x, y) = 6 — 3x — 2y, so f x (x, = —3 and 
fy (x,y) = —2. Thus, 

A = Hr y/fi + f? + 1 dA = /J £ 7 (-3) 2 + (-2) 2 + 1 dy dx 

3 1 

= Jo [^y\ x dx = ^/o 1 ( 3 - 3 *) dx = 3 Sfi ( x - h x2 ) | 0 



y = 3x 



3V14 




3. z = 



f (x, y) = \x 2 + y => f x (x, y) = x and f y (x, y) = 1, so 



y=x 



* = IIr V fx + fy +ldA = /J J 0 A ' Vx 2 + 2^ dx = /J [V* 2 + 2y]' =0 



Jo*(* 2 + 2 ) 



\V2 



3/2 



0 



J (3 V3 - 2V2) 
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4. z = f (x, y) = 2 - x z + y => f x (x, y) = -2x and f y (x, y) = 1. Thus, 
A = IIr JW+W+^ dA = Jo ll-i y/^fl + T+Tdy dx 



= /J |" } ;V4x 2 + 2l' V _ 1 X dx = /J (2 - 2x) 2yJ 'x 2 + \dx 



= 4/J 



X 2 + 



a) 2 -4 2+ fe) 



2 



dx 




= 4 



(a) 




(tj) 2 )- 



- T U 2 + 



(A) 



-.3/2 



= ^ + ln + V5) 



0 



5. Setting z = 0 gives 0 = 9 — jc 2 — y 2 <=> x 2 + y 2 = 9, so we take 

2 



/? = 



|(*,y) | jc 2 + y 2 < 9}. Nowz = /(x,y) = 9-x 2 -y 



A (*, y) = -2* and A, (x, y) = -2y, so 



n3 



- 0 



<*0 



^ = IIr y/f2 + f$ + ldA = SSr y/^x 2 + 4y 2 + 1 dA 
= Io 27T lo Sr^irdr dO = ^ [ J ■ 2 ( 4 r 2 + l) 3 ' 
= J 0 27r ^ (37 3 / 2 -l)dO = ?$ (37 3 / 2 - l) = f (37 V37 - l) 

6. If y = 0, then we have 0 = 9 — x 2 — z 2 <=> x 2 + z 2 = 9, and if y = 5, then 
have 5 = 9 - jc 2 - z 2 <^> x 2 + z 2 = 4. Thus, = {(x, z) | 4 < x 2 + z 2 < 9}. 

Now y = g (x, z) = 9 — x 2 — z 2 => gjc z) = — 2x and g z (x, z) = — 2z, so 

A = IIr M+gy + ld* = IIr V4x 2 + 4z 2 + 1 dA 



we 



= It II V^Tlr dr dO = J. 



2-7T 

0 



= J 27r ^ (37V37 - 17VTT) d0 = £ (37^37 - llVTfj 



12/- -x 3 / 2 
5 " 3 



(4r 2 + lj 



I 3 
_ 2 



</0 



*7 0 0 

7. The sphere x + y + z = 9 and the plane z = 2 intersect along the curve 
x 2 + y 2 = 5, a circle of radius V5 centered at (0, 0, 2). Thus, 



/? = 



Ux, y) I x 2 + y 2 < 5}. Now z = f(x,y) = j9-x 2 -y 2 , 



so 



fx (*> y) = - 



X 



9-x 2 -y 



and f y (x,y) = - 



y 



j9-x 2 - y 2 



, so 



A = 




R 



Jfx+fy+ldA 




X 



.2 



r\ 9 — x z — y 2 9 — x L — y 



+ 



v 



,2 



2 



+ Id A 




^ = Jo'" if * (9 ~ r 2 Y'%drde = 3 j** -\ . 2 (9 - 



-1/2 



/? x/9 - x 2 - y 2 

8. Here z = / y) = y 2 — x 2 , so (x, y) = — 2x and /y (x, y) = 2y, so 





y j 








3 










R 




-3\ 


0 




— — i 
3 - 




-3 







0 1 1 n 
X +2=9 





nV5 



r-i 



rf6» = J 0 27r 3 dO = 6tt 



. 0 



A = IIr JJ+ffTldA = JJ R 74x2 + 4y 2 + i JA = j-2 y ^I TTr rfr d0 = /( 2 n I" 1 . 2 ( 4r 2 + A 



3/2 



n2 



J0 



- 1 



= J 0 27r -i ( 17VT7 - rfa = (17VT7 - 5V5) = f (l7VT7 - 5^5) 
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9. Here x — h (y, z) = yz => h y = z and h z = y. R = |(y, z) \ y 2 + z 2 < 16 J, so 



A = 



JJr Jh 2 +h 2 +ldA = ff R Vz 2 + y 2 + WA = J 0 27r Jo 4 V^ + Tr </* = / Q 27r 



I-§e + l) 3/2 



-i4 



dO 



J 0 27r i(l7Vl7-l)^ 



2tt 



( 



17V17 



- 0 



10. Here y = g (x, z) = V9 - x 2 — z 2 =^> g A - (x, z) = — 
/? = {(x,z) | x 2 + z 2 < 4}, so 



y/9-X 2 - Z 2 



and g z 0, z) = - 



z 



y/9-X 2 - Z 2 



and 




R 

2tt z-2 




+ 



Z 



r\9-x z -z z 9-x z -z 



+ IdA = 




dA 



/?V9-x 2 -z 



3 



0 



0 s/9 - r 2 



rdrdO = 3f 27r [-£ ■ 2y/9 -r 2 ]d0 = 3 f 2n (3 - V5j dO = 6tt (3 - V5J 



11. The sphere x 2 + y 2 + z 2 = 8 and the cone z 2 = * 2 + y 2 intersect along the curve x 2 + y 2 + ^ 2 + y 2 ^ = 8 => 

x 2 + y 2 = 4, so R = y) | x 2 + y 2 < 4J. Here z = ±\/8 — a' 2 — y 2 and the function describing the upper hemisphere 



is z = f (a, y) = ^8 -x 2 - y 2 f x (x, y) = - 
the required area is 



x 



^S-x 2 -y 2 



and f y (x, y) = - 



JS- x 2_ y 2 



. Thus, by symmetry, 



A = 



2 / lJf 2 + f 2 + \dA = 2 





x 



r\ 8-a z -y 



2 



+ 



v 



2 



= 4VH 27r Jo 2 



1 



8 - x 2 - y 2 

2 



+ \dA = 2 




2^2 



R^/S-x 2 - y 2 



dA 



Vs^T 2 



rdrd0 = 4V2f 27r ■ 2y/ S - r 2 ] Q dO = 4^2 j 2lT (2J2 -2}d0= 16tt (2 - V2) 



12. Here y = g (a, z) = x 2 — z => (a, z) = 2a and g z (a, z) = — 2z, so 



A = 



//* Jd + g + ldA = IIr V4a 2 + 4z 2 + 1 dA = ft' 2 f 2 Ti^TTr dr dO = tf' 2 



= Io /2 h K 2 " 0 ** = % ( 



£(17V17 



-0 



-1? 



- 0 



d0 



13. x 2 — ax + y 2 = 0 => ^a — ^aj + y 2 = ^-a 2 , so 



/? = 



(a,v) I (x - \a\ + y 2 < \a 



. Also, z = =b v a 2 — a 2 — y 2 and the 



upper hemisphere is the graph of z = / (a, y) 

A (•*, y) = - 



yj a 2 — x 2 — y 2 



a 2 — x 2 — y 2 



and f y (x, y) = - 



« 2 — x 2 — y 2 



. Thus, by 



symmetry, 



A =2 




f 2 + f 2 + ldA = 2 




x 



+ 



y 



V A 



0 



' ' j j Ry a 2 — x 2 — y 2 a 2 — x 2 — y 



+ ldA = 2a 




r = a cos 6 





a x 



1 



2a Jq cos ^ ^« 2 — r 2 ^ ^ r dr dO (in polar coordinates) = 2a ~ 



R s] a 2 — x 2 — y 2 
1 /2~ ia cos ^ 



dA 



r 2j 



dO 



_ 0 



= 2a §q \a — J a 2 (l — cos 2 0) I dO — 2a a (I — sin 0) dO — 



2a 2 (6 + cos 0) I = 2a L (tt - 2) 



7T 
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14. In the first octant, y 2 + z 2 = 1 => z — f (x, y) — y/l — y 2 , so fx (x, y) — 0 



mdf y (x,y) = - 



y 



. Using symmetry, we find 



A = 16 JJjfl + fj + \dA = 16 




y 



2 



R\ 1 - J 



2 



+ IdA 



= 16/ / } 1 dxdy =16 [ 

Jo Jo vi - y 2 J° 



x 



3' 



Jy 




= 16/ 7 //y = 16 lim / y dy = 16 lim ■ 27l - y 2 l =16 lim f- V 1 - Z? 2 + l) 



15. 



From ax + by + cz = d, we find z = / (x, y) = - (J — ax — Z?y) 



A (x, y) = -- and /-y (x, y) = . Thus, 

c c 



A = 





a 1 b l 

+ -=- + IdA = 

RX C L C Z 




R 



V ° 2 + b2 + c2 dA = l -Ja* +b l + c2 JJ R dA 



= Wa 2 + b 2 + c 2 A (R), where A (R) is the area of R. 



16. 



a. x 2 + y 2 + z 2 = tf 2 => z = ±-v/fl 2 — x 2 — y 2 , so the surface under consideration has equation 



z — f (x, y) = ^1 a 2 — x 2 — y 2 . We have (x, y) = — 



^ a 2 — x 2 — y 2 



and/y(x,y) = - 



^ a 2 — x 2 — y 2 



, and 



A = 




/ 2 + /- + l</A = 




+ 



# V a2 ~ x 2 ~ J 2 a 2 — x 2 — y 2 



+ IdA = 




(3 



R ^ a 2 — x 2 — y 2 



dA 



2tt rb i r2.1T r 

— hi l — r dr d6 — a 



0 



0 J a 2 - r 2 



0 



-\.2{a 2 - 



2 \l/2 



r J 



ifc /-27T r 

dO = a 



- 0 



0 



- (a 2 - Z> 2 ) 



1/2 



= 27T<3 — yj a 2 — b 2 ^ 



b. The area of a hemisphere of radius a is 2 lim j^27ra — \/ a 2 — ^ 2 )J — 2ira 2 . Therefore, the area of a sphere 
radius a is 2 ^27ra 2 ^ = 47ra 2 . 



17. z = /(x,y) = x 2 + y 



2 



fx(x 9 y) = 2x and f y (x,y) = 2y, so 



A = //^ yJfi + ft + ldA = J 0 2 Jo 2 ^4x 2 + 4y 2 + 1 Jy dx « 13.0046. 
18. z = / (x, y) = 9 - x 2 - y 2 => f x (x, y) = -2x and f y (x, y) = -2y, so 

A = //^ y / 2 + / 2 + 1 JA = J 2 2 J 2 2 V4x 2 + 4y 2 + 1 Jy Jx % 52.0182. 



19. z = 



/ (x, y) = e-* 2 -? 2 => /, (x, y) = -tee"* 1 -? and /. (x, y) = -2y^~^ 



y 



, so 



A = 




R 



^f2 + f 2 +xdA = IJ ^ Ax 2 e ~2(x^) +Ay 2 e ~2(x^) ~ 



2tt ,2 y 4r 2 + g 2r2 



0 70 



r 2 



13.9783 



20. z = / (x, y) = sin (x 2 + y 2 ^ => (x, y) = 2x cos ^x 2 + y 2 ^ and / v (x, y) = 2y cos ^x 2 + y 2 ^, so 



2tt /•! 



A = 



^ 7/a 2 + fy + 1 ^ = ^4 (x 2 + y 2 ) cos 2 (x 2 + y 2 ) + 1 dA = J J ^4r 2 (cos 2 (r 2 )) + \rdrdQ 



4.6305 



21. /(x,y) = 3x 2 y 2 ^> f x (x,y) = 6xy 2 and / y (x,y) = 6x 2 y, so 



A = IIrxUx + /y 2 + 1 dA = f\ f\ x /36x 2 y 4 + 36x 4 y 2 + l^v^x. 
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22. / (x, y) = x 2 — 3xy + y z => f x (x, y) — 2x — 3y and f y (x, y) — 2y — 3x, so 

A = Hr y/f} + f? + ldA = JJ R J(2x - 3y) 2 + (2y - 3x) 2 + 1 dA 
= /J L 1 7 13jc 2 - 24^ + 13y 2 + 1 <ty dx 



23. /(*,)>) = 



1 



2* + 3y 



fx (x,y) = - 



(2x + 3y) 



and 



f y (x, y) = - 



3 



(2jc + 3y) 



a2 



, so 



A = 




R 



J7F+ffTidA = 




rV (2x + 3y) 4 + (2x + 3y) 



4 



+ IdA 



2 f xJ\3 + (2x + 3yf 

2 dy dx 




0 JO (2x + 3y) 



24. = e 



— ,>-xy 



—xy 



fx (x, y) = -ye xy and f y (x,y) = -xe . so 




i >• 

1 x 




A = 




R 



ylfi + $ + \dA = 




x 2 + y 2 1JA f l f 2 yjx 2 + y 2 + e 2x y J J 
+ Id A = / / - J — dy dx 



R 



2xy 




0 JO 



e xy 



25 



. True. ff R yj f% + f 2 + 1 dA for / (x, y) = y/4 — x 2 — y 2 gives the surface area of the upper hemisphere of radius 2 
centered at the origin. The area is ^ ^47rr 2 ^ = ^ (4*7r) ^2 2 ^ 



= 8tt. 



26. True. Observe that yj f 2 + f 2 + 1 > 1, so //^ + / 2 + 1JA > Jj R dA = A (fl), where A (fl) is the area of fl. 



| 14.6 Concept Questions ET13.6 

1. a. Seepage 1189 (1185 in ET). 
b. Seepage 1189 (1185 in ET). 

2. a. See page 1 189 (1 185 in ET). 

b. See page 1 189 (1 185 in ET) for an example. 

3. a. See pages 1 190 and 1 192 (1 186 and 1 188 in ET). 
b. See pages 1 191 and 1 192 (1 187 and 1 188 in ET). 




14.6 Triple Integrals 

1- SSSb f(x,y,z)dV = Jo 3 Jo 2 (x + y + z) dx dy dz = /q 3 /J [\x 2 + yx + z*]^ ^ dz 



ETB.6 



= Jo Jo (2 + 2y + 2z) rfyrfz = 2 / 0 3 [, + l / + yz]* J Jz = 2 / 0 3 ( 3 + z) rfz 

= 2 (^+^ 2 )ln = 18 
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b - JJJb f (*> y> z ~) dV = Jo Jo Jo (* + y + z)dz dy dx = Jq /J [xz + yz+ jZ 2 J dy dx 



= Jo Jo ( 3x + 3 ? + !) dydx = 3 J 2 [xy + \y 2 + bj y ^ 0 dx = 3 Jo (* + 



= 3 (^ 2 + 2 *)lo = 



18 



2 - a - JJSBf( x >y> z ) dV = J-2 J-l Jo x yzdy dx dz = f* 2 f\ [j*y 2 z\ =Q dx dz = f* 2 J^lxzdx dz 

— j . J 



z=3 



3. a. / (x, y, z) dV = f 2 j\ / 0 3 (*), 2 + jz 2 ) dz dy dx = J 2 [*y 2 z + ^ dx 



= Jo J-\ (~> x y 2 + 9;y) <ij rfjc = Jq j^xy 3 + |} ;2 j > l = Jq 2x dx — x 



2 
0 



= 4 



b. JJL / (*> ^ Z) dV = J 0 3 J 2 (*y 2 + yz 2 ) d* dy dz = Jq j-l [2* V + ^^]^ 0 ^ ^ 

= ; 0 3 ji, (2/ + 2,z 2 ) rfy & = Jo 3 [b 3 + * = Jo J * = 

4. a. JJJb f (x,y 9 z)dV = Jq f^ 2 Jq xy 2 cos z dz dx = Jq /J^ 2 ^xy 3 coszj^ ^dzdx — Jq J^ 2 9x cos zdzdx 



3 
0 



2 

J 0 2 [9a: sinz]^Q /2 dx = J 0 2 9xdx = |x 2 | q = 18 



b. JJJ B f (x,y, z) d V = J^ 2 Jq Jq xy 2 cos z dy dx dz = J^ 2 Jq ^\xy* cos zj^ ^dxdz — J^ 2 Jq 9x cos z dx dz 



= Jo 7 " 72 [|* 2 cos zf 2 </z = Jq' 1 18 cos zdz = 18sinz|^ /2 = 18 



5 - Jo Jo Jo +> x <lzdydx 



= Jo Jo i xz t=o* y dy dx = Jo Jo ( x2 + x y) d y dx = Jo [ x2 y + z*y 2 ]'_n dx = Jo b 3 dx 



y=x 



y=0 



3 Y 4\ l _ 3 
8* | 0 " 8 



6. Jo 1 f* jy 2xz dx dy dz = ^ Jo" [ x2z YJ 0 dy dz = /J f$ y 2 z dy dz = /J [V*]^ * = /J ^ & = 



1 

0 



1 

15 



7r/2 r 2 rVl z y co $x dy d z d x 



1- Willi 



0 



Jo /2 J\[b 2cosx \ y=0 



dz dx = J^^ 2 J 2 \ (1 — z) cos x dz dx 



COSX 



) dx = — 



1 



sinx 



7T/2 

0 



1 



8. /ii Jo' /o^ 2 y 2 zdxdzdy = ^ J 2 [xy 2 zj x= ^ Z " dzdy = & f 2 y 2 zV^dzdy 



3/2 



^ 2 dy = I ^ly2 dy= l y 3 1 

- z=0 



-1 



16 



9 - Jo Jo Jo 2 Vy e x2 dzdxdy = $ ^[izjye X *J Jdx dy = $ $ 2Jyxe * 2 dx dy = $[-Jye * 2 ] x=Q dy 



= /0 4 (-- 1 H-l)^ 2 ^ =(l- J) (b 3/2 ) 



16 (e- 1) 

3^ 
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3e 2 - 12e + 5 



10. JT Si Sl KXy) 2*ydz dy dx = ft ft [2z In y] z = \ /{xy) dy dx = ft ft 2 (In y) (i - l) dy dx 

= 2 ft [I • \ Qn y) 2 -yQny- 1)]^ dx = 2ft[^ (\nx) 2 - x \nx + * - l] dx 

= 2^1 (In*) 3 - \x 2 (2 In* - 1) + ±x 2 - *]* = 

11. 6* + 3j + 4z = 12 => z = \ (12 - 6x - 3y), so 
///r f(*,y,z)dV= Jq Jq~ 2x j( 2 - 6x ~ 3 yV f(x,y, z) dz dy dx 



6x + 3y + 4z = 12 => x = \ (12 - 3y - 4z), so 

/// r / (X, y, Z) dV = / 0 4 jf«»/4 /( (12-3,-4z)/6 / (x> y> z) ^ Jz 

= /o 3 /o (12 - 4z)/3 /o (12 - 3v - 4z)/6 /(x,y,z)^^^ 



6jc + 3y + 4z = 12 y = ^ (12 -6jc - 4z), so 

fff T f(x,y,z)dV= /* jf" 3 ^ 2 fO***~W f(x,y,z)dydz dx 

r 3 r (6-2z)/3 r (12-6x-4z)/3 - , , , , , 
= Jo Jo Jo f(x,y,z)dydxdz 



12. x 2 + z 2 = 4 



= ±>/4-jt 2 , 



so 



IIIt f( x >y> z) dV = J 2 2 Jq f^\^— f (x, y, z) dz dy dx 



-V4^2 



= Jo 1-2 f_j^2 f( x >y> z ) dz dx d y 



nj T f(x,y,z)dV = f< 2 f 



_ r2 r^/A^x 1 r3 



x 



Jo f (x,y,z)dydzdx 



= 1-21^^10 f^y^)dydxdz 



x 2 + z 2 = 4 => x = ±V4-z 2 , 



so 



_ r 3 r 2 rV^ 1 



JJf T f(x,y,z)dV=J§f± 2 f 



z 



2 



/ (x, y, z) dx dz dy 




v = 4 — 2jc or 



.V 



y = i(12-42) or 
z=J(12-3y) 




7 



3 k jc = |(6-2z) or 
z = ^(6-3x) 





Z J 

2 


i 




1 ► 


-2\ 0 




-2 
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13. x + z = 1 => Z = 1 — x, so 

Jl/r /fey. z) ^ = Jo Sf/j it* f( x >y> z) dz dy dx 

= JL i J y 2 J 0 ~ X f(x,y, z) dz dx dy 



rl rl-Jt f>A 



/// r / (x, y, z) dV = £ f(x, y 9 z) dy dz dx 

= So Io~ Z f( x >y> z) dy dx dz 



The intersection of x + z = 1 and x = is 1 — z — y^<^>z — \ — y z , so 
/// r / (x, y, z) dV=j\ fi~ y2 fc z f (x, y, z) dx dz dy 



V 



= Jo JZjT^fy2 Z f(x,y,z)dxdydz 



14 - IIIt f( x >y>z)dv = f* 1 S rr~2 fx 2 +y 2 / fe y> z ^ dz dy dx 

= /- 1 fZj^ &+y 2 / ( *' y > z) dz dx dy 



fff T f (x, y, z)dV = J\ j\ / (x, y, z)dxdzdy 

V 2 y 



2 



fo sfji r^zp- / fe y> z ) J * J y ^ 



/// r / (*, y, z) dV = j l x2 f(x,y,z)dydz dx 

= Jq S^/i fZ^zp / fe y > z ^ dy dx dz 



15. x + y + z = 1 => z = 1— x — j, so 

IIIt f fe y> z) dV = /J Jo 1 "* L~ x ~ y x dz dy dx 



1 rl—x r. n z=l— a — y , , rl rl— jc 



= Jo Jo [«£o d y dx = Jo i Jo r * 0 - * - y) ^ <** 
/o 1 - * 2 y - W] y= ^ X dx = Jo \{ x ~ * 2 ) 0- - x) - \x (i - x) 2 ] dx 



— Jo (l* 3 -x 2 + \x\ dx — ( jx 4 - ^x 3 + ^x 2 \ L—23: 
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16. 2x + 3 y + z = 6 => z — 6 — 2x — 3y, so 

fff T f(x,y 9 z)dV = J 0 3 jf" 2 ^ 3 ft 2x ~ 3y y dz dy dx 



f 3 f (6-2*)/3 r -iz=6-2x-3y 
JO JO L^Jz=0 



dy dx 



J$f<?-^(6y-2xy-3y*)dydx 
$ [3/ - X y> - yir™' 3 dx 
Jj 3 (4 - Ax + f jc 2 - ^Jt 3 ) 
(4jc - 2x 2 + 4*3 - ^x 4 ) 



= 3 



17. 



JJJy / (x, y, z) dV = Jq Jq 2z <fy dx, where we have viewed T as 
z-simple. The projection onto the xy-plane is shown. Thus, 

SSSt f(x,y,z)dv = /„' /; 3 [z 2 ]^ ^ = /J /; 3 4x 2 ^ dx 



dx — 



= JjJ ^4x 3 - 4x 5 ) dx 



(^ 4 -hi:^ 



18. JJJ T f(x,y,z)dV= /J j/ 7 / 2l (x + 2y) rfz rfy dx 



= Jo /* [(* + 2 )0 z];=o* rf >" rfx 
= /J //* (2a: 2 + 4xy) dy rfx 



= (^ ? / 2 + ; x 



2„3 
5 













| dx 


/ lo 


5 

- 2T 



19. J// r / (x, y, z) dV = JJ R (^ 2+z2 y dy) rfA, where 

7? = j (x 9 z) | x 2 + z 2 < 4 J . Using polar coordinates x — r cos 6 and 



z = r sin 0, we find 



SJSt f C*. *)*V = J 0 27r J 0 2 [1 y 2 £ r dr d0 

= jt\^-h^dO = St^dO = 
20. / (x, y, z) dV=Sl x SI2 So'" * ** d y dx 

= J-i & [iz 2 ] l ~ y dydx = SU S* \ (i - y) 2 dydx 

= f*i[-U 1 -y) 3 ] 1 x2 dx 

= 5.f_ll(l-3x 2 + 3x 4 -x 6 ) dx 

— 1 ( r v3 i 3 r 5 1 r 7\| 1 _ 16 

- 6\ x ~ x + 5 X ~l x jl 1 ~ TD3 



64tt 




z = 6 — 2.v — 3 v 



2x + 3v = 6 y 






= l-y 
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21. In the first octant, x 2 + z 2 = 4 => z = y/4-x 2 , 

_ r\ f 2 f V4^ 



SO 



SSSt f ( x > y> $ dv = So Sly Jo X zdzdxdy = /J J 2 2 ; [±z 2 ] 



0 



dy 



x 2 + z 2 = 4 



y = x 2 + z 2 



= \ lo Sly (4 " * 2 ) ^ dy = £ /J [4* - \x^ y dy 

=4(^-^ 2 +^ 4 )i;=i 

22. The paraboloids y = x 2 + z 2 and y = 8 — x 2 — z 2 intersect along the curve 
x 2 + z 2 = 8 - x 2 - z 2 «=> x 2 + z 2 = 4, so 

/// r / (x, y, z) dV = JJ R V* + *dy] dA, where 

R = j (x, z) \ x 2 + z 2 < 4 J . Using polar coordinates x = r cos 0 and 
z — r sin 6, we find 

/// r f(x,y, z) dV = ^ Jo' r dy) r dr d9 

= /o b}y 2 r 2 dr d6 = J 2 - J 2 (8,2 - 2r*) dr d6 = j*r [|,3 
23- V = j- 0 2 jf- 3 ^ 2 ft 3x ~ 2y dz dy d X = J 2 Jt 3x)/2 tit 3 *' 2 * ^ dx 

= Jo 2 lt 3X)/2 (6 " 3* - 2,) d y = J 2 [6y - 3xy - y ^=^' 2 dx 





y = S-x 2 



256-tt 
~T5~ 



3x+2;y + z = 6 



= Jo 2 (|* 2 ~9x + 9)dx= (|jc 3 - \x 2 + 9jc) |* = 6 




3.v + 2y = 6 



2 r 4 ry/2 



•2 r4 r„^/2 



24. V = jt 2 /; 2 «fe dy d* = £ 2 /; 2 fetf" dy d* = J 2 2 £ 1 y dy d* 
= S-2 [b 2 ]\ dx = \ S-2 (16 " * 4 ) dx = \ (\6x - I* 5 ) | 2 



64 
T 




25. V=/ 2 2 / 0 4 y J 0 4 x dzdxdy 



r2 r4-y 2 
- J-2 JO 



[z]q x dxdy 



= j-2 St"' ( 4 " *) ^ ^ = J_ 2 2 [*x - \x 2 ] 

= S 2 -2{*-b A )dy=(zy-h 5 )\ 2 _ 2 = 



4-y 



x + z = 



0 
128 



dy 




x = 4-y 



26- V = /Ij Jo 1 - 2 rfzrfyrfx = /ij J 2 - [z]l- 



y=2— x 



= S-l ( l - x 2 ) ( 2 - 2x ) dx = S-l 2 ( l - x - x 2 + ^ 3 ) 
= 2 (x - \x 2 - \x 3 + \x A \ I = | 
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27. 



The intersection of the paraboloids z — x 2 + y and z = 8 — x 2 — y 2 is the 
curve x 2 + y 2 = 8 — x 2 — y 2 <=> x 2 + y 2 = 4, a circle. Thus, 



v = SSS T dv 



= II R (l 



%-x 2 -y 2 
x 2 +y 2 



dz\ dA, where # = J(x, y) | + y 2 < 4 J 



Using polar coordinates and symmetry, we find 

y = 4 Io /2 Jo ( J^ r * = 4 j^ 2 J 2 [z]^ 2 r rfr <*0 



= 4 Jo" 72 Jo 2 ' (8 - ^) drdB = % f* 12 [2r> - \r\ dO 



2 



= Sf" /2 4dO = 16tt 



Z i 




8 






\\ 




\ 

I 




■ 

-4 


I 4 


1 




l_ 




/ 




/ 



0 



28. The cylinders x 2 + z 2 = 4 and y 2 + z 2 = 4 intersect along the curve 
x 2 + z 2 = y 2 + z 2 <^> y = ±x. By symmetry, 



2 i _2_ 



\J \—x 2 



dz^ dA = 16 J 0 2 Jo V4 - x 2 dy dx 



= l6jQ^yy/4-x 2 Y^ Q dx = \6$x^4-x 2 dx 



= "-!)—• 



x 3/2 



0 



128 
~3~ 




29. First, we find an equation of the plane containing A (1, 0, 0), B (0, 3, 0), and 
C (0, 0, 2). A normal vector to the plane is 

n = ~A% x A? 



i j k 

-13 0 
-10 2 



= 6i + 2j + 3k 



A(1,0, 



qo, o, 2) 



6* + 2y + 3z = 6 




3* + y = 3 



Thus, an equation of the plane is 6 (x - 0) + 2 (y - 0) + 3 (z - 2) = 0 <^ 6x + 2y + 3z = 
z — f (x, y) = j (6 — 6x — 2y), and so 

V = Jo' Jo 3 - 3 * / 0 (6 - 6jc - 2y)/3 = Jo' J, 3 - 3 * - (6 - 6 *-^ )/3 

1 



0 [z\q ™ " J " " ' dydx = \ Jq ^6y - 6xy 



2"iy=3— 3x 



- > 2 : 



y i n ^ 

y=0 



= i /J 9 (1 - x) 2 ^ = 3 (- 1) (i) (1 - x) 



0 



= 1 



30. First, we find an equation of the plane containing O (0, 0, 0), B (1, 0, 1), and 
C ( 1 , 1,0). A normal vector to the plane is 

n = ~0% x 7)t 



5(1,0,1) 



i j k 

1 0 1 
1 1 0 



= -i + j+k 



A(1,0, 0) 




C(l, 1, 0) 



Thus, an equation of the plane is — 1 (x — 0) + 1 (y — 0) + 1 (z 

v = Jo So So~ y dz d y dx = So So Mo""* d y dx = So So ( x 



0) = 0 x - y - z = 0 => z = f (x,y) = x - y, 
y) dy 



= Jo 1 [ x y - ?y 2 ] y v= l dx = So \x 2 dx = ^x 



i 

0 



1 

6 
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31. T = {(*, y, z) | 0 < x < 1 ->',0 < y < 1, 0 < z < 1 - x - y}. We see that 
the solid is bounded by the plane z = I — x — y and the coordinate planes. 



32. T = {(*, y, z) | 0 < x < 2 - 2z, 0 < y < 1, 0 < z < l-y}. Solving 



z = 1 — y 
x — 2 — 2z 



gives x — 2y in the -plane as the line along which the 



planes intersect. T is bounded by the planes z = 1 — y,x = 2 — 2z, and the 
coordinate planes. 



33. T = jO, y, z) | 0 < x < 4 - y 2 , -2 < y < 2, 0 < z < y + 2|. The solid is 
bounded by the planes x — 0, z = 0, and z = y + 2 and the cylinder x = 4 — y 2 . 



34. T = {(x, y, z) | -VT^y < x < ^/T^y, 0 < y < 1, 0 < z < y}. The solid is 
bounded by the planes z = 0 and z = y and the cylinder y = 1 — x . 



35. /// r / (*, y, Z ) dV = Jo 6 / 0 (6 -* )/2 jf 5 "*" 2y)/3 f (x, y, z) dz dy dx 

= Jo St x)P Jt x ~ 3z)/2 fix,y,z)dydz dx 

= Jo It'" lt X ~ 2y)/3 f(x,y,z)dzdx dy 

= Jo 3 Jo (6 " 2 " )/3 /o 6_2> '" 3z /fey. *) * 

= Jo It'' jt X ~ 3Z)/2 f(x,y,z)dydx dz 
= /o 2 /n (6_3z)/2 /n " 2), " 3Z f(x,y,z)dxdy dz 
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1 rl-7 c 2-2 



36. fff T f(x,y,z)dV =/o 1 /o I "Vo 

1 r2-2z rl-z 



f (x, y, z) dy dx dz 
= JoJo~' Z Jo~ Z f(x,y,z)dxdydz 



z A 



= /o/o X fo 2z f (*,y,z)dydzdx 

= Joft' y)/2 ft z fb>y>$ d *dzdy 

= fo So* Io~ X f(*>y> z) dz dy dx + Jo 1 fl / 0 (2 ->' )/2 f(x,y, z) dz dy dx 

= fo fy/2 fo~ x f (*> y> dz dx d y + fo Jo /2 fo~ y)/2 f (*> y> z ) dz dx d y 



z=\ — X 



y=2-2z 




(1,2,0) 



37 - JTJr / (*» y> z) ^ y = f-\ f^ l rr-i fo f (*» y> z ) Jz ^ dx 



= S-iSZ^Jof^y^ dzdxd y 

= f-i fo f_jj^ f (x ' ^ z) dy dz dx 



2 r\ rsf^X 1 



= fo f-\ f_^^2 f (x ' y> z) dy dx dz 

= i— i Jo / z ) J * Jz ^ 

= JoI-ifZj^f( x >y> z ) dxd y dz 




38 - Jl/r / (*» z ) dV = J-2 J^2 Jo _> / (x, y, z) dz dy dx 

= fo f^jy So~ y f( x >y> z) ^ ^ d y 
= fo fo~ y f- Jy / (*> z ) dx dz d y 

= JoJt Z I^yf^y^)dxdydz 
= foU^ z f*2- Z f(x,y,z)dydxdz 

= f-2 ft xl & z f( x >y> z ) d y dz dx 



z = 4 — y 




39. a. Here Ax = ^ = 2, Ay = ^ = 2, and Az = ^ = 2, so A V = (Ax) (Ay) (Az) = 8. Also, x 0 = 0, ;q = 2, 
*3 = 4, y 0 = 0, = 2, y 3 = 4, z 0 = 0,z\= 2, and z 3 = 4. Thus, 

///b c* + y + *) ^ « 22=i s?=i sLi / fa* fa) AV 

= [f (1,1,1) + / (1,1, 3) + / (1,3, 1) + / (1,3, 3) + /(3,1,1) + / (3, 1,3) + / (3, 3, 1) + / (3, 3, 3)] (8) 
= (3 + 5 + 5 + 7 + 5 + 7 + 7 + 9) (8) = 384 



= J* [8y + 2y 2 + 4;yz]*_* </z = Jq (64 + 16z) dz = (64z + 8z 2 ) |* = 384 



336 Chapter 14 Multiple Integrals ET Chapter 13 



40. 



a. Here Ax = ^ = 2, Ay = ^0 = ^ and Az = 1^0 = 1 ? so Ay = (Ax) (A;y) (A z ) = 1. Also, x 0 = 0, x x = 2, 
*2 = 4, y 0 = 0, yi = 1, y 2 = 2, z 0 = 0, z\ = j, and z 2 = 1- Thus, 

///* (* + ? + z) dV « ZLl Z?=i ZLl / (**•*> 4-,) A V 

= VT3T25 + VT8I25 + V53T25 + V3^l25 + V93T25 + V9U25 + VI 1.3125 + VI 1.8125 « 19.2490 

b. Using a CAS, we find fff B f (x,y,z)dV = J 0 4 J 0 2 /g 1 V-* 2 + y 2 + £ 2 <*z dy dx » 19.6683. 



1 z-2 z-2 



41. Using a CAS, we find 




cos xy 



-Jo J\ y/l +xyz 2 



dx dy dz « 0.4439 



2 

42. Using a CAS, we find Jq /J"* /J"* X6>>' z dzdydx % 0.1328. 



43. p (x, y, z) = &x, where A: is a positive constant, so 

m = IIIt P(*,y,z)dV = f$ Jq~ x f}~ x ~ y kx dzdydx 



z=l-x—y 



dy dx — k Jq Jq x (x — x 2 — xy^j dy dx 



x + y + z = 1 



= k Jq ^xy — x 2 y — jxy 2 ^ ^ dx — k Jq ^jX — x 2 + ^ x 

= k [\x 2 - \x 3 + ^x 4 ) | Q = ^k 
M yz = jjj T xp (x, y, z) dV = Jq Jq~ x Jq x y kx 2 dz dy dx — k Jq Jq~ x (x 2 — x 3 — x 2 y) dy dx 

= k /J [x 2 y - x^y - ^ 2 y 2 ] y= J~ X dx = k /J ( \ x 2 - * 3 + > * 4 ) dx = k ( >* 3 - I* 4 + ^x 5 ) [ = ^k 




y=o 

M xz = IJIt yp (x, y,z)dv = /J ft* Jo~ X ~ y kxy dz d y dx = k /J [*yz] z = 0 



z=\—x—y 



dy dx 



= k Jo Io~ x {*y - * 2 y - x y 2 ) dydx = k /J [ * (x - x 2 ) y 2 - = Jo 1 (* - 3 * 2 + 3 * 3 - * 4 ) ^ 

_ U(l r 2 r 3 , 3 4 1 I 1 _ It, 
- 6 K \2 X ~ x + 4* ~ 5 X - 720^ 



M,, = HSt zp(x 9 y, z)dV = /J J*-* J*-*"? kxz dzdydx = k /J [^z 2 ]^"*" y 



= ^ Jo Jo ^ (l - 2x - 2y + 2xy + x 2 + y 2 ^) dy dx = \k Jq 1 (x - 3x 2 + 3x 3 - x 4 ^j dx 
- U f 1 r 2 _ r 3 , 3 4 _ 1 r 5\ 1 1 _ 1 u 



Thus,(J,y,z) = (^, 



m 



m 



) - (§• 5' 5)' 



44. The density function is p (x, y, z) = kz, where A; is a positive constant, so 
m = fjj T p(x,y,z)dV = /J / 0 3 ft (2/3)y kz dz dy dx 



z=0 



dy dx 



= k /o 1 /o 3 (2 ly 1 ) dy dx 

= k Jo l" 2 ^ - j^ 2 + Try 3 ] n dx = 2k 
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Myz = Mr *P C*. V,z) dV = /J Jo 3 / 0 2 - (2/3) >' **z dz dydx=k /J / 0 3 [^« 2 ]* ' ^ <*> ^ 



= & Jq 1 Jq x ^2 — |y + §y 2 ) dy dx — k Jq 2x dx = &x 



z=0 

1 

= k 

0 



W« = ///r C*. y, z) d V = /J J 0 3 J 0 2 - (2/3) >' kyz dz dydx = k /J / 0 3 [^z 2 ]^^ ^ ^ 

= * Jo 1 Jo ( 2 ? - + b 3 ) d y = * Jo 2 «** = \k 

Mxy = ffJ T Z P (x,y,z)dV = /J / 0 3 1 2 -^ 3 ^ kz 2 dz dydx = k /J / 0 3 [Vf ^ ^ «** 

= fe /o 1 Jo (I - b + §y 2 - my 3 ) d y dx = 2k 



45. The density function is p (x, y, z) — kz, where k is a positive constant, so 



m = II It p (*> y> z ) dv = Jo 1-2 1_^Zy2 kx dz d y dx 



= k Jo 3 /i 2 [xz]^^J_ dy dx 



= k Jq J_ 2 2xy/A - y 2 dy dx 
= k Jq 2 (2-7r) xdx — 2kizx 2 




y 2 + z 2 =4 



0 



= 18/C7T 



3 r2 r>/4- 



M yz = HIt x P (*> y,z)dV = J 0 3 /i 2 j_^J- I kx 2 dz dydx = k J 0 3 /£ 2 

3 

= * J 0 3 /£ 2 2xV4 -y 2 dy dx = 2k J Q 3 (2tt) x 2 dx = 4k n [j* 3 ] = 36&tt 



M *z = ///r yp (x, y, z) d V = J 0 3 /i 2 r^^j dzdydx = k f£ /j 2 [xyz]^^-^ dy dx 
= * J 0 3 J 2 2 2xy74^dy dx = * J 0 3 [2* (- * ) ( 2 ) ( 4 - y^f^ 



3 r2 



dx = 0 



- y=-2 



^y = I I It zp(x,y,z)dV = Jq fl 2 j^^-L— kxz dz dy dx = k J Q 3 f* 2 [l xz2 ] z _^/^^^ ^ x = () - Tnus > 



m 9 m 



) = (2, 0, 0). 



46. m = JJJ T p (x, y,z)dV = J 0 I_J:2 J 0 1_z fe rfy dz </* 



= /-l/( 



1-X 



i-x 



2 



0 [^]o Z dzdx = kf_ 1 fQ A (1 — z)dzdx 

\-x~ 



v + z = l 



z = 1 — X 



= 2* [* - 5* 5 L = 5* 
M yz = Jff T xp(x,y,z)dV = J\Jq~ x Jq~ z kxdydzdx 

= k j\ Jq 1 "-" 2 x (1 - z) dz dx = \k f\ x (l - x 4 ) dx = 0 
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M xz = 



l-z 



= nj T yp( x >y> z ) dV = l-llo X Jo Z kydydzdx = j\ x [z*? 2 ] dzdx 



= ¥ f-l ft* (1 - ^dx = \k J\ [4 (1 - z) 3 ] 
= \ k f-l ["I " 0] dx = " X )t { = 7 k 



1-x 
0 



dx 



.2 



M xy — jjj T zp(x,y,z)dV = J_j Jq 1 * Jq 1 z kzdy dzdx = k j\ Jq x z(l — z)dzdx 

\-x 2 



1 ^ 

= £/-l[^ 2 -?^ 3 ] ~ X dx = ^kf^ (2x 6 -3x 4 + l^jdx = ^-k 



47. m = fff T p(x,y,z)dV 



-foft'fo (*y + z 2 )dxdzdy 



48. 36x 2 + 9y 2 + 4z 2 = 36 



m = IIIt p(*,y,z)dv 



2 2 2 

x L y z z 



+ 



+ 



l 2 2 2 3 2 



= 1. 



f l r 2Vl-^ 2 r (3/2)V4-4x 2 -j 2 

J-iJo Jo 



.^yz dz dy dx 




= 174-4^-^ 



x 2 + z 2 =l 



49. m = fff T p(x,y,z)dV 

2 



z=l-y 




= tift y)/2 fo~ y Jx* + y* + z*dzdxdy 



viewing T as z- simple. 




2.v + y = 2 



50. m — JJJ T p (x, y, z) d V = J^j J^ 1 , * a/1 + x 2 + y 2 dz dy dx, viewing J as z-simple. 



51. / 



= Jlfr (y 2 + z 2 ) p (x , y , z) = Jo 1 Jo 1 Jo 1 k (y 2 + z 2 ) dz dy dx 
= k Jo 1 Jo 1 + iz 3 ]^ dydx=k Jo 1 Jo 1 (y 2 + * ) dy d* 

= ///r + * 2 ) P (*> d V = /J /J /J k (x 2 + z 2 ) dz dy dx 



= *fo 1 [ 



x 2 y + 



z=l 

dx — k Jq 1 (x 2 + ^ dx = k ^x 3 + ^x) | = 



* Jo Jo [* 2 * + l z3 ] z= o dydx = k fo fo (* 2 + j) ^ dx 

y=i 

y=0 




= ///r (* 2 + ? 2 ) y, z)dv = Jo 1 Jo 1 Jo 1 * (* 2 + y 2 ) dzdydx = * /J Jo [(x 2 + y 2 ) z]^/y ^ 

= k $ /J (* 2 + y 2 ) dydx = kf* \x 2 y + ^y 3 ]^" 1 dx = k $ (x 2 +\\dx = k Ux 3 + ±x)\ l = 
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IIIt (y 2 + p (*. y,z)dv = J 0 fl /* J 0 C * ( y 2 + z 2 ) dz d y dx 

* Jo /o + HH> = * Jo Jo (v 2 + H dx 

b 




k Jq [%cy 3 + ?c 3 y] 0 dx = k Jq [\b 3 c + \ b(3 ) 

* (^ 3 c + \bc^j = \kabc (b 2 + c 2 ) 

///r (* 2 +z 2 )p(x,y,z)dV = Jg J 0 b jj k (x 2 + z 2 ) Jz J}; dx = k j* j* [ X 2 Z + l ^ J}; Jx 

* Jo Jo ( c;c2 + i c3 ) *y dx = k Io [( cx2 + i c3 ) y] y y Z b Q dx =k Io ( cx2 + i c3 ) bdx 

k (^cx 3 + 3c 3 *) = \kabc (a 2 + c 2 ) 



IIIt ( x2 + y 2 ) P {x,y,z)dv = f 0 a J* jj * (* 2 + y 2 ) dz ^ ^ = * J* J 0 b [(x 2 + y 2 ) z]^ Q ^ d* 

* Jo Jo (* 2 + y 2 ) = * Jo [(* 2 y + i? 3 ) c J y Z b 0 dx = k Io ( bx2 + 1^ 3 ) cdx 

k (\bx 3 + ^ 3 *) c|g = ^fcafcc (a 2 + & 2 ) 



# + >' + Z = 1 




///r (y 2 + ; 2 ) p (*. y. z) = Jo 1 It x t x ~ y x (y 2 + ^ 2 ) * rf y ^ 

/o 1 Io~ x [*y 2z + ? xz3 ]l =0 y dy dx 
-3 /o 1 Jo 1- " 1 (* 4 + ^y + 6* 2 y 2 + W - 3x 3 

— 6xy 2 — 6x 2 y + 3x 2 + 3xy — x^j dy dx 

5 Jo (* 5 ~ 4x4 + 6x3 ~ 4x2 + *) dx = ISO 
///r (* 2 + * 2 ) P (*• * z) dV = Jo 1 Jo 1 "^ f*- x - y x (x 2 + z 2 ) dz dy dx 

~h lo Jo 1 "* ( 4;c4 + 6 -* 3 y + 3x2 y 2 + -^y 3 ~ 6 -* 3 ~ s* 2 ? ~ ^y 2 + 3x2 + 3jc ? ~ *) d y dx 

T2 Jo ( lx5 ~ 16x4 + 12x3 ~ 4x2 + x ) dx = m 

IIIt ( x2 + p (*. z) ^ = Jo 1 Io~ x Io~ x ~ y x ( x2 + y 2 ) d * d y dx 

lo Io~ X x i^ 2 y 2 ) 0- ~ x — y)dydx = Jq Jq~ x (x 3 — — x 3 y + xy 2 — x 2 y 2 — xy 3 ^ dy dx 
T2 lo ( lx5 ~ 16x4 + 12x3 ~ 4x2 + x ) dx = W 



IIIt (y 2 + z 2 )p(x,y,z)dV = Jo 1 ff f* z (y 2 + z 2 ) dz dx dy 
irt- + ^ 4 l;l ( > dx dy = /J ^ ? (iv 2 . 2 + I^ 4 ) Ac </y 

7 



/o 1 // 7 ! 1 - 2 - 2 



Jo 1 + A^Cf 4y = Jo 1 (^ 7/2 + ^y 5/2 - £y 5 ) dy 



23 
1512 




(1,1,0) 



IIIt (* 2 + ^ 2 ) P V,z)dV = /J J/ 7 Z (x 2 + Z 2 ) dz dx dy = /J jf [\x 2 z 2 + \z*] Z J Q dx dy 



/o ' Jf \xUxdy = I /J [1,5]^^ = 3 J! (,5/2 _ y5 ) ^ = £ (2 y7/2 _ l y6 ) |> = 1 



56 
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h = Mr (* 2 + V 2 ) P <x, y. z) dV = /J jf JJ z (x 2 + y 2 ) dz dx dy = /J ff [ \ (x 2 + /) z 2 ] ^ dx dy 



= \ /J if ^ + *V) dxdy=\ jjj + ^llf dy = \ /J (tf/* + tffl - & 5 ) dy = 



4 

189 



55 - IIIt f (x,y,z)dV = /J J 0 2 / 0 3 (x + y + z)dzdydx = /J J 0 2 [xz + yz + ^z 2 ] =Q dydx = /J / Q 2 (3x + 3y + dy dx 



= Jo 1 [3xy + \y 2 + 2^~ 0 ^ = Jo (6* + 15) <f* = 18 



The volume of the box is V (T) = 1 • 2 • 3 = 6, so / av = yjU /// r / (jc , y , z) dV = ^ = 3. 
56. /// r / (x, y, Z ) = /J /J"* /o 1 - 1 -^ (x 2 + y 2 + z 2 ) dz dy dx 



= tift x [(* 2 + y 2 )z + 



z=l— *— y 
t=0 



X + V + Z = 1 



= Jo 1 Jo 1- * ( 2x2 - f* 3 - 2x2 y + 2 y 2 - 2x y 2 -%y 3 + 3- x -y + 2x y) d y dx 

= \ /J (4x 4 - 10x 3 + 9x 2 - 4x + l) dx = 2TJ 
V (T) = JJJ T dV = Jo 1 ti~ X ~ y dz dy dx 




y=l—x 



= fo fo~ X (l-x-y) dy dx = /J [y-xy- y 2 J y=o 

= Jo (l ~ x + k x2 ) dx = \ 
Thus, f m = yfa JJJ T f (x, y, z)dV = = 3j. 



dx 



57. The region under consideration is 



Z A 



T = {(x,y,z) | x 2 + y 2 + z 2 < 4,x > 0, y > 0,z > oj. 

///r / C*» z ) J y = Jo fo^~^ jV4-^ 2 ->- 2 ^ ^ dy dx 



^ + }; 2 + z 2 =4 



r 2 r V4-Jt 

= Jo Jo 1 7 x y z 



[k*y*] 



2 iZ=J*-x 2 -y 



z=0 



dy dx 



= \SoSf lx2x y{*- x2 -y 2 )dydx 




- 2 Jo i^y i x y * x y \ y=0 



dx 



- 1 r 2 

- 2 Jo 



(2x - \ x 3 ) (4 - x 2 ) - 1 x (4 - x 2 ) 



dx = 



Jo 2 ( 2 * - 



x 3 + \ x j dx 



- ( r 2_ l. r 4 , 1 r 6\| 2 _ 

- V ? x + 48* J|o - 



4 

3 



58. 



Since V=\-^ (2 3 ) = ^L, we have / av = ^ = 1. 

///r / (*» z) = Jo 20 Jo 40 Jo 9 ( 60 + °- 2jc + °- 1 3 ; + °- 2 ^) ^ ^ Jx 

z=9 



= Jo 20 Jo 40 [ 60 ^ + °- 2xz + 0A y z + °- lz2 ] z _ 0 dy dx 

= Io° Io° ( L8jc + °- 9 3 ; + 548.1) djdx = J 20 [l.8xy + 0.45y 2 + 548.1y] y ~^° dx 



= J () 20 (72x + 22,644) dx = 467,280 



Since the volume of the rectangular room is V = 20 • 40 • 9 = 7200, we see that the average temperature is 
f _ 467,280 _ 64 qo F 
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59. The integrand / (x, y, z) = ^1 — 2x 2 — 3y 2 — z 2 ^ ^ is defined in all of three-space. To maximize the value of 

fff T f (x, y, z) dV, we want the largest region T such that / (x, y, z) > 0 for all (x, y, z) in 7\ Now / (x, y, z) > 0 <=> 

1 - 2x 2 - 3y 2 - z 2 > 0 <^> 2x 2 + 3y 2 + z 2 < 1. This means we should take r = y, z) \ 2x 2 + 3y 2 + z 2 < 1 }, a 
region bounded by an ellipsoid. 

60. The integrand / (x, y, z) = 4 — x 2 — y 2 — z 2 > 0 o x 2 + y 2 + z 2 < 4, which describes a solid ball centered at the 
origin with radius 2. Next, observe that T — y, z) | 1 < a < x 2 + y 2 + z 2 < & < 2 J describes the solid region lying 

between the two concentric spheres centered at the origin with radii a and b. Thus, to minimize fff T f(x,y,z)dVwe 
should take a as small as possible but still greater than or equal to 1 (as required) and take b as large as possible but still less 
than or equal to 2. This means choosing a = 1 and b = 2. 



61. True. The integrand f (x,y,z) = y/x 2 + y 2 + z 2 > 0 on B. 

62. True. Let T\ = {(x, y, z) | * 2 + y 2 + z 2 < a 2 and x < o} and T 2 = {(x, y, z) | x 2 + y 2 + z 2 < a 2 and x > oj. 
Then T = T\ U 72- F° r eacn point (x, y, z) in 72, there is a corresponding point (— x, y, z) in T\, so 

J/4 x </ v = (-*) </v = - /// ri xdv^fff T xdv = fff Ti x dv+SSS Ti xdv = jff Ti x dv-JJJ Ti x dv 



= 0 



63. 



True. The integral is taken over the set T = {(x, y, z) | 1 < x < 2, 1 < y < 3, 1 < z < 4}. 
On this set, f(x,y,z) = Vl + x 2 + y 2 + z 2 satisfies 2 < Vl + x 2 + y 2 + z 2 < V30, so 
2 • 6 < Jj 2 Jj 3 J5 4 Vl + J^ + y^ + z 2 dzdydx < 6V30. 

64. True. Jff T kdV = k JJJ T dV = k (volume of T), but T is the solid bounded by the two concentric spheres centered at 
(1,2,- 1) with radii 1 and 2, so its volume is \it (2? - l 3 ) = and therefore JJJ T kdV = ^izk. 




1. Seepage 1201 (1197 in ET). 

2. See page 1204 (1200 in ET). 

3. a. dV = rdzdrdO 

b. = p 2 sin 4>dpd(j>d0 




i- /(T /2 Jo Jo' 2 ' * * ^ 



= Jo" 72 Jo 3 <*r dO = f^ 2 / 0 3 r3 dr d0 

- f 71 "/ 2 T 1 r 4 l 3 - f 71 "/ 2 81 Jf) - 8l7r 
_ JO 4 n — JO 4 «^ - 8 
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2. The surface z = 2 — r is a cone with apex at (0, 0, 2) opening downward. 
ft fl ft' r d * dr d0 = ft fx ^ Z =l- r dr dO = Jo 2 - / 2 (2r - r*) <fr 



Z A 



= /o 27r p-H/ 0 = io 27r l^ = |(2-) = 



47T 




3. J^^VoVsin^prf^ 



= /o W / 0 W/2 § sin0J0J6/ 

7T/2 

0 



= / 0 27r [-fcos^ /2 ^ = / 0 2 



2tt 8 



d0 



8 /o,— \ 167T 




4. Jo 2 " Jo" 74 /c 



2tt r ?r/4 r 2sec</> 2 • ^ a a a. ,,o _ r27T r 7r/4 T . a . ,-|P=2sec</> 

- Jo Jc 

= Jo ^ Jo 1 " 74 I sin * sec ^ ^ J6 > 



0 p A sincj)dpd^de = fi* n ^p 3 sin^]^ 



</0</0 



= / 2 -(|.l)^ = |(2 7r) = f 



Z i 


i 

s 


✓ 

s 


s 




0 


X 





5. In cylindrical coordinates, T = {(r, 0, z) I 0 < 0 < 2n, 0 < r < 1, 1 < z < 3} and R = {(r, 0) | 0 < 0 < 2tt, 0 < r < 1}. 
Also, V* 2 + y 2 = ^r 2 — r, so 

fff T ^?dV = / 2 - /J /, 3 r ■ r dz dr d& = fi" /J [rhT^ dr dO = /J 2r 2 rfr <*0 = [ 2 r^ 



2-7T 2 

0 3 



d6 = 



47T 



6. In cylindrical coordinates, T = {(r, 0, z) | 0 < 0 < 2tt, 0 < r < 2, 0 < z < 4} and = {(r, 0) | 0 < 0 < 2tt, 0 < r < 2}. 
Also, e x2+yl — e yl , so 



/// r e* 2 +y 2 dV = J 2 J 0 4 ,^ 2 r <fe </r </0 = j** J 2 [zr^ 2 ]^ dO = j** J 2 4r^ 2 dr d6 = [V 2 ]* dO 



= J 27r 2 (e 4 - l) dO = 4tt (e A - l) 



7. In cylindrical coordinates, T = {(r, 0, z) | 0 < 0 < f,0<r<2,0<z<4- r 2 J, 



so 



r 7r/2 r 2 r 4-r 



# Sq~ T ~ sin ») »■ dz dr d6 = ft' 2 J 2 [z (r 2 sin ] 

r=2 



z=4-r 2 



z=0 



dr dO = f* /2 J 2 r 2 (4 - r 2 ) sin 0 dr c 



- Io /2 [(^ 3 " H si ^] r I 0 ^ = /o" S -0,/0 = -§cos0 



^/ 2 _ 64 
0 ~^ 



8. In cylindrical coordinates, T = j(r, 0, z) | 0 < 0 < y , 0 < r < 2, r 2 < z < 4j, so 



JJJ T x dV = Jq /2 J 2 tf 2 (r cos 0) r dz dr dO = £ /2 J 2 [zr 2 cos oj _\ dr dO = ft' 2 J 2 r 2 (4 - r 2 ) cos 0 dr dO 

r=2 7T/2 



f 7T/2 



tt/2 64 



64 



= /(T /2 [(I'" 3 " H cosfl] r=o Je = / 0 — g cosOdfl = g si„0 



0 



64 
T5 



9. In cylindrical coordinates, T = {(r, 0, z) | 0 < 0 < 2-7T, 0 < r < 4, 0 < z < 4 - r}, so 

z=4-r 
z=0 



/// r (, 2 + , 2 )jy = / 2 -/ 0 4 /o 



4— r ? 



rfz rfr d0 = ft" J 0 4 = 4 ~ r dr dO = ft" / 0 4 (4r3 - ,4) ^ dQ 
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10. 



In cylindrical coordinates, T = J(r, 0, z) | 0 < 0 < 2n, 0 < r < 1, 0 < z < 2r 2 J, 



so 



IIIt y 2 dV= ft /J ft (r sin 0? r dz dr dO = /J [(r 3 sin 2 o) z]^ dr dO = J** / 0 * 2r* sin 2 0 dr dO 



= f*" [ 1 r 6 sin 2 e]^ </0 = J 2 * | sin 2 0 dO = * fi* (1 - cos 20) = ' (fl - ' sin 20) = 



7T 

T 



11. 



To find the intersection of x 2 + y 2 + z 2 — 9 and 8z = x 2 + y 2 , we solve the 

two equations simultaneously to obtain 8z + z 2 = 9 ^> z + 8z — 9 = 0 <=> 
(z + 9) (z — 1) = 0 => z = 1, since z > 0. The intersection is the circle 



x 2 + j 2 = 8= Thus, 

T = {(r, 0, z) I 0 < 0 < 2tt, 0 < r < 2V2, |r 2 < z < V9-r 2 }, and using 
symmetry, we have 



V = 



I I It dV=4 J^ 2 f 2 ^ 2 jffi* rdzdrdO = A ft' 2 J^ 2 [rz]_ 2 



z=r 2 /8 




= 4 ^ ^ {r^7 2 - drdO = A ft* 



- 1 r 4 



. 0 



do = 4f? /2 fde = 



40-7T 



12. 



Solving z — x 2 + y 2 and z = 12 — 2x 2 — 2y 2 simultaneously gives x 2 + v 2 = 4, the circle with radius 2 in the plane z 
centered at (0, 0, 4). Thus, T = J(r, 6, z) | 0 < 6 < 2n, 0 < r < 2, r 2 < z < 12 - 2r 2 J, and using symmetry, 

y = IIIt dV = 4 Jo* 72 / 0 2 / r 12 - 2r2 r rfz ^ = 4 j^ 2 / 2 [rz]^; 2 - 2 '' 2 dr d0 = 4 j^ 2 / 2 (l2r - 3r 3 ) dr d0 



= 4 



= 4/<T /2 K - t' 4 ]/" = 4/ 0 7r/2 = 24. 



13. The solid can be described by 

T = {(r, 0, z) | 0 < 0 < 2tt, 0 < r < 2, 0 < z < 3}. Also, p (x, y, z) = &z, 
where & is a positive constant. Thus, 

m=JJJ T p(x,y,z)dV = J 27r J 2 J 0 3 fcz r <fe dr dO 

z=3 

z- 




= ft Jo [> 2 ] z=0 rdrd6 = Io n Jo > dr de = \ k Io n [^ 2 ] 0 dO = 18^ 

M-y Z = JJJ T xp (x, y, z) d V = J 0 27r J 0 2 / 0 3 k (r cos 6>) z r Jz dr dO = / Q 27r J 2 [(kr 2 cos 6>) (^ 2 )] Z I Q ^ dO 



r=2 



= J 27r \kr 2 cos OdrdO= \k J 2ir [ir 3 cos 0^_ q J6> = 12^ J 2ir cos 0 J0 = 0 



This also follows from symmetry, and similarly M xz = 0. 

Mxy = IIIt zp (x, y, z) dV = J 2 " J 0 2 J 0 3 kz 2 r dz dr d0 = ^ / 2 [^Z 3 ]^ rfe = f /o ^ ^ 
Thns,(^y,I) = (^,%,^) = (0,0,2). 



2 

= % Jo 27r [^r 2 ] J6> = 18/t / 0 27r rf6» = 36&7T 



344 Chapter 14 Multiple Integrals ET Chapter 13 



14. 



Here T = {(r, 0, z) | 0 < 6 < 2tt, 0 < r < 4, r < z < 4} and 
p (x, y, z) — ky/x 2 + y 2 — kr. By symmetry, x — y — 0, 

= fff T p(x 9 y,z)dV = f^f*f r 4 kr.rdzdrdO 

z 



m 



= it lo [kr 2 z] Z J dr d0 = ^ f* k (4r2 - ,3) dr d0 



= *it [y - y] 4 0 de = ictf* % d e = m*k 




T 



and 



M xy = JJJ T zp(x,y,z)dV = / 0 27r J 0 4 / r 4 kzr -rdzdrdO = / 27r J 4 [±kr 2 z 2 ] J ^ dr dO 



= Jo 27 " Jo 4 \^ (16 - r 2 ) dr dO = \k ft [%f* - dO = \k ^ ™d0 = Wfar 



T5 



Thus 



, (x,y,z) = ( 



My Z M xz M xy 



m 



m ' m 



) = (o,o,^). 



15. We can write T = {(r, 0,z)|O<0<27r,O<r<2,O<z<4- r 2 }. Here 
p (x, y, z) = p, a constant, and so by symmetry, J = y = 0. 



m = IIIt P( x >y> z ) dV = 4 pIo^ lo Io~ r rdzdrdO 



= 4p/ ( 



7T/2 r 2 



-4-r 2 



7T/2 r 2 



0 Jo K=o ^ = 4p / 0 ' J0 



(4 - 



dr</0 



= 4p/ 0 7r/2 [2r2 - l r 4]^d = 4ptf /2 4d0 = 16p(f ) = 8ttp 




M xy = JJJ T ZP( x >y>z) dV = Pjo 77 Jo Jo " 2 zrdzdrd0 = pJo^ Jo[j rz2 ]l^ 0 " drd0 



= \PJ? Jo r (4 - r 2 ) 2 dr dO = \p ^ \-\'\^~ rf\dB = \p ft* fdO = fpn 
Thus, the center of mass is (o, 0, . 

16. We first solve z = x 2 + y 2 and z = 36 — 3.x 2 — 3y 2 simultaneously to obtain 

x 2 + y 2 — 9. The two surfaces intersect along the circle with radius 3 in the 
plane z — 9 centered at (0, 0, 9). Thus, 

T = {(r, 0,z) | 0 < 0 < 2tt,0 < r < 3, r 2 < z < 36 -3r 2 }. Also, 
p (jc, y, z) = p, a constant, and so by symmetry, x = y = 0. Next, 

m = /// r p(x,y,z)dV = ft J* J 36 - 3 '' 2 pr dz dr d8 

= It Jo tP^]^'2- 3r2 ^ ^ = J 0 3 pr (36 - 4r^) dr dB 

= p/ 0 27r [l8r 2 - r A ^d0 = pft 81 dO = \62np 
By symmetry, we see that x = J = 0. To find z, we compute 




=III T z P (x,y,z)dV = p J 0 3 f 36 - 3r2 



zrJzJr^ = p/ 0 27r / 0 3 [irz 2 ]^.~ r JrJ0 



= ip/o 27r /o r (36 -3r 2 ) -r 4 dr dO — p Jq 77 Jq r ^648 — 108r 2 + 4r 4 ^ 

= p/ 0 27r [324r 2 - 27r 4 + ?r 6 ^d0 = p/ 27r 1215J6> = 2430p7r 
Thus, the center of mass is (0, 0, 15). 
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17. To find the curve of intersection of z = \A 2 + y 2 and z = * 2 + y 2 , we solve the equation z 2 — z^ z{z — 1) = 0 <=> 

z = 0 or z — 1, that is, the point (0, 0, 0) and the circle with radius 1 in the plane z — 1 centered at (0, 0, 1). The solid of 

interest can be written as T — J(r, 0, z) | 0 < 6 < 2-7T, 0<r<l,r 2 <z<rj. Thus, 

h = IJJt (* 2 + y 2 )p( X ,y,z)dV = p J 2 * /J /; 2 r 2 • r dz dr dO = p J** /J [rh] Z z = = r r2 dr dO 

= Pit Jo (' 4 - ' 5 ) drdO = pff" - \r^d6 = pfi*&dO = t^ttp 

18. The solid is T = {(r, 0, z) | 0 < 0 < 2-k, 0<r<2, 0<z<3} and p (x, y, z) — kz, where k is a positive constant. Thus, 
h = fffr (* 2 + y 2 )p(x,y,z)dV = J 2 " J 2 J 0 3 r 2 *zr dz dr dO = £™ J 2 [> 2 *z 2 ] Z ^ r dr dO 



= l k /o 27r Jo r3 dr de = l k Jo * [l r4 f 0 dO = \Sk J 27r dO = 36kn 



19- IIIb Vxl + yl + z^dV = 8 tf /2 tf /2 /J TpV sm4>dp d <t> d 0 = 8 j^ 2 j^ 2 [ \ p 4 sin 4>] P J d<j>dO 



20 - ///b e( J;2+> ' 2+z2 ) 3/2 rfV = tf /2 f* /2 /J eP 3 p 2 sm<j>dpd<pdO = f*' 2 ft 11 [^eP 3 sin </>Y o _ l 0 d<f>dO 

7T/2 fir/2 



= 8 Io /2 Io /2 i sin 4>d<f>d0 = 2 £ /2 [- cos <£] J /2 rf0 = 2 j^ 2 </0 = tt 



/o'^/o'^J^- l)sincj>d(j>d0 = J o n/2 [-^(e- l)cos^] o </6> = J () 7r/2 | (e - 1 ) dO 



_ r27T f 7T/2 f l 



Jq 1 (p sin 0 sin 0) p 2 sin <pdpd(pdO = /J^ 2 [^/? 4 sin 2 0sin0j^ ^d<pd6 
= Jq 7 * J^ 2 ^ sin 2 0 sin 0 d</> dO = ^ Jq * J^ 2 k cos s * n ^ ^ ^ 

= i Jo* [z* - \ sin H ^!" /2 sin ede =Tt It sin 0 ^ = 0 



22. /// r x 2 dV = Jq /2 f* /2 /J (p sin 0 cos 0) 2 p 2 sin 0 Jp dO = f* /2 f* /2 [^p 5 sin 3 0cos 2 0^_^ dcj)dO 



= % Jq /2 Jq /2 sin 3 0 cos 2 ed<\>dG = -\ Jq /2 i [sin 2 0 cos 0 + 2 cos <^ /2 cos 2 0d0=^ f" /2 cos 2 0 ( 
= ^ Jo 71 " 72 ^ (1 + cos 20) dO = fa (£fl + J sin 26>) 1 W/2 



0 



7T 

30 



23. 



The solid in question can be described as 
T = {(p, 0,0)|O<p<2,O<0<f,O<0< 2tt}, so 

JJJ T xzdV = Jq 71 ^ /J 1 " 74 Jo (P s i n 0 cos ^) (pcos0)p 2 sin 4>dpd(f>d0 

p=2 

P= 

= Jq^ /J 1 " 74 ^ sin 2 <p cos cj) cos 6 dcftdO 
= M J 1 sin 3 ^ cos 6> j 4>= ^ /4 d0=% J 0 27r cos OdO 



= /o 27r /<r /4 [ 5 ^ 5 sin2 * c ° s ^ c ° s ^] p _o j ^ j6> 



= 0 



24. Refer to the figure in Exercise 23. 




JJJ T z dV = J 27r £ /4 J 2 (p cos 0) p 2 sin ($>dpd<\>de = J 27r / 0 W/4 [ ^p 4 cos 0 sin </>] J0 

= 4 It Io /4 cos 0 sin <l>d(l>d0 = 4 J 27T \- \ cos 2 J d0 = J 27r J0 = 2tt 
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25. 



The solid can be described as 

T = {(p, 0, 4>) I 0 < p < sec 0, 0 < 4> < ^, 0 < 0 < 2tt}. By symmetry, the 
volume of T is 

V = Mr dV = 4 Jo" 72 Jo" /4 JT * P 2 ^ 0 dp d<t> dO 



p=0 

= I Io /2 Io /4 tan 4> sec2 <t>d<t>d0=§ tf /2 [ \ tan 2 ^] ^ ^ - 2 ^ 



z > 






s 

s 




0 







0 



7T 

3 



26. 



If we project the solid in question onto the yz-plane, we obtain the region shown. We see that p runs from 0 to 2 esc <fi, so 
T = {(p,0,0) | 0 < p < 2csc0, f<<£<f,O<0< 2tt}. 



y=ns T dv= it fill /o 2 csc 0 P 2 sin 4> ^ ^ ^ = it fifl 



[jP 3 sin^] 



p=2 csc 0 
p=0 



d(/></0 



= Jo* J#? § csc3 * sin $d$d0 = \ ft csc2 d>dcl>d0=l ft [" cot <*0 = I It dO=%p 




27. 



The projection of the solid onto the yz-plane is shown in the figure. Let 

7 = {(p, 0, 0) | 0 < p < 1, f- < 0 < f , 0 < 0 < 2tt}. Then the volume of T is 



^ = HIT dV = It fill Jo P 2 ^dpd^dO = It fill [^P 3 sin 4>Y p J Q dcj>d0=^ ^ fiH sin </>^J0 
= \ It [" cos K f /l dO = J Jo 2 " f = f = 4^ 




Z J 




1 














0^ 







28. V =/// r dV =/ o 2 -/ o 7r/6 /o 4CO ^P 2 S in0^^ 



= Jo Jo [?P sm ^| p=0 

= Jo 27 " Jo" 76 T cos3 * sin 4>d4>d6=±§- ft* [- cos 4 </.]^ /6 dO 



14-7T 

~1~ 




.V 
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29. Suppose p (x, y, z) — k, a positive constant. Then m = ^ ^ j7ra^J k — ^ka^7r 

(using the formula for the volume of a sphere). Next, observe that x — y — 0 by 
symmetry. To find z, we compute 

M xy = JJJ T kzdV = k j 27T Jq /2 $ (p cos 0) p 2 sin 4>dpdc/)d0 

~ k Jo™ Sq^ ^ p 4 cos (/) sin 0 j ^ ^dcj)d6 — k Jq™ f™^ 2 ^a^ cos (f> sine/) dcfrdO 

7T/2 




= £*a 4 J 0 27r sin 2 0] = I^ 4 / 0 27r </0 = I^ 4 tt 

Thus, (^y,z) = (^v^, ^) = (0,0, fa). 



14 



30. Let /o (x, y , z) = k, a positive constant. Using the result of Exercise 28, m = ij-kn, and by symmetry, M yz = M xz = 



M xy = JJJ T kzdV = k J 2n J^ 6 J* co>i(t> (pcos<f>) p 2 smcj>dpd<t>dO = ^ / 0 27r J^ 6 [^p 4 cos^sin <^]^ C ° S0 



= 64k / 0 27r /J" 76 cos 5 0 sin 0 d<t> dO = 64k J 27r cos 6 (^ /6 rf6> = %k ft* d0 = %kir 



Thus, (x,y,z) = (^,^,^) = (0,0,^). 



31. Here p (x, v, z) = kz, where A: is a positive constant. Then 

m — JJJ T p(x,y,z)dV = Jq^ 2 Jq k (p cose/)) p 2 sine/) dp d(j)d0 

= k Io n Io /2 [V cos * sin ^ ^ 
= ^a 4 J 0 27r sin 2 0] 71 " 72 = \ka A f 2n dO = i^ 4 7r 




32. In Exercise 31, we found that m = jkcfiiz. By symmetry, M >z = = 0, and 

Mxy = JJJt zp(x,y,z)dV = /o^/q Jo (P 008 ^) (kp cos p 2 sine/) dp d<p d 6 

7T/2 



= * Jo ^ Jo 71 " 72 cos2 * sin = 5* fl5 /o 27r [~l cos 3 0]^ = J 27r J6> = ^ 5 tt 



Thus,(J,y,z) = (^, 



m ' m 



) = (0,0, £«). 



33. Here p (x, y,z) =k (x 2 + y 2 + z 2 ), where is a positive constant. Then 
m = JJJ T p(x,y,z)dV = J™ /4 f^^ 0 ^ (kp 2 ^) p 2 sin d> dp d<f>d0 

= k So* So'* [jP 5 sin d<f>dO = k / 27r /J r/4 f sec 5 ^ sin 4>d<t>d0 



= J 0 27r J 0 7r/4 sec 4 4>X&n4>d4>d0 = §k /< 
= / 2 - 49 = f far 



2tt 



0 [^sec 4 0] dO 



7T/4 

0 




48 



34. In Exercise 33, we found that m — -^-kiz. By symmetry, M yz — M xz — 0, and 



yz 



M *y =JJJ T zp(x,y,z)dV = f 2n f£ /4 J 2sec 0 (pcos 0) (kp 2 ) p 2 sin c/)dpdcj)d 6 



=*jo 27r j; 



0* Jo 1 " 74 [fP 6 cos 0 sin q ^ dtfidO = ^yk Jq 7 * sec 6 0 cos 0 sin 0 d0 



= J 0 27r Jo 71 " 74 sec4 ^ tan ^ ^ J0 = f ^/ o 2 ^[^sec 4 0] 7r/4 ^ = 8^/ 27r ^ = 16^tt 



Therefore, (x, v, z) = ( 



M^y 

m 9 m 9 m 



) = (o,o, 5 ). 
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35. 



Here p (x, y, z) = a positive constant. 

I z = JJJ T (x 2 + y 2 )p(x,y,z)dV = / 27r £ /6 $ cos * k (p sin 0) 2 p 2 sin 0 dp J0 dO 



= kJtfo n/6 [^ 5 ^<t>] 



P ~ 4 C ° S * dcj> d6 = If* A; / 0 27r J^ /6 cos 5 0 sin 3 0 </0 </0 



p=0 



1024 



1024 



k j 27T /J 1 " 76 (sin 3 0) (l - 2 sin 2 0 + sin 4 0) cos 0 d0 </0 

* Jo* [I sin4 * - \ sin6 * + 3 sin8 



7T/6 

0 



= g*7T 



36. 



Here p (x, y, z) = &V 7 * 2 + y 2 + z 2 , so 

7 z = Jl/r (* 2 + /) p (*, y , z) J V = / 0 27r ft' 2 J« (p sin 0) 2 (*p) p 2 sin 0 Jp dcj> dO 

= k Jo * Io /2 [^P 6 sin3 ^]^Io = ^ Jo r/2 sin3 <^<^0 

= 5** 6 Jo^ ["I sin2 0 cos 0 - § cos 0]^ /2 40 = Ika 6 J 0 27r </0 = |*a 6 



7T 



37. Here p (x, y, z) = a positive constant. The required moment of inertia is 
given by I x or I y . We find 



= fff T {y 2 +z 2 )p( x >y>z) dv 



= k J 27r Jq /2 [(p sin 0 sin 0) 2 + (p cos 0) 2 ] p 2 sin 0 dp d<j> dO 
= k f 27r f" /2 [ i p 5 (sin 2 0 sin 2 0 + cos 2 0) sin </>] dcj> dO 




= ±ka 5 j 27T f" /2 (sin 3 0 sin 2 0 + cos 2 0 sin 0) J0 d0 

= £foi 5 J 0 27r [sin 2 0 (-§ cos0 - \ sin 2 0 cos cos 3 ^ ^ = y*» 5 / 0 27r (§ sin2 0 + j) J6> 

= I^ 5 J 27r [I • \ (1 - cos 20) + ij </0 = i^ 5 [§0 - £ sin20j 27r = ^ka 5 77 



38. The boundary of R = y) | * 2 + y 2 < a 2 J is the circle of radius a centered at the origin. The distance from the center 

to the point (x , y) inside the circle is d (x , y) = y/x 2 + y 2 , and the average distance from the center of the circle to a point 
inside it is 



daw = 



ff R d(x,y)dA 

Mr* A 



a 2 
= 3^ ( 2 -) = 1* 



1 



77 d 



ff R d(x,y)dA = 



77 CI 



2tt 



2^0 



0 



77 a 



The distance from the center of the sphere S = |(*, y, z) | * 2 + y 2 + z 2 < tf 2 J to a point inside the sphere is 
d(x,y,z) = V 1 x 2 + y 2 + z 2 , and the average such distance is 

av = TfTdV = I 3JJJS d ( x >y> z ) dV =4^3J0 JO Jo VP 2 p Z sin0JpJ0^ 



47T<3 3 



J 27r /J 7 sin 0 J0 dO = ^- J 2n [- cos 0] J </0 



3a • 2 r27r 3 

"Jo ^=4 fl 



1£ 
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39. Place the center of the solid at the origin. By symmetry, the moment of inertia is I z . Let k denote the density of the solid. 
Then 

p=b 



h = 



IIIt (* 2 + y 2 )p(x,y,z)dV = k f 2n £ fa (p sin </>) 2 p 2 sin cj>dpdcj>de = k f 2n [ ± p 5 sin 3 4>] d</> dO 



^ (b 5 - a 5 ^ k J 0 27r sin 3 0 d0 = ± (b 5 - a 5 ^ k [- ± sin 2 <j> cos <t> - \ cos ^ dO 



P= 

7T 



x , /x s(b 5 -a 5 )7vk 



Nowm = fff T kdV = ^k(b 3 -a 3 ^ 7r (that is, k times the volume of the solid), so 

3 r/ o o\ -i-l 3m 8(b 5 -a 5 )7r 3m 2m / b 5 - a 5 \ 

k — -rin \\b — a ) 7r\ — — ^ — , and thus I — — — - — • — ^ — — — —— I — I. 

5 IA / J A(b 3 -a 3 )iz 15 4(/? 3 -fl 3 )7r 5\b 3 -a 3 J 



2mb 2 

40. a. Put a — 0 in the expression for / in Exercise 39 to obtain / = — - — . 

b. Using l'Hopital's Rule, we find that the amount of inertia in the shell is 

2m/b 5 -a 5 \ 2m -5a 4 2m 5b 2 2mb 

hm / = hm — I — ; I = — - lim 



a-^b~ a^b- 5 \ b 3 - a 3 I 5 a ^b~ -3a 2 5 3 3 



1 r V4^ 



zr dr dO 



-fitil&U drde 

= fo[r 2 -yp° = Sol™ 



7 IT 

8 





• v 1 








1 


R 


1 w 


-1 


0 


1 * 



Projection of T onto the .ry-plane 



42. The projection of T onto the xy-plane is shown. 



^l-x 2 r 2-x 2 -y 



( ? ?\ 3 / 2 

(x z + y z l dzdydx 



.v- v^+y 



= Jo 2 * Jo' S^ ^-rdz dr dO = ^ £ [r 4 *]^ dr dO 



= Sr Jo' (2 " r 2 - r) dr dB = ^ [§r» - W - 

_ r27T 19 JS) _ 38tt 

-JO 2T0 aKJ ~ "210" 



</0 
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43. The intersection of the cone z = y/x 2 + y 2 and the upper hemisphere z = \jl — x 2 — y 2 is found by solving 
y/x 2 + v 2 = \/2 — x 2 — v 2 x 2 + v 2 = 1. The projection of this circle onto the xy-plane is shown. 





Thus, 



rl rVl 
Jo Jo 



x 2 r^/2-x 2 -y 2 (ji o o\3/2 



(* 2 + y 2 + z 2 ) A </y </* = jg^ ft I* (p 2 ) 3/2 p 2 sin 0 Jp </0 



Jo Jo L* p sm0 Jp=o 



^p w sin(pi d<f> dQ = % $q ^ §q ^ §m (j> d<f> dG 



I £ 12 [- cos < /4 = I (l - f ) /*/ 2 d0 = 1 (2 - V2) 7T 



44. The intersection of the plane z — 4 and the upper hemisphere 

z = ^25 — x 2 — y 2 is found by solving 4 = ^25 — x 2 — y 2 - 
The projection of the region onto the yz-plane is shown. Thus, 



+ y 2 = 9 



2 

x + y 



3 rV9=^ r J25-xi-y* / 2 



1-3 I 



X 



( 



* + y + z 



2 



) 



-1/2 



dy 





5 










4 










0 


1^ 



3 5 



_ r 2?r r cos" 1 (4/5) r 5 / 2\ 
— JO Jo J4sec0 \P ) 



-!/2 9 

p sin (fidpd<fidO 



_ 1 r 27r r cos _1 (4/5) 



r27r rcos (4/5) fi 2l '////) i r^7r p*. 

= Jo Jo b p J 4sec ^ sm< ^ d * de =lh fo 

_ 1 r27r rcos _1 (4/5) 
— 2 JO Jo 



^25 sin (fi — 16 sec 2 0 sin 0^ <i0 d0 



(25 sin (fi - 16 tan (fi sec 0) d(fidO=\ J 0 27r [-25 cos 0 - 16 sec 0]q OS 1 (4/5) dO 

dO 



= 1 Jj2w j_25 [cos (cos" 1 5) " l] " 16 [sec (cos" 1 |) - ill 
= llt "25 (4-l) -16(|-l)]^=l^^=l(27r) = 7r 



45. Making use of symmetry, we have 



_ o f3 rV9^l2 f V9-x2-y 2 



0 



20 (x 2 + y 2 + z 2 ) dy = 160 f£ /2 f" /2 J Q 3 p 2 ■ p 2 sin 0 dp d(fi di 



= 16O/J r / 2 / ( r /2 [^ 5 sin0] 
= 7776 C 11 dO = 7776 • ? = 3888tt 



p=3 

p" sin 1 d(fidO = - 
p=() J 



160-243 r 71 "/ 2 f 71 "/ 2 ^ 



J^ 2 J^ 72 sin 0 = 7776 J^ 2 [- cos 0] J" /2 



0 2 

The volume of the sphere is V = j7r • 3 = 367T, so the average temperature is 

/av = I /// r / (*, y, z) dV = ^ = 108°F. 

46. False. It should be V = Jq Jq Jq _r r dzdr dO. 

47. True. The triple integral represents the volume of a hemisphere of radius 2, and so it is given by V = ^ ■ j^r • 2? = 

48. True. Geometrically, the triple integral gives the volume of the region in the first octant lying between two concentric 
spheres centered at the origin with radii a and b. 
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49. True: I z = fff T (x 2 + y 2 ^kdV = k JJJ T Up sin 0 cos 0) 2 + (p sin 0 sin O) 2 j dV = k JJJ T p 2 sin 2 4>dV 



50. True: 

JJJ T pcosOdV 



Jo 77 /(T^ 2 Jo cos ^) P 2 sm 0 ^</> ^0 



/ r7T/2 rtf 3 . 




0 



Jq f? sin <f)dpd<p\ ^ JJ^ 71 " cos 0 



= (lo /2 Jo P 3 sin [- sin 0]%" 



= 0 



14.8 Concept Questions 



ETB.8 



1. a. See page 1211 (1207 in ET). 
b. Seepage 1215 (121 1 in ET). 



2. a. See page 1212 (1208 in ET). 
b. See page 1216 (1212 in ET). 



14.8 Change of Variables in Multiple Integrals 



ET 13.8 



L Here T : x = u — v, y = v. 

On S\l v = 0, 0 < u < 2. This is mapped onto T (Si): y 
On 52 • u =2,0 < v < 1. This is mapped onto 7" (S2): x 
On 53: v = 1, 0 < u < 2. This is mapped onto 7 1 (S3): y 
On 54: i* = 0, 0 < t) < 1. This is mapped onto T (S4): x 
The region is the parallelogram shown. 



0, 0 < x < 2. 
2-^,0 < y < 1. 

1, -1 < x < 1. 
-7,0< y < 1. 






y> 




1, 1) 


1 


TO 3 ) (i, i) 




R X \ s ^ 


0 


TO) 1 2 



2. Here T : x — u-\-v,y — u — v. 

On S\:v = 0, 0 < u < 1. This is mapped 

onto r (Sj): y = x, 0 < x < 1. 

On 52: u = 1, 0 < v < 2. This is mapped 

onto T (S2): y — 2 — x, \ < x < 3. 

On 53: v = 2, 0 < u < 1. This is mapped 

onto T (S 3 ): y = jt - 4, 2 < x < 3. 

On S4: u = 0, 0 < u < 2. This is mapped 

onto T (S4): y = -x, 0 < x < 2. 

The region is the parallelogram shown. 




y* 


i 




1- 


(1,1) 






TOO/ \ 
^ 1 


\ TO 2 ) 

1 ► 


0 


\ 1 


2\ 3 x 
R \ 


-1- 


TO 4 )\ 


\(3,-l) 


-2- 




\ /TO 3 ) 

(2, -2) 
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3. Here T : x — u + 2v , y = 2v . 

On S\ : y = u, 0 < w < 1. This is mapped onto T (S\) 

On S^: v = 1, 0 < u < 1. This is mapped onto T (S2) 
On Sy.u =0,0 < v < 1. This is mapped onto T (S3) 
Thus, is the triangular region shown. 



y 

y 

y 



= 0 < x < 3. 
= 2,2 < a < 3. 
= a, 0 < a < 2. 




2-- 



(2, 2) TO (3, 2) 




4. Here T : a = M + u,;y = M — y. 

On S\: v = 0, —2 < u < — 1. This is mapped onto T (S{): y = x, —2 < x < — 1. 
On S2: u = m + 1, — 1 ^ u < 0- This is mapped onto T (52): y = — 1, — 1 < x < 1. 
On 53: u = 0, 1 < v < 2. This is mapped onto T (S3): y = —a, 1 < a < 2. 
On 54: v = w + 2, —2 < w < 0. This is mapped onto T (5*4): j = —2, —2 < a < 2. 
Thus, is the trapezoidal region shown. 




5. 



Here T : x = u — o 2 , _y = 2uv. 

The segment S^: 0 < u < 1, v = 0 is mapped onto the line segment T (Si): y = 0, 0 < a < 1. 

2 2 
Next, a 2 + v 2 = (u 2 - v 2 ^ + (2uv) 2 = u 4 - 2u 2 v 2 + v 4 + 4w 2 y 2 = w 4 + 2w 2 o 2 + u 4 = (u 2 + o 2 ) , showing that the 

circle u + v — 1 is mapped onto the circle x + y = 1. Thus, the quarter-circle S21 u + 0 = 1, 0 < w < 1, 0 < y < 1 
is mapped onto the half-circle T (S2): A 2 + y 2 = l,0<y<l. 

The segment S3: u = 0, 0 < v < 1 is mapped onto the line segment T (S3): y = 0,-1 < x < 0. Thus, R is the half-disk 
shown. 




1 u 




1 x 
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6. Here T : x = u coso, y = u sino => x 2 + y 2 = w 2 . 

Since 1 < w < 2, we have 1 < x 2 + y 2 < 4. Also, 0 < v < y 
region lying in the first quadrant. 



0 < x < 2 and 0 < y < 2. Thus, R is part of an annular 





7. 



d(x,y) _ 


dx 
du 


dx 
dv 




2 1 


d (u, v) 


dy 
!Tu 


dy 
7h) 




2u -1 



= -2 - 2u = -2 (u + 1) 



8. 



d(-*,y) 

5 (w, u) 



6£ 

dy 



dx 
dv 
dy 



du dv 



2u —2v 
2v 2u 



= 4 M 2 + 4v 2 = 4 ^2 + 



9. 



5 (w, o) 



ax 


dx 




du 


dv 




dy 


dy 




du 


dv 





e u cos 2o — 2e" sin 2v 
e u sin 2o 2e u cos 2o 



= 2e 2M (cos 2 2v + sin 2 2d) = 2e 2u 



10. 



d (u, v) 



dx 


dx 


ITu 


"Bv 


dy_ 


6y 


du 


dv 



In v u/v 
v/u In u 



= (lnw) (lny)-l 



11. 



d(x,y,z) 
d (w, v, w) 



dx 
du 

ay 

du 

dz 



dx 
dv 
dy 

dv 

dz 



dx 
dw 
dy_ 

dw 
dz 



du dv dw 



1 1 1 
1 -1 1 

1 -2 3 



= -4 



12. 



d(x,y,z) 
d (u, v, w) 



dx 
~cfu 

dy 

du 

dz 



dx 
civ 
dy_ 

dv 

dz 



n 



dx 
~cfw 
dy_ 

dw 

dz_ 



0 



1 



2u —2v 0 
1 2v —4w 



= 2 (8vw) + 1 (4uv + 2d) = 2o (2m + Sw + 1) 
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13. To find T , we solve the system of equations of T : x — u + 2v , y = v — 2u for u and v , obtaining 

T _1 ! u — ^ (x — 2y) , v = |- (2.x + y). Using this transformation, we obtain the region S = T~ l (R). Next, we find 

d(x,y) 



J = 



d (u, v) 



dx 


dx 




1 


2 


cfu 








dy 


dy 




-2 


1 


du 


dv 







= 5. Thus, 



ff R (x + y)dA — JJ S [(u + 2v) + (o - 2ii)] | </u = 5 / Q z (3d - u) du dv 

= 5 /o [3«o - ±u 2 ] ~ =0 dv = 5 J 0 2 (% - §) <fo = 5 - §t>) ' 



2 r3 



= 45 



0 





14. 



To find T 9 we solve the system of equations of 
T : x — u — 2v, y — 2u — v for u and o, 
obtaining 

T~ l : u = \ (2y - x) , v = \ (y - 2x). Using 
this transformation, we obtain the region 

S = T~ 1 (R). Next, we find 



y = 2x 



J = 



d (u, v) 



dx 


dx 




1 






^v 




-2 


dy_ 


dy 




2 


-1 


du 


dv 








(-2, -1) 



y = 2x + 3 




= 3 



Thus, 

ff R (2x + 3y) dA = JJ S [2 (« - 2,;) + 3 (2u - v)] 

1 u=2 



d(x,y) 
d(u,v) 



du dv = 3 Jq Jq (8w — Iv) du dv 



= 3 Jq [4u 2 - 7«<>]"_ 0 dv = 3 /J (16 - 14o) cfo = 3 (l6v - 7d 2 ) |^ = 27 



15. Here T : x = 3k, y = 2v. Then Ax 2 + 9y 2 = 36 

=> 4 (3m) 2 + 9 (2?;) 2 = 36 o w 2 + i> 2 = 1, the 
circle with radius 1 centered at the origin of the 
-plane. Next, we find 



J = 



d(*,y) 

d (u, v) 



dx 
~cfu 

6y 

du 



dx 

dy 
dv 



ff R 2xy dA = 2 ff s (3«) (2v) 



3 0 
0 2 



= 6, so 




7-i 




rfw dv = 12 • 6 J 0 27r Jq (r cos 0) (r sin 0) r dr dO = 72 J 27r [±r 4 cos 0 sin oJ_^ dO 



= 72 J 0 2Tr i cos 0 sin 0 dO = -9 sin 2 0 



2tt 

0 



= 0 
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16 



. Here T : x = *j2u — v , y = y/lu + u . Now 



x 



2 



2 



= 2u 2 - ^uv + §d 2 - (2u 2 - 2 v 2 ) + 2u 2 + 4VI My + 2 V 2 = 2 ^2 + „2) 



Thus, the ellipse x z — xy + y 2 = 2 is mapped onto the circle u L + o z = I. 



2 



x 2 -xy + y 2 =2 




2 + V>=l 




Next, we calculate 7 = 



d (*> y) 

5 (w, u) 



5x 

5w dv 

dy dy 

du dv 



V2 




= ^p, and so 



JJ R cos (* 2 - xy + y 2 ) <M = jfc cos ( 2 (, 2 + , 2 )) | | dudv = ±£ f$" /J cos ( 2 r 2 ) r </r 40 



- 4VI J 0 27r [1 sin (2r 2 )] * J0 = ^ (sin 2) J 0 27r </0 = ^tt sin 2 



17. Here the transformation is T : x 
onto the circular region S. 



2u, y = 3v. Now \x 2 + \y 2 < \ 



u 2 + v 2 < 1, so the elliptical region R is mapped 



9x 2 + 4y 2 = 36 




r-i 




Next, we find J = 



5 (w, o) 



5jc 
du 


dx 
dv 




2 


0 


dy 


dy 




0 


3 


du 


dv 





— 6, and so 



IlR^-^ 2 -b 2dA = IIs 



1 



- (" 2 + « 2 ) \W> \ d " dv = 6 Jo /o vT^r dO 



= 6/( 



2?r 

0 



1 2 



(l - r 2 ) 3/2 l 1 <*0 = 2 / 0 27r </0 = 4tt 
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18. 



u 



u 



The transformation is T : x = — , y = v . Then xy — 1 => — • v — 1 <^> u = 1, xy = 2 => w = 2, y = x 

v 



v 



u — v , and y = 2x u = 



i) 



y = 2x 




Next, we find J = 






dx 
du 


dx 
dv 




1 u 

V v 2 


d (u, v) 


dy 
vu 


dy 




0 1 



= — , and so 

v 



u 

V = — 
V 



JJ R X yldA = ff s U -- V l\l$2l\d V du = / 2 rf u dv du = / 2 du 



=V2u 



ft (y2 U y 2 - « 3 / 2 ) du 



= (V2 -!)(§)« V2 



2 
1 



2 
5 



(9 - 5 V2) 



19. 



Using the result of Exercise 5, we see that T 1 maps the semicircular region R onto the quarter of the unit disk lying 
in the first quadrant of the wy-plane; that is, T _1 (R) = S = j(w, t> ) | w 2 + u 2 < 1, u > 0, v > oj. Next, we find 

2u —2v 



J = 



dp,?) 
5 (m, d) 



dx_ 

du dv 
dy dy 

(It CD 




1 



R y/x 2 + y 2 



dA = 




2d 2m 



1 



= 4 ^w 2 + v 2 ^j, and so 



5y( M 2_ y 2) 2 + (2My) 2 



g (*, J) 
5 (w, y) 



Jo = 




= ff s 4dudv =4 (area of 5) = 4^7r- l 2 ) = tt 



4 (« 2 + o 2 ) 
S yj(u 2 + v 2 Y 



du dv 



20. Here the transformation is T : x = u ,y = v. The boundary S\: y = 1, 0 < x < 1 is mapped onto 



T 1 (Si): v = 1, 0 < u < 1; the boundary S2- x = 0, 0 < j < 1 is mapped onto T 1 (S2): w = 0, 0 < u < 1; and the 



-1 



boundary S3: x = y 2 , 0 < x < 1 is mapped onto T 1 (S3): 0 = m, 0 < u < 1. 

VA V 



-1 




Next, we find J = 



d(x,y) 
d (u, v) 



dx 
du 


dx 
dv 




2u 


0 


dy 


dv 




0 


1 


du 


dv 





= 2u, and thus, since 0 < u < 1, 



ff R y s'mx dA = Jq Jq v sin (u^j |2w | du dv = Jq v ^— cos (u^j J dv — Jq v — cos (v^j J ^ y 

= /J \v -vcos (v 2 )]dv = \\v 2 - ^sin^ 2 )] 1 = \ (1 - sin 1) 
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21. Let 



ia, — x + y and v — 2x — y. Then — 1 < u < 3 
and 0 < v < 4. Solving for x and y, we obtain 

x = ^ (u + v) and y = ^ (2w — o).Thus, 



X + V 



J = 



d (u, v) 



dx 


dx 




1 1 


du 


dv 




3 3 


dy 


dy 




2 1 


du 


dv 




3 1 



i 

3' 



so 




T -i 



2x - v = 4 





r-4- 




(3,4) 






c 
o 




0 






1 

-2 




1 1 

2 


1 1 

4 



ff R (2x + y)dA = /^j Jq 4 (w + o) + ^ (2m - o)J |-^| Jt» J« = ± J Q 4 (4u + v)dvdu 

= ± /ij [4wu + k v2 JZ du = g J-i ( 16m + 8 )^ M = | (" 2 + ")| , = t 



22. Let r : u = x + y, v = 2* — y. Then 

7 1-1 : x = h (u + v) ,y = ^ (2w — t>). The 

parallelogram is mapped onto the rectangular 
region S. Thus, 



y = 



d (u, v) 



du 
dy 



dv 
dy 



du dv 



i 

3 

2 
3 



1 

3 



1 

3 



i 

3 



so 














(1.2) 


2 1 
1 




0 




w 




i u 



/Jtf + y) sin (2x — y) = Jq 1 Jq (u sin y) — ^ dv du — ^ Jq 1 [— w cos v]q du — ^ Jq (1 — cos 2)udu — ^{\ — cos 2) 



I 

3 



1 fl 



1 fl 



23. Let T \ u — x — y,v = x + y. Then T 1 : x = j (u + y) , y = ^ (w — u). The triangular region R is mapped onto the 
triangular region S. 




T 



-i 



Here / — 



d(x,y) 
d (u, v) 



dx 


dx 




l l 


cfu~ 


~cF6 




2 2 


dy_ 


dy 




1 1 


du 


dv 




1 1 



= 2' so 




1 u 



1 rv n n 



i 

2 



dv = \ Jq \ve u / v Y^ dv = \SqV (e-e'^dv = \ (e - e" 1 ) (±o 2 ) | * 



e 2 -\ 
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24. Let T : u — x + y, v = x — y, so T 1 : x = ^ (w + y) , V = \ (u — v). The trapezoidal region R is mapped onto the 
trapezoidal region S. 




Now J — 



d(x,y) 
d (u, v) 





dx 


dx 




1 1 






du 


dv 




2 J 






dy 


dy 




1 1 






~cfu 






2 2 





1 1 






1 1 > 


-2 -1 


0 




1 2 « 


H,-l) 


-1 




(1,-1) 






(-2, -2) 


-2 


(2, -2) 



i 

2 



= - 2 ,so 



= \ve u / v Y dv 



— V 



2 J-2 (* 1 - *) » 




3 



<« 2 - ■) 



25. Let T : x — au, y — bv, so T : u = —,v = —. The region 

a y 



x 



b 



R = 



2 2 
x y 

9 + ^ < 1,0 < x < a,0 < y < b 



or 



b z 



is 



mapped onto the region 



S = |(k,u) I u 2 + v 2 < 1,0 < u < 1,0 < o < l} 



Now J — 



d(x,y) 
d (u, v) 



dx 

du 
dy 

dll 



dx_ 

dv 

dy 



a 0 
0 b 



— ab, so 




a x 



W - + y- = 1 




1 M 



JJ R xy dA = Jq /2 Jq (ar cos 6) (br sin 0) \ab\ rdrdO = a 2 b 2 J^ /2 [±r 4 cos 0 sin fl] * J0 = \a 2 b 2 [-j cos 2 £>]* 



26. 



Let T . x — ju, y — ^v, so 

2 < 1 



/? = 



r _1 onto 5 = 



\4x 2 + 25y 2 < lj is mapped by 



+ D 2 < 1 



/ = 



5 (w, v) 



dx 
du 


dx 
dv 




1 

2 


0 


dy 


dy 




0 


1 


du 


dv 




5 



= TO' so 







k 






5 


4x 2 + 25/ = 1 














0 








1 

5 







2 i 7 i 
w - + v - = 1 




JJ R In (4* 2 + 25y 2 + l) dA = J/ s In (u 2 + v 2 + l)\^\dudv = f 2 " /J [in (r 2 + l)] (^) r rfr 

= TO Jo* lY' 2 + 0 fin 6" 2 + l) " ill' d& = £ (ln4- 1) / 25r </0 = ft (2 In 2 - 1) 
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27. Let T : x = au, y — bv, z — cw. Then E — 



(x 9 y,z) 



2 2 2 

x z y L z A 



-l 



is mapped by T onto 



S = v, w) | u 2 + o 2 + < l} and / = 



5 (w, o, to) 



y = ISSe dv = Ills \ J \ dv = abc IIIs dv = ?™ bc - 



dx 
du 
dy 

du 

dz 



dx 
dv 
dy 
dv 
dz 



dx_ 

dw 
dy_ 

dw 
dz 



du dv dw 



a 0 0 
0 b 0 
0 0c 



— abc, so 



28. Let T : x — au, y — bv, z — cw. Then E — 



(x,y,z) 



S = v, w) | w 2 + o 2 + i/; 2 < lj and J = 



d (x, y, z) 



2 2 2 

x y z 



-l 



is mapped by T onto 



d (u, v, w) 

du Ci) ("to 

n, = fff E 6dV = Sfff E dV = Sfff s \J\dV=abcS JJJ S d V 



dx 
du 
dy 



dx_ 

dv 
dy 



dx_ 

dw 
dy 



du 

dz 



dv 

dz 



dw 
dz 



a 0 0 
0 b 0 
0 0c 



— abc, so 



^7rSabc 



2 2 

29. We complete the square in x: x 2 + y 2 — ax < 0 => — + y 2 < (^ja) • Let T : x = u + \a, y — v. Then 
R = J(x, y) | x 2 + y 2 — ax < oj is mapped by T~ l onto S = J (w, o) w 2 + u 2 < (2^) 





7 = 



d(*>y) 

5 (w, y) 





dx 




1 


0 


du 


dv 




dy 


dy 




0 


1 


du 


dv 





= 1, so 



I x = JJ R y 2 p (x,y)dA = p JJ S v 2 dudv = p f 27T /* 11 r 2 sin 2 0rdrd0 = p J 2lr [ \ r 4 sin 2 0] ' J0 
= MP« 4 Jo *" sin2 0 d0 = UP** It 2 0 " cos ^ = W^ 4 [2° " 7 sin 26 ]T = 5 



54 npa 



30. Using the result from Exercise 28, 



= IIIe (* 2 + y 2 ) d(*,y,z)dV = 5 JJJ S (a 2 u 2 + b 2 v 2> ) afcc dv dw 

= dabc Jq 7 * §q Jq ^a 2 (p sin (f> cos 0) 2 + Z? 2 (p sin 0 sin 0) 2 j p 2 sin 0 dcj) d0 

= Sabc J 0 2?r Jq [ip 5 ^ 2 cos 2 6> + b 2 sin 2 0) sin 2 ^J^ sincpdcpdO = ±dabc J 27Z £ (a 2 cos 2 6 + b 2 sin 2 0) sin 3 0^ 
= \8abc J 0 27r [(« 2 cos 2 0 + b 2 sin 2 6>) cos 0 - £ sin 2 0 cos 4>)^ d$ = ^dabc / Q 27r (a 2 cos 2 0 + b 2 sin 2 6>) J6> 

= ^Sabcffi" ^a 2 (1 + cos 20) + ^Z? 2 (1 - cos 20)] </0 = ^(5a/?c ^a 2 (o + \ sin20^ + ^Z? 2 (o - \ sin20^] 
= A<5aZ?c (tta 2 + 7zb 2 ) = i (a 2 + 6 2 ) • ^7r<5«/?c = im (a 2 + /? 2 ) 



\i2tt 
0 
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31. We use the transformation T : x = rcos6,y = r sin 0,z = z, so 

cos 0 — r sin 0 0 



/ = 



d(x,y,z) 
d (r, 0, z) 



dx 


dx 


dx 




dr 


W 


dz 




dy 


dy 


dy 




dr 


w 


dz 




dz 


dz 


dz 




W 


w 


^z 





sin 0 r cos 0 0 
0 0 1 



= r. Thus, 



IIIr f(x,y,z)dV = JJJ S f (r cos 0, r sin 0, z) r dz dr dO. 
32. False. See Exercise 4. The area of S is j and the area of R is 3. 



33 



. False. See Exercise 6. Here ff R (x 2 + y 2 ) dx dy = f£ /2 jf r 2 r dr dO = f£ /2 [^-r 4 ]^ dO 



^7r. Next, 



J = 



d(x,y) 
d (u, v) 



lis (" 2 + » 2 ) 



dx dx 
du dv 
dy dy 

du dv 
2\ | d(x,y) 



cosy — usmv 
sin v u cos v 



— u, so 



6(u,d) 



du dv = f* /2 J 2 (u 2 + v 2 ) ududv = f* /2 [V + \u 2 v 2 ] x dv = tf /2 ( W + 3 „2) rfy 



2 



7T/2 

0 



iM 30+7r2 ) 



Thus, JJ R (x 2 + y 2 ) dx dy * JJ S (u 2 + y 2 ) | §^ 



y) 
T 



dy. 




Chapter 14 



Review 



ET B 




Concept Review 



1. a. ZtlZ^i/(^,v^)AA 
c. volume; z = / y) 

2 - a - c IlDf ( < x ^y^ dA 




d - ^ IjDSXx,y)dA 

3 - a - J? /<? / (*. y) ^ ^; X? J? / (*. y) ^ 

4. a. {(*, y) | a < x < b, g\ (x) < y < g 2 (x)} 

c - fa f£$ f (*■ y) d y dx; Sc jf$ f <*■ ^ ^ 

5. a. {(r, 0) | a < r < b; ol < 0 < (3} 

c. {(r,0)\cx<0<(3,g { (0)<r <g 2 (0)} 



6. a. JJ R p(x,y)dA 

c - ffRy 2 P( x >y) dA > ff R x 2 p(x,y)dA; I x + I 



b. fJ D f(x a y)dA±ff D g(x,y)dA 
e- // Dl /(^y)^A + // D2 /(x,y)JA 



c. > 0 



b. iterated 



b. {(*, y) | c < y < J, /ii O) < x < h 2 (y)} 



b. f£ f (r cos 0, r sin 0) r dr dO 
b - JfRyP( x >y) dA > JJ R xp(x,y)dA; 



My M X 



m m 



y 



7. a. ff Ry /(fx) 2 + {fy) 2 + ldA 



m 



b. 7fe) 2 + (g z ) 2 + 1 dA 



ff R J{hy) 2 + (h z ) 2 +ldA 



»• a. zLi X7=, ZLl / a v 

c zLi Z7=, ZLi fe> y,%. z^) a v 



l 9 m 9 n—, >oc 7 \ j J j / 

Lm 9 n— >oo J \ j j j / 



9. a. order; f£ ff? f% f(x,y, z) dx dy dz 
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b- II 



R 



^f^y^dz)dA 



10. a. Jff T p(x,y,z)dV 

b - JJJ T xp(x,y,z)dV; fff T yp(x,y,z)dV; fff T zp(x,y,z)dV 



c. center of mass; 



My Z My, M 



xz 



XV 



m m 



m 



11. 



d - HSt {y 2 + ^ 2 ) p (*. ^ *) Jy ; ///r (* 2 + z 2 ) p( x >y> *) Jy ; ///r (* 2 + ? 2 ) p <*v 

^ j£ f^m jf 2 /' m S' r f (T cos 0, r sin 0, *) r dz dr dO 

b * Sot Ic la f (P s i n </> cos psin0sin0, pcos<fi) p 2 sin0 dp d<p dO 

C * Sol Ic Ihy^O) f (P sm 0 cos ^» P sm 0 sm ^> P cos <t>) P* <f> dp d(j> d0 



12. a. 



c. 



dx 
do 
dy 
(To 

dx 
Th) 
dy 

dv 

dz 



b - ffsf(8( u > l) )> h( < u > v )) 



d(x,y) 
d{u,v) 



du dv 



dx 

dw 
dy_ 

dw 

dz 



du dv dw 



' fffsfte v,w),h (u, v,w),k (u, v, w)) 



d(x,yz) 

d(u,v,w) 



du dv d w 




eview Exercises 



. j* J* (2, + 3xy>) dx dy = j£ [x 2 + * = J? (3 + |/) * = (3y + |? 3 ) £ = 18 



2. JJ*" Jq x sin xy dy dx = [— cosx;y]^_Q dx = (1 — cosx) dx = (x — sinx)!^" = 7r 



v=l 



3. Jo 1 (2x + 3y) dy dx = /J [2xy + |y 2 ] 



dx = 



(2,3/2 + 3 X _ 7, 2 ) dx = (4 



5/2 + 3 r 2 _ Z x i\\ 23 



= ii J/ " + tX 



) 



60 



4. JoV( 



l pVT^ 



o 



2 y dx dy = jj [2xy]^ 0 ^^ = /J 2*/n^ y = 2 (- *) (f ) (l - ,2) [ 



2 

3 



5. 



2 z-2 j z-2 

<ix = 




6. 



Oij 4 + y 



n l / x r e r iy=l/x f 

Vlnx dy dx = j j^jVlnxJ ^ dx = j 



x 



0 _4 + ;y z „v= 




4+ y 



tan-l|-Iln(4 + ,2) 



n2 



. 0 



7r In 2 



(lnx) 1 / 2 



= |(lnx) 3 / 2 |^ = \ 



7 - Jo /o^ /o & + ^ ^ * = Jo Jo [(* + yfyZo d * d Z = Jo JfT + H ^ & = Jo' [3 



tx 3 +x 2 z 



] 



X=JZ 



x=0 



dz 



= J?(^ 3/2 H-^)^=(^ 5/2 H-H 



2 
0 



= T3< 5 + 



(5 + V2) 



2 z-3 



8. 




y 



1 Jx Jo y + z 



dzdydx— J j [y In | y + z\] Z z= q dy dx = 




(In 2) y dy dx = In 2 



1 



In 2 



r (» - - 2 ) 



Jx — 



In 2 



[9x - ix 3 ] 



2 
1 



10 In 2 



362 Chapter 14 Multiple Integrals ET Chapter 13 




10 




= sin x 



li 











12. 


1 


R 








0 




2 


> 






13. Jq 1 f sinx 2 dx dy = Jq 1 Jq sinx 2 dx 



1 



2 



Jq 1 x sinx 2 dx 

1 



1 2 

— j cos x 



0 



= j (1 - cos 1) 




14. 




0 Jy 



cosx 



X 



dx = 



COS* 




= Jq 1 (cos x — x cos x) dx 
— (sinx — x sinx — cosx)|i 



= 1 — cos 1 




15. JJ R (x 2 + 3y 2 ) dA = J 2 (x 2 + 3, 2 ) dx dy = J 2 + WT ^ * = J? (§ + 6y 2 ) dy = ( 2 y + 2, 3 ) 



16. //^ (x + y) dA = Jq /2 Jq (r cos 0 + r sin 0) r dr dO = f" /2 [(cos 6 + sin 0) (^ 3 )] r _ Q dO = \ (sin 0 - cos 0) 



3 



17. ff R ydA = /2, & +3 ydxdy = /£, 



2y+3 , 
2 ^ 



= ^ 1 (2j 2 + 3y- } ; 3 ) dy 



32 



3- 
2 ■ 
1 



(9,3) 



a--2>; = 3 
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18. JJ R (x + 2y) dA = J 2 J 0 4 > 



(x + 2y) dx dy = 

2 



j? & 2 + 



4-y 2 



= Jo (V - 2 ? 3 - 4 ? 2 + *y + 8 ) ^ 

= ( to? 5 - zy 4 - 1 y 3 + *y 2 + »>) 



2 
0 



248 
15 



19. JJ R x dA = J 0 3 jV^n /S xdydx = J3 M jj 2V ") /3 </x = j* |, (9 - ,2) 




1/2 



-0)(-l)(i) (»-"') 



3/2 



= 6 



0 



20. Using l'Hopital's Rule, 

ff R \nx dy dx = Jq 1 Jj^ In xdy dx + J** Jo ^ m * ^ dx 

= Jo [y lnx Y y Z x o dx + J7 b lnx ]yZo 

nP 1 ._ _ 



1 



lnx 



ly=0 

dx = lim f x In x ^/x + 

.-.l J CI 

<3->0+ 



dx 



[2 On*) 2 ]' 




21 



= lim [±x 2 (21nx- 1)V +i= lim - \a 2 (2 In a - 1)1 + i 

a->0+ L J 

= \ by l'Hopital's Rule 

JXfr xy d V = /J J* 2 xy dy dx = /J /*' ^ ^ = Jo jf + ^ 2 ) dx 

2 . . . . ., 



22, 



1*** + Wj y X dx = Jo (z* 6 + h* 1 ) d * = + 2** 8 ) \l = m 

Jo Jo [: 

1 Jo Io~ zy ( 6 - x - 2 y) 2 dx d y 



= /o'[ 

IIIt zdV = Si t 2y t X ~ 2y * & * * = /o 3 Jo 6_2> ' * dy 

= I r3 r6-2y 



- 2 /o 3 ["I < 6 - * - 2 > , > 3 ]"r 2 ' * - 5 Jo (« " 2 » 3 it 

- (t) H) (») -» 




= 6 



.v/6 



23. JJJy xy z d V = Jq ^ J^ 2 Jo (P sm 0 cos ^) (P sm 0 sm ^) (P cos 0) p 2 sin 0 dp d(/> d# 



.-3 



= I J 0 27r [| sin 4 0 cos 6 sin 0] ~^ dO = ^ / 0 2?r cos 0 sin 0 d0 = ^ sin 2 0 



sur 0 cos 0 cos 0 sin 0 d<p dO 

27T 

0 



= 0 



24. The figure shows only that part of the solid in the first octant. Note that 
dv = r dy dr dO in cylindrical coordinates. 



zdzdy dx — 2 Jq 1 f£ x [ j^ 2 ] ^ ^ x 



0 

v=2x 



= Jo 1 S 2 / (1 - - 2 ) d y d * - Jo 1 [y (1 - *% =x d * 



Jo ( x - x 3 ) 



dx — 



(i x 2_ l r 4\\ l _ 1 
[2 X 4*J| 0 -4 
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25. JJf T x 2 zdV = Jq Jq f}~ r ~ (r cos 0) 2 (r sin 6) r dy dr dO 



2 



y=\—r 
y=0 



drdO 



= /o 7r /o[(- 4 cos^sin0) 3 ;] 

= So Jo ( cos2 6 sin e ) ( r * - r6 ) dr de 

= tf [(cetera) {¥ 5 -¥ 1 )]^e 

= 35foCOS 2 OsmOd0= (-±)cos 3 0 



7T 

0 




4 
T()5 



26 




, 1 dV = 

T y/x 2 + y 2 + z 2 JO 



2-7T /*7r/2 />1 1 /»27T /*7r/2 r -. n ~\ 

2 „:„ ^ ,/„ ./^ _ / / [ 1 _2 ■ lP 



— p sin <fi d p defi dO = 
OP JO 



incfi] dcfidO 
J o=0 



0 JO P JO JO 1 J P=0 

= ^/o ^ Jo^ sin (fid (fid 6 = ^ Jq 77 [— cos 0]q d0 = j Jq 77 dO — tv 



27- V = // K *y 2 = / 0 ' / 2 *y 2 rfy </* = /„> [ * *y 3 ] dx = /„> 2 * rf* 
28. V = // R (4 - x 2 - y 2 ) <M = /J /J (4 - * 2 - y 2 ) Jy dx 

= Jo [4y - - ^ 3 ]^ </* = Jo (!* 3 " * 2 " 4x + t) d * 



7 r 2 
6* 



1 

0 



7 
6 




29. 



By symmetry, we have V = 4 J^ 2 /J r 2 ■ r dr d0 = 4 f* /2 [\r 4 ^ dO = /J 



_ r*7 2 ^ _ 



dO = f . 



30. V = JJ R zdA = J 0 2 - J 0 2 (9 - r*) r dr <» = J 27r [f r 2 - yf dO = 14 J** dO = 28tt 



31. v = 



V = ff R zdA = fZ"f 0 1 e- r2 rdrde = 



[-\e-r 2 ] \d0= l(l - ."I) J^« = w (l - 




7T — 



32. The two surfaces intersect along a curve given by 4 — x 2 — y 2 — y/x 2 + y 2 
(x 2 + y 2 ) + v 7 -* 2 + y 2 - 4 = 0 => Jx 2 + y 2 = £ ^9- Vn). Thus, 



(9-VTl)/2 9 
2tt rV V /' j4-r 2 



r d# 



„ (9-VTl)/2 

33. m = Jf R p 0, y) <M = /J J* 3 ydydx = /J [j? 2 ]^ </* 
= 2 Jo (* 2 ~ * 6 ) dx= \ ^x 3 - jx 1 ^ \ Q = j{ 




) 



17V17 « 13.3 



^ = //* yp (x, y) = /J /; 3 y 2 ^y ^ = /J [ J y 3 ]^ 3 ^ 

- 1 f 1 /"r 3 - r 9N l//r - 1 1 r 4 - 1 r l0 \\ l - 1 

- 3 JO \ x x ) ax - 3 \4* TU X ^ |q _ 2U 

M >' = ///? x p y) ^ A = Jo J^3 ^y ^y ^ = Jo [j xy2 ] y =x 3 dx = 2 

Thus,g,y) = (t.t) = (l^). 
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34. m = JJ R p(x,y)dA = J 2 2 f* 2 x A y dy dx = J 2 2 \^x 2 y 2 Y_ 2 dx 



2 

-2 



512 
21 



M x = 



= JJ R yp (x, y) dA = J 2 2 f* 2 x 2 y 2 dy dx = J 2 2 \^x 2 y 3 Y_ 2 dx 

L J y — x 



2 

-2 



2048 
-IT 



M 



y 



= 0, so the center of mass is (x, y) = = ^0, ^jM. 




35. m = /fc p (x, y) dA = £ /2 /J V^r = j^ 2 [ ' r 3 ]^ d0 = > j^ 2 </0 



7T 

"6 



M x = JJ R yp (x, y) dA = f* /2 /J (r sin 0) V^r rfr dO 

= f£ /2 [^r 4 sin oj^ dQ=\ f* /2 sm0d6= -\cosO 



7T/2 

0 



1 

4 



and My = \, so y) = ^) = ^) . 



772 ' /// 

7T r2 




36. m = jj R p(x,y)dA — Jq Jq (r cos 0) 2 (r sin 0)rdrdO 
= fo [5^ cos 2 0sin0] r ^d0 = ^ cos 2 0 sin 0 d0 



64 



M v = //^ (x, y) dA = f£ (r cos 0) 2 (r sin 0) 2 r dr dO 
= [£r 6 cos 2 0 sin 2 flj ~ q J0 = ^ Jq 71 " cos 2 0 sin 2 0 d0 





*1 
2 










\ v = V4-x 2 

1 w 


-2 


0 


2 A" 



= ^ ^ sin0 cos 0^ + \Jq cos 2 0 do] = § J 0 7r ^ (1 + cos29)d0 = f (fl + ^sin20)l = 
and M y = 0, so (x,y) = = (o, 

37- /x = //* (X, y) <M = /J /> y 2 ( x 2 + y2j dx ^ = [ 1 x 3 y 2 + xy 4]*=|| ^ 



7T 



4-7T 



0 



=/o 1 ^ 5 ^=K^ 6 )[ 



2 
9 



/» = 



/fc x 2 p (x, y) dA = /J Jg x 2 (* 2 + <fr rfy 



x=y 



x=0 



dy 



2 



14 





i 






i 






' y=x 


R . 








0 


1 

1 


1 



X 



45 — 45 



38. I x = JJ R y 2 p (x, y) dA = /J y 2 * ^ = /J U*y 3 f_ * 2 dx 



— 3 Jo (* 4 x 1 ) dx — 3 gX 8 ^ | Q — ^ 

7 y = JfRX 2 p(x,y)dA = fa f* 2 x 2 - xdydx = Jq [x 3 yY_ x2 dx 

=/o 1 (- 4 - 5 )^=(^ 5 -^ 6 )|! = ^ 

















y = r / / 


l- 






IS y = x 










> 


0 




1 ► 

1 x 



7 0 - /r + h — m + in - 



7 
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39. 2x + 3;y + z = 6=>z = / (x, y) = 6 — 2x — 3y, so = —2, /y = —3, and 
A = IJr JfF+ff+ldA = J 0 3 St 2X) ' Z SiT9 + Tdy dx 
= VT4 Jo 3 Mf-^ & = ^ /o 3 O - *) dx 



40. z = / (x, y) = x 2 + y 2 => = 2* and / y = 2y, so 



^ = JL V fx + if + 1 d A = ff R 74*2 + 4y 2 + I J A 



2tt 

0 



1 2 
3 " 3" 



(4r 2 + l) 



3/2 



n2 



d0 



. 0 



= Jo * Tl ( 17 ^ " l) dO = £ (17VT7 - l) 



41. Using cylindrical coordinates, we find 



2 



Jo /( 



a: 



0 



/ 0 '(^ + /) 3/2 , zrfyrf , = /(r /V 0 2 / 0 1 p) 3/2 



r dz dr dO 



=So*fi[*]Z drde 



= f? /2 firUrdO = ^ 2 [^] o de 



42. Using spherical coordinates, we find 



Jo /<T^ /o V9 "" 2 "" 2 ^ x2 + y 2 + z 2 dz dy dx 



= Jq^ 2 J^ 2 Jq(pcos fyy/fp'p 2 sin <pdpd(j)d0 



np=3 

0 JO |^ 5 P" 3 cos 0 sin 0J ^d<fid0 
243 rTT/2 f 7r/2 



.7T/2 pTT/2 1 ^ 5 

- Jo k 

= 243 fi'*cns4>sm4>d<l>dO 



243 r7r/2 [ i . 9 ^1 n/2 243 rTr/2 , fl 243tt 



43. /// r / (*, y, z) rfV = J 0 3 J 0 (6 - 2 " )/3 ft 2x ~ 3y f (x, y, z) dz dy dx 

= Io lt 3y)/2 It 2 "' 3 " /fey, z) dz dx dy 
= Jo Io~ 2X f( 6 ~ 2x ~ z)/3 f(x,y, z) dy dz dx 

= Io St ZV1 lt 2X ~ Z)/3 fi*.y> z) dy dx dz 

= J$Jt 3y ft 3 ^ m f(*>y>*w**y 

= Io" it* 1 * ft 3y - Z)/2 f(*,y, z) dx dy dz 



z A 



X 
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44. The surfaces z = \A 2 + y 2 and x 2 + y 2 + z 2 = 8 intersect along the curve 

2 

with equation x 2 + y 2 + ^\/x 2 + y 2 ^ = 8 <=> x 2 + y 2 = 4, a circle lying in 
the plane z = 2. Thus, 



777 



= ///r p{x,y,z)dV 

= Jq 77 Jj 1 " Jj^ V 1 + p 2 sin 0 cos 0 cos 0p 2 sin 0 dp dtfidO 




45. / = 



d(x,y,z) 

5 («, O, Z£>) 



5x 


dx 


dx 




du 


dv 


dw 




dy 


dy 


dy 




cu 


"Bv 


dw 




dz 


dz 


dz 




du 


3d 


dw 





1 0 2w 
4u 1 0 
2u —2v 2 



— 2-\- 2m (— Suv — 2u) — 2— \6uvw — 4uw 



u / u \ 

46. Here T : x = — , y = y, so xy = 1 =^> xy — [ — \v — u— 1 , y = I =^ v = 1 , xy = 4 u = 4, and y = 4 => u = 4 

0 \v / 



Thus, S = T~ { (R) = [(u, v) I 1 < u < 4, 1 < v < 4}, J = 



d(x,y) 



a* 


dx 




I 


u 


du 


dv 




V 




dy 


dy 




0 


1 


du 


dv 





— — , and 

v 



ff R y cosxy dy dx = $ v cos (£ • v) 

= 3 (sin 4 — sin 1) 



1 



5 (w, v) 

dudv — J 4 cos ududv — [sin w] j = (sin 4 — sin 1) J* 4 dy 




1' 



4- 



2 




u 



47. Let u — x — y and y = x + y. Solving for x and y in terms of u and y gives the desired 



transformation T : x — (u + u) , y = ^ (0 — m). / = 



g (*, y) 

d (u, u) 



dx 


dx 




1 


1 


du 


dv 






2 


dy_ 


dy 




1 


1 


du 


W) 




~1 


I 



1 

= -,so 



JJr e^l^dA = J 0 2 JJ |^ = ^ " rf 0 = i /o 2 (« - 1) 0 ^ = \ (e - 1) (^ 2 ) 



0 



— e — 




T -i 



x + y = 2 




48. True: /* /* / (x) f (y) dx dy = /* f (y) [/* / (x) dx] dy = [/* / (x) dx] [ft f (y) dy] = [/* / (x) dx?. 



13 3 1 

49. True. If R = [—2, 3] x [0, 1], then f n f_ 9 (x + cosxy) dx dy = ffn (x + cosxy) = f_ ? f n (x + cosxy) Jy dx 
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l 



= "ft i but 



o 12 



50. False. Take f (x,y) = x 2 . Then Jq Jq x^dxdy — Jq [j*^] dy = Jq j y 3 dy = j^y 

Jo Jo x 2 d y dx = Jo [x 2 yJ y J 0 dx = $ x 3 dx = ^ 4 | o = \. 

51. False. Take f(x,y) = x and D = [-1,2] x [0,2]. Then 

2 

JJ D f (x, y) dA = Jq fl { xdxdy = Jq ^jc 2 J j dy = \ Jq dy = 3 > 0, but / (-0.5, 0) = -0.5 < 0 and so 
f (x,y) < 0 for at least one value of (x, y) in D. 

52. True: j}_± Jq x 3 sin y 2 dy dx — (Jq sin y 2 dy^ (j—\ x ^ = 0 smce /li * 3 — 0- 

53. True. Since 1 < «Jx < a/3 < \/4 = 2 and cos 2 xy < 1, we have ^/jc + cos 2 xy < 3, so 
Jo Jl (^/x "*~ cos2 x y) dxdy < Jq J 3 3 dx dy — 3 • 1 • 2 = 6. 



1. 



a. Let Ax = — and Ay — — . We use (V*.-, y.*.) = ( — , — V 

m n \ l J l J J \ m n ) 

shows the case where m = 4 and n = 2. Thus, 



The figure 



y 
i 



m ft 



✓ \ III II 

M 3x2+2 y) dA = m ^ooZz 

J 



m 



m,n->oo . = 1 [ m 2 




0 



>9 2n (n + 1) 
i H 



lim 

m,n— >oo 

lim 

m.n— >oo 



12n m (m + 1) (2m + 1) 2n (n + 1) 

— • 1 



m 



In 



m 



2 



mn 



24 m (m + 1) (2m + 1) 2 (n + 1) 

— t * : 1 



m 



n 



= lim 4 (l + I)(2 + I) + 2(l + I)l 



= 8 + 2= 10 



b. /fc (3x 2 + 2y) JA = J 0 2 /J (3x 2 + 2y) dy dx = J 2 [3* 2 y + y 2 J J q dx = J 2 (3x 2 + l) dx = (x* + x)\* o = 10 



2 x 



2. m = JJ R f(x,y)dA = Jq J^ y cos y 2 dy = Jq \x cos y 2 j 



x=2y 



x=0 



y i j oil 

dy — Jq 2y cos y dy = sin y | = sin 1 



3. Let us denote the slope of L\ and L2 by m. Then their equations are 
y = + c and y = mi + d respectively, and 

* = IIr dA = fa ate ^ydx = J a b [y)Z + + d c dx 
= (d — c) dx — (b — a) (d — c) 



y = mx + d 




y = mx + c 
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4. Without loss of generality, assume a\ > b\ > 0. An equation of the 

a 2 

line through B and Q is y — b 2 — — (x — b\), so 

a\ 

j? i / a2bl a\b 2 -a 2 b\ 

R — y\ x —Q = b 2 — . Using the result or 

a\ a\ 

Problem 3, we see that the area of parallelogram PA QB is 



(a\ -bi) 



a x b 2 -a 2 b\ 



(a { -bi)\a { b 2 -a 2 b { \ 



. The areas 



a \ / 1 a \ 
of triangles OPB and A SQ are each given by 




C{a { + b x ,a 2 + b 2 ) 



V = 7T-V 



x x I ax 



b\ a\ 

(a { -b { )\aib 2 -a 2 b { \ 
a\ 

5. Answers will vary. 



h _ a 2 
b\ a\ 



x 



_ 0 



+ 2 



a x b 2 - a 2 b\\b\ 
2a\ 



1 \a { b 2 -a 2 bi\ 

2 a\b\ 

a { b 2 - a 2 b\\ 



b\ = \ a ^~ a 2h\h Jhm (he required ^ . s 



(a\ — b\ +b\) = \a\b 2 — a 2 b\ \ 



6. a. ff R (x 2 + y 3 \ dA, where = {(x, y) | 0 < x < 1, 1 < y < 2} 
b. tifi(x 2 + yl)dydx 

7 - a - /a [/a / (*> y) dy] dx = JJ R f(x,y)dA = & [ft / (*, y) dx] dy 
b. Jq 1 [~ sinx 2 JxJ dy = Jq ^ Jq sinx 2 dyj = Jq |^y sinx 2 J^ ^ dx 

= ^ x sin x 2 = — j cos x 2 j = — j cos 1 + ^ 
= Jr (1 - cos 1) 





y> 


>' = x/ 


(b, b) 




0 




* 




R 




(a, a) 









8- J« // £ / (0 * * ^ = /« {SI [// / W *} <*> ( see Exercise 7) = £ (j? [/ (0 Z\121 dt] dy 

= f* [/J (y-t)f (r) dt] dy = /* [/* (y-t)f (f) dy] dt (using the result from Exercise 7) 

= /« [(b 2 - *y) f it)T* dt = £ - fx + / (0 dt = \ /* (a - o 2 / (0 A 



9. a. The region R — R\VJ R 2 . Observe that because of symmetry, each point 
(x, y) in R 2 corresponds to exactly one point (— x, y) in R\, so 

ffs 2 f{x,y)dA = ff Rl f( r x,y)dA 

= //«, [-/ C*> ?)] [since / (-*, y) = -/ (*, y)] 

= -//*,/ (*. >) dA 

Thus, since 7?j and R 2 do not overlap, 

//, / (x, y) dA = JJ Ri f (x, y) dA + //^ / (x, y) dA = / (*, y) dA - JJ R] f(x,y)dA = 0. 

b. Without loss of generality, we can place the lamina so that the line L is on the y-axis. Then R is symmetric with respect 
to the y-axis. Next, observe that the function / (x, y) = px satisfies / (— jc, y) = — px — —f(x,y). Thus, using the 
result of part a, we have My — ff R xp(x,y) dA = p ff R x dA = 0, and so x = 0. In other words, the centroid lies on 
the y-axis. 
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1 a 
10. ax + by + cz = d => z = f (x, y) = - (d — ax — by) => f x (x, y) and 

c c 



b 

f y (x,y) = . The required area is 

c 



d 
b 



y = T{d-ax) 



A = 



d/a r(d—ax)/b 
0 



y(-§) 2 +B) 



£ +\dydx 



\/a 2 +b 2 + c 2 [ d l a d-ax , \/a 2 + b 2 + c 2 r i 9 y=^/a 

dX — tydX 

be I 1 \x=() 




c 



0 



b 



dx — 



d 2 \/a 2 + b 2 + c 2 




11. a. Let P be a partition of the rectangle [a, b] x [c, J] into raw subrectangles. The mass of the piece of plate occupying 
subrectangle R(j is ntij = &AA, where A A = Ax Ay with Ax = ^ and A y = | . The kinetic energy of this piece of 

plate is AEa = im/,o? ; , where on = + y} ; is its velocity. Summing, we see that the total energy of the plate is 

J L J lj J y I J IJ 



E ^ Z/li H n j=\ AE u = Z"Li Z"=i k "> 2 ( x fj + ^5) Ax Ay - Lettin § m ' 71 -> °°' we see that 



2 



Jo IS (* 2 + ? 2 ) ^ *y = k " 2 lo [i* 3 + x y 2 ]l d y = k " 2 Jo (V + a y 2 ) d y = k " 2 (W y + W) 



b 
0 



kuj 2 ^a 3 b + ±ab 3 ^) = \ku 2 ab (a 2 + Z? 2 ) = ]- (a 2 + fr 2 ) Mw 2 where M = kab. 



b. If we let / = \ (a 2 + b 2 ^j M, then £ = ^Iuj 2 , where / = | (a 2 + & 2 ) 



M. 



12. a. We write 



IId \/4x 2 — y 2 dA\ = IJJ^ ^/2x + y-^/lx — y dA\. Then, using the 



Schwartz inequality with / y) = 2x + y and g (x, y) — ^2x — y, we obtain 



< 



JJ D (V27T7) 2 rfA] (V2T^7) 2 dA] 



= y [/o 1 Jo 2 * ( 2x + y) dy dx ] [lo Io x ( 2x - y) ~*y dx ] 





1 




2- 




5(1,2) 




/ D 








C(l, 0) 


0 


1 x 



> , =2x 



lo ^ dx] [Jo' 2^ 2 <**] = y^jj [2,3] = 3 



1 _ 2V3 



b. 



n\ i r /" — ^ o . o i \jiy = 2x . i 



= j£ 1 [y ^4x2 - y2 + 4x 2 sin" 1 _ q dx = \ /J 2ttx 2 



1 

0 



7T 

3 



The percentage error is 



7T 

3 



2V3 



3 



7T 

T 



10.27% 



]5.1 Concept Questions 



ET 14.1 



a. See pages 1224 and 1225 (1220 and 1221 in ET). 

b. Answers will vary. 

a. See page 1227 (1223 in ET). 

b. See pages 1227 and 1228 (1223 and 1224 in ET). 



]5.1 Vector Fields 



ET14.1 



The answer is b. Note that the vectors of F (x, y) = yi are parallel to the x-axis and their lengths increase as we move away 
from the x-axis. 



x 



The answer is d. The vectors of F (x, y) = — i are unit vectors parallel to the jc-axis. 

\x\ 



y , x 

The answer is c. F (x, y) = — — = yi H — « is a spin vector field similar to that of Example 2, but the lengths of its 

X l _J_ yZ X Z _j_ yZ 

vectors decrease as we move away from the origin. 



The answer is a. F (x , y) = — 
have unit length. 



y 



i + 



x 



yfx 2 + y 2 y/x 2 + y 



2 



j is a spin vector field similar to that of Example 2, but all its vectors 



The answer is e. Observe that |F (x, y)\ = 1 and F (x, y) = — 
length and point toward the origin. 



1 



y/x 2 + y 



(x,y), showing that all the vectors of F have unit 



2 2 
x y 

H — 7? = 1 , and so the vectors of F have tails 



The answer is f. Observe that |F (x, y)| = c => J (— jx^j + y 2 = c <^=> 
emanating from ellipses centered at the origin and growing in length as we move away from the origin. 



4c 2 c 2 



v 



1- 



H 1 h 



H 1 h 



.V 



8. 



v 



: / 



H 1 V 



9. 



h — n 



X 



/ 
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10. 



y 



11. 



i 




H 1-> 



H h 




1 




12. 




>■ 

X 



H 1 1 1 1 h 




H 1 1 1 1 1 — ► 



1 



13. 



y 



i 



H 1 I \- 



14. 



f 



/ / 
/ / 
/ r 



H 1 1 h 



ii 



H f h 



\ 



15 



v 




16. 




17. 



Z A 




18. 




19. The vector field F y , z) = i + j + 2k consists of a family of vectors having constant length V6 and the same direction as 
the vector i + j + 2k, so it matches plot c. 

20. The z-component of each vector in the vector field ¥(x,y,z) = *i + yj + 2k is constant. The vector field matches plot d. 

21. The vectors in the vector field F (x 9 y, z) — —xi — yj — zk = — (xi + yj + zk) point toward the origin, and so the vector 
field matches plot a. 

1 



22. Each vector in the vector field F = 



y/x 2 + y 2 + z 2 



(xi + yj + zk) has unit length, lies on a radial line, and points away 



23. 



from the origin, so F matches plot b. 

4 



2- 



y 



0 



-2 



I 

I 

/ 


t I \ \ \ ^ 

I I \ v * 

f / I V \ ' 

' / / i v 
' / / / - 


, ^ ^* — » — * — * 
- - — ^ 

' — * — X / / 


S / s - - 

^ *~ - - • 

<; — ^ *\ S 

•< ^ V N 


' / / / / 

* 1 / / / 

• \ \ 1 / / 

'Will 

* \ \ \ \\ 



24. 



o 



-2- 



-4- 



-\ \ x * • 


''ill 


\ \ N > • 


■ . / / / 


\ \ > . - 


• . / ; / 


\ > » • • 


. » ; ; 

. / 


V \ % * • 


• 1 

• . / / 


" V \ v . • 


• « / / / 


\ \ * * • 


• 'ill 


- \ \ v . • 

1 1 


■ < < 1 1 

1 1 



-4 



-2 



0 



-4 



-2 



0 
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25. 



4- 
2- 
0- 
-2- 
-4- 




26. 





27 



28 



. F (x, y) = Vf (x, y) = £ (x 2 y - y 3 ) i + ^ (x 2 y - y 3 ) j = 2*yi + (x 2 - 3y 2 ) j 

. F (x, y) = V/ (x, y) = ^- (e~ 2x sin 3y) i + ^ (e" 2 -* sin 3y) j = -2e~ 2x sin 3y i + 3e~ 2x cos 3y j 



29. F (x, z) = V/ (x, y,z)=& (xyz) i + ^ (*yz) j + f z (xyz) k = yd + *zj + xyk 



30 



. F (x, y, Z ) = V/ (x, y, z) = & (xy 2 - yz 3 ) i + ^ (xy 2 - yz 3 ) j + £ (*y 2 - yz 3 ) k = y 2 i + (2*y - z 3 ) j - 3yz 2 k 



d d d 

31. F(x,y,z) = Vf(x 9 y,z) = — [y In (x + z)] i + — [y\n(x + z)]j + — [y\n(x + z)]k 

y i + ln(x + z)j+^^k 



x + z 



X + z 



32. F (*, z) = V/ (*, y, z) = £ [tan" 1 (xyz)] i + ^ [tan" 1 (xyz)] j + £ [tan" 1 (xyz)] k 

yz 



i + 



xz 



J + 



1 + x 2 y 2 z 2 1 + x 2 y 2 z 2 1 + x 2 y 2 z 2 

33. a. The velocity of the particle at t = 2 is given by v = V (1, 3, 2) = fad + (* + 3y) j + z 2 k) I = 2i + lOj + 4k. 

V / I ( 1 , 3 , 2) 

b. At t = 2, the position of the particle is given by r (2) = i + 3j + 2k. The displacement of the particle from t — 2 to 
t — 2.01 is approximately As ^ \At = 0.02i + O.lj + 0.04k, so its approximate location at t = 2.01 is given by 
r (2.01) » r (2) + As % (i + 3j + 2k) + (0.02i + O.lj + 0.04k) = 1.021 + 3.1j + 2.04k. Thus, it is near the point 
(1.02,3.1,2.04). 



34. 



a. The rightmost vectors shown have constant length and are parallel to 
the axis of the tube, but as the liquid approaches the constriction, the 
vectors change direction and lengthen as indicated because the liquid 
speeds up as it enters the narrow part of the tube. 





b. As the wind from the tornado passes through the tunnel, the magnitude of its velocity increases greatly. 

35. Suppose on the contrary that F (x, y) — yi is a gradient vector field of some scalar function /. Then 

Vf(x,y) = %i+ §j = F(*,y) = yi ^ % = y and % = 0, so = % (y) = 1 and ^ = % (0) = 0. But 



dy 



dy dx dy 



dx dy dx 



d 2 f d 2 f 

because ^— ^ ^ for all (x, y), we see that no such function / exists, and so F is not a gradient vector field. 
36. Suppose that F (x, y) = — yi + xj is a gradient vector field of some scalar function /. Then 

Vf(x,y) = §£i + %j = ¥(x 9 y) = -yi + x\ => % = -y and % = x, so = £ (-y) = -1 and 



dy 



dx 



dy 



dy dx dy 



d 2 f r) d 2 f d 2 f 

^— i- = °- fa) = 1. But because ^— ^ ^ "dxiy ^ or a ^ we see tnat no sucn f unct i° n / ex i sts . an d so F is not a 

gradient vector field. 

37. True. If (x, y) is any point on the plane, then G (x, y) = (cF) (x, y) = cF (x, y), so G = cF associates each point (x, y) in 
the plane with the vector cF (x, y). This implies that G is a vector field on the plane. 
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38. True. F (x, y, z) gives the velocity of a particle at the point (x, y, z), so its speed is |F (x, y, z)\ and a unit vector in the 
direction of the particle's motion is ^ ^' ^ 



W(x,y,z)\ 



39. True. Take / (x, y, z)=ax + by + cz. Then V/ = ai + b} + ck = F y, z). 

40. False. The vector v = F (1, 2) = i + 4j does not lie in a radial direction. 



15.2 Concept Questions 



ET 14.2 



1. a. See page 1232 (1228 in ET). 

b. See page 1236 (1232 in ET). 

c. V • F (x, y, z) measures the rate at which the air flows past or accumulates at the point (x, y, z)\ V x F (x 9 y, z) 
measures the rate at which the air tends to rotate about an axis passing through (x 9 y,z). 

2. a. F is incompressible if div F = 0. An example of an incompressible vector field is one that describes the flow of water in 

a pipe. 

b. F is irrotational if curl F = 0. An example of an irrotational vector field is a gravitational field. 




1. a. If P (x, y, z) is any point in the domain of F, then the flow entering a neighborhood of P is matched exactly by the flow 
exiting the neighborhood, so div F = 0. 

b. divF=f + (0) + f (0)=0 

dx \\x\ ) ay dz 

c. A paddle wheel placed at any point will not rotate, so curlF = 0. 



d. curl F = 



dx 
x 



J 

A. 

dy 

0 



d__ 

dz 

0 



= M+ l(R>-^(R) k - 0,+ «'- ot - 0 



2. a. If P (x, y, z) is any point in the domain of F, then the flow entering a neighborhood of P is matched exactly by the flow 
exiting the neighborhood, so div F = 0. 



d 



b . div F = A (0) + A (-x) + - (0) = 0 

dx dy dz 

c. A paddle wheel placed at any point will rotate clockwise. 



d. curl F = 



l 

a 



dx 

0 



J 

d_ 

dy 

—x 



k 

d_ 

dz 

0 



-_(-*)i-0j + — (-x)k = -k. 

dz dx 



Because — k points into the paper, the right-hand rule tells us that the 
rotation is clockwise, as observed in part c. 



y 



o 



3 
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a. First observe that |F (jc, y, z)| = 1, so each vector has the same (unit) 
length. Consider the neighborhood shown. Since there are more arrows 
emanating from the larger upper arc A B than entering the smaller arc, we 
see that the flow out of the neighborhood is greater than the flow into it. 
Thus, div F > 0. 



o 




b. divF= 



d 



x 



dx 



y/x 2 + y 



+ 



d 



y 



d 

- . _ + — (0) 

d y\yfx 2 + y 2 l dz 



(^ + /) 1/2 -,(')(^ + /)- 1/2 (2,) | ( X ^yf 2 -y{\)( X ^y>y XI \2y) 



y 2 + x 2 



1 



x L + y 



>0for(*,y)^(0,0) 



x A + y 



(* 2 + y 2 ) 3/2 



y/x 2 + y 2 

c. The line passing through the origin and P (see the diagram in part a) divides the neighborhood into two half-circles. The 
arrows in the upper left half of the circle tend to rotate the paddle wheel in a clockwise direction, but because these are 
balanced by an equal number of arrows in the bottom right half that tend to rotate the paddle wheel counterclockwise, the 
wheel will not rotate, and so curl F = 0. 



d. curlF = 



l 

d 



dx 

X 



J 

d_ 

dy 

y 




«s/x 2 +y 2 

y 



k 

d_ 

dz 

0 



d 

H 

y/x 2 + y 2 / d z 




X 



= 0i + 0j + [(-l)y(* 2 + y 2 ) 



\A 2 + y 2 

-3/2 




+ 



d 



y 



d 



x 



dx \y/x 2 + y 2 J dy \ J x 2 + y 2 

-3/2 




-^)x(x 2 + y 2 ) 3/2 (2y)Jk = 0i + 0j + 0k = 



0 



a. First observe that |F| = 1, so each vector has the same length. The number 
of vectors entering the neighborhood exactly matches the number leaving, 
so we see that div F = 0. 



= W xy =Q 

( x 2 + y 2)3/2 + ^3/2 

c. From the diagram in part a, we see that points A and B divide the circle into two arcs. The one further from the origin is 
the larger of the two, so a paddle wheel with its axis at P will have more vectors tending to rotate it counterclockwise 
than clockwise. We conclude that the paddle wheel will rotate counterclockwise. 
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d. curlF = 



OX 

-y 



j 

d_ 

3y 

x 



d 



«Jx 2 +y 2 \fx 2 +y 2 

d 



0 



x 




l — 



-y 



°z V y/ x2 + y 2 7 dz V y/x 2 + y 2 




d 



x 



-y 



dx \ \/x 2 + y 2 I dy\ y/x 2 + y 2 



Because 



= Oi + Oj + 
1 

yjx 2 + y 2 
1 



(x 2 + y 2 ) 1/2 - , ( 1 ) (x 2 + y>y l '\2x) (^ + y 2 ) i/Z - y (i) (* 2 + v 2 ) 



-1/2 



1/2 



-1/2 



(2y) 



x 2 + 



x 2 + y 2 



y/x 2 + >' 2 



> 0 for (x, y) 7^ (0, 0), we see that the curl is positive, as observed in part c. 



d d d 

5. a. divF= — (yz) + — (xz) + — (xy) = 0 + 0 + 0 = 0 



dx 



b. curl F = 



1 

d 



dx 

yz 



j 

d_ 

dy 

xz 



dy 
k 

d_ 

dz 

xy 



dz 



= (x - x) i - (y - y) j + (z - z) k = 0 



6. a. divF= — (x 2 y) + 

3x V / 



d 

dy 



(~ x y 2 ^ + — (xyz) — 2xy — 2xy + xy = 



az 



b. curl F = 



ax 

2 



J 

_a_ 

dy 



— xy^ xyz 



= (xz - 0) i - (yz - 0) j + (-y 2 - * 2 ) k = xzi - yzj - (x 2 + y 2 ) k 



7. a. divF = J- (x 2 y 3 ) + ^- (0) + ^ (xz 2 ) = 2xy 3 + 2xz = 2x (y 3 + z) 



b. curl F = 



i j k 



a 



a 



ax 



2 3 

x A y D 



dy 
0 



a z 



xz 



= Oi - (z 2 - O) j + (o - 3x 2 y 2 ) k = -z 2 j - 3* 2 y 2 k 



8. a. divF=|-(^) + i.(A) + |(0)=0 



b. curl F = 



ax 



yz 



J 

_a_ 

<3y 



_a^ 

a z 

0 



= (0 - x 2 ) i - (-2yz) j + (ixz - z 2 ) k = -x 2 i + 2yzj + z (2x - z) k 



a a a 

9. a. divF = — (sinx) H (xcosy) H (sinz) = cos* — xsiny + cosz 



dx 



dy 



dz 



b. curl F = 



l 

a 



J 

a 



a 



ax ay 

sin* xcosy 



dz 
sinz 



= Oi — Oj + (cos y — 0) k = cos y k 
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d d d 
10. a. div F = — (x cos y) H (y tan x) H (sec z) — cos y + tan x + sec z tan z 

dx dy dz 



b. curlF = 



1 

5 



J 

d 



dx 
xcosy 



dy 
y tan* 



k 

d_ 

dz 

secz 



= Oi — Oj + (y sec 2 x + x sin y^ k = ^y sec 2 x + * sin y^ k 



i 



11. a. div F = — (e x cos y) H (e * sin y) H (lnz) = —e x cos y + e x cos y + - = - 



dy 



dz 



1 

z 



b. curlF = 



5 

e~ x cos y 



J 

d 

oy 



e * sin y 



d 

lnz 



= Oi — Oj + (—e x sin y + e * sin y) k = 0 



12. a. div F = — (e x y z ) + — [cos (x + y)l + — [- In (x + z)] = yze^ - sin 0 + y) 

dx dy L J dz x + z 



b. curlF = 



J 

3y 

e xyz cos (x + y) 



d 

dx 



d_ 

02 



- In (x + z) 



= Oi - ^- — j— ■ - xye^ j + [- sin (x + y) - *ze*^] k 





+ xye*^ ) j - [sin (x + y) + xze* yi \ k 



13. a. No 



b. No 



c. Yes, a vector field 



d. No 



14. a. Yes, a scalar field 



b. No 



c. Yes, a vector field 



d. Yes, a vector field 



15. a. Yes, a vector field 



b. Yes, a scalar field 



c. No 



d. Yes, a vector field 



C\ C\ 

16. F = V/ = fyi + f z k = — (2xy 2 z 3 ) i + — (2xy 2 z 3 ) j + — (2xy 2 z 3 ) k = 2y 2 z 3 i + 4*yz 3 j + 6*y 2 z 2 k, 

divF = |- (2y 2 z 3 ) + ^ (4xyz 3 ) + ^ (6xy 2 z 2 ) = 0 + 4*z 3 + 12xy 2 z = 4xz (z 2 + 3y 2 ) 

d d d 

17. div F = — / (y, z) H g z) H /z (x, y) = 0 + 0 + 0 = 0, so the vector field F is incompressible. 



18. curl F = 



d_ 

dx 



fix) 



J 

5y 



dz 



h(z) 



_dy 



d d 

h (z) - —g (y) 



dz 



l — 



d d 
h(z)--f(x) 



dx 



dz 



J + 



sGO- WW 



5y 



= Oi - Oj + Ok = 0 

so the vector field F is irrotational. 



19. Let F (x, y, z) = Pii + Glj + Rl* and G (jc, y, z) = P 2 i + Q2l + #2^ Then 



div (F + G) = 



Q Q Q 

— (/>! + P 2 ) + — (fii + 62) + T- (* 1 + *2) 

ox 9y dz 



dPi dP2\ (SQa dQ 2 



-( 



dx dx 1 \ dy 
dP { dQ { dR { 



R\ dR 2 



dy J \ dz dz 
dP 2 . dQ 2 , dR 2 



+ _^ + _.) + (^ + ^ + ^) =divF+divG 

/ \ dx dv dz I 



dx dv 
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20. Let F (x, y, z) = P { i + Gij + R\k and G (x, y, z) = P 2 i + Q23 + #2^ Then 



curl (F + G) = 



a 



dx 



J 

d_ 

dy 



k 

a 



c 



^1 + ^2 Q1 + Q2 R1+R2 



= (Rl + *2) - 

=[( 



_6_ 

az 



a? dz ) l 



= curl F + curl G 



<2l + Q2 

(Gi + 22)] i - (* 1 + *2) - l z (Pi + ft)] J + [4 (Gi + - 
'fi _ ap.) j + (SQl _ aa) k ] + \(m _ d_22\ i _ (a*2 _ aft \ j . 

dx dz J J \ ox dy ) J \_\ dy dz ) \ ox < ' ' 



a?)j+(^-t) k ] 



21. Let F (x, y, z) = Pi + <2j + rtk. Then 

i j k 

a a a 



curl (/F) = 



ax 



3y 

/fi 



3z 



.3y 



9 (fR)-JL(/Q) 



dz 



1 — 



5 (fR)-^(fP) 



dx 



dz 



j + 



5 (fQ)-^(fP) 



-(' 



dR 

-dj 



+ 



*§-/f-e§9i-(/ffH-*i-/f-40iH-(/ 



5* 



5/ 



dP 



dQ + ni± - f _ 

a a; ^ a* ^ ay 



= /[(»- W)«-(Sf-^J + (S?-»)k] + [«-fi«)«-(^-'«)J+(eSf-^)k] 



= / 



• 

1 


• 

J 


k 




• 

1 


• 

J 


k 


a 


0 


0 

dz 


+ 


df 
"Bx 


df 

dj 


df 

~oT 


P 


2 


R 




P 


Q 


R 



= /curlF+ (V/) x F 



df df df 
22. V/ = — i + — j + rr-k, so 



dy 



dz 



curl V/ = 



dx 

df 
37 



J 

ay 
37 



_a_ 

dz 

df 
~o~l 



3 2 / 5 2 / 



3y dz Sz 3y 





a 2 



/ d 2 f 



dx dy dy dx 



k. Since / has continuous 



second partial derivatives, we have 



d 2 f d 2 f d 2 f d 2 f 



d z f d 2 f 



and 



dy dz dz dy ' dx dz dz dx ' dx dy dy dx 



, so curl V/ = 0. 



23. Let F (*, y, z) = P { i + gij + R[k and G (x, y, z) = P 2 i + 2 2 j + ^k. Then 



div (F x G) = V • (F x G) = 



C 



0 



d 



dx dy dz 

P\ Q\ R\ 

P 2 Q 2 Ri 



3 3 

= - r (Q\R2-R\Q2)-^(P\R2 

dx dy 



R\P2)+^(PiQ2-Q\P2) 

dz 



dRi 

dy 



-f$)+R2(m>-m-\\ 

\ ( c 



dPi 

dz 



•)] 



= G-curlF-F-curlG 



( dP 2 _ dR 2 



dx 



dx dy 
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24. Put V/ = F and Vg = G. Then using the results of Exercise 22 and 23, we have 
div (V/ x Vg) = Vg ■ curl V/ - V/ • curl Vg = Vg ■ 0 - V/ • 0 = 0. 



25. LetF=Pi + 0 + ^k.ThenVxF=(f -f)i-(|f-f)j + (|2-f)k,so 



V x (V x F) = 



A. 

dx 

dR _ dQ 
~By ~~c)z 



J 

d_ 

dy 

dP _ OR 
cJz~ dx 



d_ 

dz 

dQ _ dP 

dx 



d 2 Q 



d 2 P 

dp" 



d 2 p , d 2 R \ j _ / 



d 2 Q 



d 2 P 



d 2 R 



dx 2 dx dy dz dy 



d 2 Q 

cW 



\dy dx 
On the other hand, 

V(V.F)-V J F.vte + f + f)-(| ! + | r + ^)(Pl+Q| + Sk) 



d 2 P 



d 2 R 



2 



2 



dx dz dx 2 



d L R , d'Q i k 



) 



-K 



d 2 P , 

T + 



d 2 Q 



dx 2 dx dy dx dz 



+ 



d 2 R 



-[( 



dy dx 
d 2 P 



+ 



a 2 e 

~dy r 



d 2 R 



d 2 P 



d 2 Q 



+ fyfl) J + + Ihfy + a? 



-( 



a 2 e + d 2 R 



d l P d L P 



dx 2 



, a 2 p , a 2 
+ ay 2 + 

a 2 p 



+ 



dz 2 

d 2 R 



?)■♦( 



5 Z <2 , 5 2 e , a z <2 



2 



+ 



+ 



ax 2 a>> 2 a^ 2 



d 2 R , a 2 /? , d 2 R 

I o 9 I 



a 2 e a 2 e 



)!+( 



d 2 P , a 2 e 



a* 2 a^ 2 
a 2 # 



az 2 



a 2 /? 



a* ay a*az dy 2 3 Z 2 y \ayax dydz dx 2 dz 2 J \dzdx dzdy dx 2 dy 2 
Since the second partial derivatives of P, Q, and R are continuous, the mixed derivatives are equal and so 

V x (V x F) = V (V • F) - V 2 F. 



) 



26. V x [V / + (V x F)] = V x (V/) + V x (V x F) (see Exercise 20) = 0 + V x (V x F) (see Exercise 22) = V x 
(V xF) 



27. Suppose on the contrary that there is a vector field F such that curl F = xyi — yzj + xyk. Then 

div (curlF) = (xy) + (—yz) + ^ (xy) = y — z # 0, but this contradicts the result of Example 9. Therefore, there is 
no vector field with the given property. 



28. We write G = curlF. Then, using the result of Example 9, we have div (curlF) = divG = 0 
^(2x + 3y + z ^ + ^(cy-z) + -§- z (x- y + 2z) = 0^2 + c + 2 = 0^c = -4. 



29. Suppose on the contrary that F is a gradient vector field. Then F = V / for some scalar field. Also, using the result of 
Exercise 22, we must have curlF = curl V/ = 0. But 



curl F = 



_a_ 

dx 

y cosx 



J 

_a_ 

dy 

x sin y 



dz 

0 



= -^(xsiny)i- [-^ (y cosx) ] j + [^(xsiny) - ^(ycosx)] 



= Oi + Oj + (sin y — cos x) k = (sin y — cos 1) k / 0, 
and this contradiction establishes the result. 



380 Chapter ]5 Vector Analysis ET Chapter 14 



30. a. The vector field F = / (r) r consists of all vectors lying along the radial lines that emanate from the origin whose length 
r units from the origin is r. Consequently, a paddle wheel placed in the vector space will not spin; that is, curlF = 0. 
b. We have F = / (r) r = xf (r) i + yf (r) j + zf (r) k. Then 



curlF = 



d 

37 



J 

d 

37 



d 

3z 



xf(r) yf(r) zf (r) 



= " & [tf W] j * " {& [tf W] " £ [*/ W] ) j + {& [tf W] - £ [*/ (r)] J k 



Since r = |r| = y/x 2 + y 2 + z 2 , we find 

Z/' (r) • 2y v/ 7 (r) • 2z 



curlF = 



2>/* 2 + y 2 + z 2 2Vx 2 + y 2 + z 2 



l — 



zf (r) ■ 2x 



xf (r) ■ 2z 



2y/x 2 + y 2 + z 2 2^/x 2 + y 2 + z 2 



J 



+ 



yf (r) • 2x 



xf (r) • 2y 



2jx 2 + y 2 + z 2 2yjx 2 + y 2 + z 2 



= 0 



31. r = |r| = V^ 2 + y 2 + z 2 , so 



Vr = £ (* 2 + / + z 2 ) V2 i + f y (x 2 + / + ^ 11 j + <L ( x 2 + y 2 + ^' / 2 k 



i + 



Z k - r — r 

Vx 2 + y 2 + z 2 ' y/x 2 + y 2 + z 2 * ' sjx 2 + y 2 + z 2 l r l r 



32.v(l) = ^(, 2 + v 2 + z 2 )" 1/2 i + 

-3/2 



1/2 



-3/2 



-3/2 



-^(* 2 + y 2 + z 2 ) ^(2x)i-^(* 2 + v 2 + z 2 ) ^(2y)j-i(x 2 + y 2 + z 2 ) ' (2z)k 

■ri + yj + zk 

(x 2 + y 2 + z 2 ) 3/2 "" 



r 

3" 



33. r = |r| = y/x 2 + y 2 + z 2 => lnr = In (x 2 + y 2 + z 2 ) = £ In (x 2 + y 2 + z 2 ), so 
V(lnr) = ^^^^ 

2y . 1 2z 



1 



2x 



2 x 2 + y 2 + z 2 

n/2 



1 



2 x z + y 2 + z z 2 x z + y z + z 



k = 



1 



x 2 + y 2 + z 2 



(xi + yj + zk) = 



34. r" = (x 2 + y 2 + z 2 ) , 



so 



(r») = I (x 2 + y 2 + zl)" /2 i+^(x 2 + y 2 + z^ j + £ (x 2 + y 2 + z^ 

= 1„ ( x 2 +y 2 + z 2f~ 2 ^ (2x)i+ 1, ( x 2 + y 2 + z 2)(«- 2 >/ 2 (2y)j + 1„ ( x 2 + y 2 + ^^V 2 ^ k 



= n (V* 2 + y 2 + z 2 ) (*i + yj + zk) = nr n ~ 2 



dx dy 
d 2 



dz 



d 2 f d 2 f d 2 f ~ , 

+ -4- + -4- = v 2 /. 



dx 2 dy 2 



<3 : 



36. V 2 (fg) = £j (fg) + * (/g) + (fg) = f x 



az 2 



+ *-J ■XI' j-i 



5x 2 



ax ax ^ J ^ v 2 av av ^ a v 2 ^ dy dy ^ J 



d 2 g 



d 2 g + d 2 g + _ 

a^ 2 ay 2 a^ 



ax 2 ay 



a-y^ ' dy c*y ' ° dy 2 

2 ~ ^p- ^ z ax ax z ay a>- z az az 



r ~ 6 



5 2 / + a^ a/ 



3 Z 2 1 az az 16 dz 2 dz 



— fT72 



Section ]5. 2 Divergence and Curl ET Section 14.2 381 



37. r = |r 

V 2 r 3 



= y/x 2 + y 2 + z 2 , so 
V 2( x 2 + y 2 + z 2^/ 2 __ 8* 



a* 



(x 2 + y 



2 , „2 



\3/2 



(* 2 + j 



9 ?\ 3 / 2 a 2 

+z ) +J? 



( X 2 + / + Z 2) 3 / 2 



5 



a* 



5 

5x 



5 /„2 , ,.2 , „2\ 3/2 



a* 



( 



* + y + Z 



+ 



5j 



dy 



a (* 2 + y 2 + z 2 



dz 



) 



3/2' 



3* (x 2 + y 2 + z 2 ) 1/2 
(x 2 + y : 



= 3 



4- S- 



3y (x 2 + y 2 + z 2 ) 



1/2 



+ 



3z (x 2 + y 2 + z 2 ) 



1/2 



? \1/ 2 
+ Z 2 J + 



(* 2 + y 2 + z 2 ) 1/2 _ 



+ 3 



(x 2 + y : 



2\ 1/2 
+ Z 2 ) + 



y 



+ 3 



(* 2 + y 2 + z 2 ) 1/2 _ 



= 3 



2x 2 + y 2 + z 2 



+ 3 



x 2 + 2y 2 + z 2 



— z i~ j — , -|- j — . 

yx 2 + y 2 + z 2 _ yx 2 + y 2 + z 2 _ yx 2 + y 2 + z 2 



+ 3 



x 2 + y 2 + 2z : 



(x 2 + y 2 + z 2 ) 1/2 + 
12 (x 2 + y 2 + z 2 ) 



z 



(* 2 + y 2 +z 2 ) 1/2 _ 



X 2 + y 2 + z 2 



= \2yjx 2 + >' 2 + z 2 = 12r 



38 - * 2 (0 = <&(* 2+ * 2+z T 1/2 

-X (* 2 + / + Z 2 ) 



+ 



_a_ 

ox 



-3/2' 



+ A 



(* 2 + y 2 + z 2 ) 



-3/2' 



+ a z 



-z (a: 2 + j 2 + z 2 ) 



-3/2' 



-(* 2 + y 2 + z 2 ) 3/2 + 3* 2 (x 2 + y 2 + z 2 ) V2 j + [- (* 2 + y 2 + z 2 ) ^ + 3y 2 (x 2 + y 2 + z 2 ) 5/ *l 

-3/2 _ 0 / 0 0 oX -5/2 



+ 



-(* 2 + y 2 + z 2 ) 



2 + ,2) - + 3z 2^2 + }; 2 + ^ 



(* 2 + y 2 +z 2 ) V2 (2* 2 - y 2 - z 2 ) + (* 2 + y 2 + z 2 ) (-* 2 + 2y 2 - z 2 ) 



2 , _2*" 5 / 2 



+ 



(x 2 + y 2 + z 2 ) V2 (-* 2 - y 2 + 2z 2 ) 



= 0 



39. a. We have v = coR, so |v| = |w| R. However, R = |r| sin0, so |v| = |w| |r| s'mO = |w x r|, and thus we have v = w x r 
b. w = u>k and r = Rcosu)ti + Rs'mujt} + hk, so 



v = w x r = 



i 

0 



J 

0 



k 



R cos cot R sin u>t h 



— —Roj s'mujt i + /^cj cos ujt] — —ojyi + 



c. curl v = 



l 

a 



J 

a 



ax 



a y 



k 

_a_ 

a z 

0 



= Oi + Oj + (lj + w) k = 2u?k = 2w 



40. 



a. From Exercise 25, we have V x (V x F) = V (V • F) - V 2 F <^> V 2 F = V (V • F) - V x (V x F). Setting F 
in the last equation gives 

V 2 E = V (V • E) - V x (V x E) = V (0) - V x (V x E) (since V x E = 0) 

a 2 E 



= E 



= -V x 



/ ldH\ 15 m m ld/ldE\ (. _ _ 15E\ 1 
( = ( V x H) = ( ) ( since V x H = ) = ^ 

\ c dt cdt c dt \c dt \ c dt r 2 



dt 2 
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b. Put F = H in V 2 F = V (V • F) - V x (V x F) to obtain 



(1 SE \ I d 
1= (Vx 
c dt ) c dt 

1 d / 1 <3H\ _ 1 <9 2 H 
~~ c dt \ c dt ) ~ c 2 dt 2 



E) 



41. False. Take F = yi + zj - xk. Then F is nonconstant, but div F = ^ (y) + ^ (z) + ^ (-x) = 0. 

42. False. Take F (x, y) = yi (see Figure 2 on page 1232/1228 in ET). Then the streamlines of F are not closed curves and 
divF==£(y)=0. 



43. False. See Example 2, parts a and c. 



44. False. Take F (x, y) = 



-y 



Jx^Ty 2 



i + 



x 



V* 2 + y 



j. Then the streamlines of F are concentric circles, but 



curl F = 



1 

d 



dx 

-y 



J 

d_ 

dy 

x 



*Jx 2 +y 2 Jx 2 +y 2 



k 

d_ 

dz 

0 



= 0i + 0j + 



d x 



+ 



d y 



dx yjx 1 + y 2 dy y/x 2 + y 2 



k = 



1 



k#0 



45. False. Take ¥ (x,y 9 z) = yi. Then the streamlines of F are straight lines, but curlF = 



d_ 

dx 

y 



J 

d_ 

dy 

0 



0 



= Oi + Oj - k # 0 



46. False. Take the spin field F(x,y,z) = „ y + 



^2 _|_ -y2 _|_ -y2 



j. Then 



curl F = 



1 



dx 

-y 



x 2 -\-y 2 



J 

d_ 

dy 

x 

x 2 -\-y 2 



k 

d_ 

dz 

0 



5 X 



+ 



d y 



dx x 2 + y 2 dy ;c 2 + y 2 



k 



x 2 + y 2 - x (2x) x 2 + y 2 - y (2y) 



(* 2 + y 2 ) 



+ 



(* 2 + y 2 ) 



k = 0 



47. False. Take F (jc, y, z) = i + 2j + 3k. 



48. False. For example, F (x, y, z) — x\ + yj + zk is not a constant field, but curlF = 0. 




| 15.3 Concept Questions 

1. a. See page 1242 and 1243 (1238 and 1239 in ET). 
b. See page 1243 (1239 in ET). 

2. a. f c f (x, y, z) dx = Mm £Ll / >£, zj) Ax, / c / (*, y, z) rfy = Urn^ XLl / (4' 4) A ^ 



ET 14.3 



f c f ( X , y, z)d Z = tim^ xLi / (4> yt> 4) Az 



b. fc f (x, y, z) dx = /* / (jc (f) ,y(t),z (0) *' (0 A, f c f (*, y, z) rfy = /* / C* (0 , y (0 , z (0) / (0 



f c f (x, y, z) dz = f h a f (x (f) ,y(t),z (0) z' (0 * 

c. / c Prfx + e^ + ^Jz = /j , [p(x(0,y(0,z(0)# + fi(^(0,y(0.z(0)§ + «(^(0,y(0>z(0)#]^ 

3. a. See page 1250 (1246 in ET). 

b. It represents the work done by the force F in moving a particle along the curve C : r (f ) from t = a to t = b. 
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1. r (0 = 3ti + 4f j => r' (t) = 3i + 4j => [r' (t) \ = s]3 2 + 4 2 = 5, so / c (x + j) <fa = /J (3? + 40 (5) = 35 /J tdt = ^ 



2. Here jc (0 = * and y (0 = ? + 1, so |r' (0| = VTTT = V2 and 
f c (x 2 + 2;y) rfj = J 2 (f 2 + 2? + 2) v^d/ = V2 (^ 3 + r 2 + 2f) | 2 = 



3. Here jc (0 = 2t and y (0 = t 3 , so |r' (0| = ^2 2 + (3? 2 ) 2 = ^9^+4 
/ c y * = Jo 1 t*y/9t* + idt = £ (I) (9^ + 4 ) 3/ ' 



and 



_ 13VT3-8 
- 53 



4. Here x(t) = t 3 and y(t) = t, so |r'(0| = 




+ l 2 = >/9f 4 + 1 and 



/ c (x + , 3 ) * = Jo 1 (t 3 + ? 3 ) SF+\dt = 2 (^) ( 2 ) (9r 4 + l) 



3/2 



1 



0 



_ 10VT0-1 

- 27 



5. We use the parametrization C : x (t) = 2 cos t, y = 2 sin t, 0 < r < 7r, so 



(0 = -2 sin?, / (0 = 2 cos?, and |r' (0| = y (-2sin0 + (2cosr) = 2. 
Thus, 

Ic { x y 2 + y^ 2 ) ds = Jo 71 " [( 2 cos 0 ( 2 sin o 2 + ( 2 sin 0 ( 2 cos o 2 ] (2 ^0 




= 16 (sin 2 1 cos ? + cos 2 ? sin ? 



mtjdt = 16 (3 sin 3 ? - ^cos 3 ^| = 



32 
T 



6. We use the parametrization C : x (?) = 3 cos ?, y = 3 sin ?, — y < ? < y , so 



7T 



(0 = -3 sin t, y' (?) = 3 cos ?, and |r' (?) \ = yj (-3 sin 0 2 + (3 cos t) 2 = 3. 
Thus, 

fc ( x2 + ^ 2 ) ds = f-n/2 ( 9 cos2 1 + 9 sin2 ') ( 3 > dt = f-n/2 27 dt = 277r - 




7. We use the parametrization C : r (?) = (-2 + 30 i + (-1 + 40 j, 0 < t < 1, so \tf (0| = \/3 2 + 4 2 = 5. Thus, 
/ c 2xy rfj = 2 (-2 + 30 (- 1 + 40 (5) d? = 10 (l2? 2 - 11? + 2) </? = 10 (4? 3 - ^-? 2 + 2^ |^ = 5. 

8. We parametrize the line segment as C : r (t) = (-1 + t) i + (1 + 20 j, 0 < t < 1, so |r' (0| = Vl 2 + 2 2 = >/5. Thus, 
/ c (x 2 + 2y) ^ = [(-1 + 0 2 + 2 (1 + 20] V5 ^ = V5 Jo (/ 2 + 2r + 3 ) dt = ^ (l^ 3 + t2 + 3? ) | 0 = 



9. Here C : r (t) = (-1 + 2/) i + (1 + 30 j, 0 < t < 1, so jc (0 = -1 + 2t, y = 1 + 3f, and dx = 2dt. Thus, 



= 42. 



f c (x + 3y 2 ) = Jq |^(-1 + 20 + 3 (1 + 30 2 ] (2) dt = 2 $ (rit 2 + 20r + 2)dt= 2 ^9f 3 + 10r 2 + 2^ | = 

10. Here C : r(t) = (-1 + 2/)i + (1 + 30 j, 0 < t < 1, so x (t) = -1 + 2t, y = 1 + 3r, and = 3 Jr. Thus, 

/ c + 3y 2 ) dy = /J |"(-1 + 20 + 3 (1 + 3f) 2 l (3) ^ = 3 Jq (rit 2 + 20? + 2) dt = 3 (9? 3 + 10r 2 + 2?) I = 63 
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11. 



We have C\ : x (f) = 1 + 2t, y (t) = 2 + 2t, 0 < t < 1 => x' (t) = 2 and 
y f (t) = 2; and Ci : x (t) = 3 + t, y (t) = A - At, 0 < t < 1 => x' (t) = 1 and 
y ' (t) = -A. Thus, 
J c xy dx + (x + y) dy 

= J Ci xy dx + (x + y) dy + J C2 xy dx + (x + y) dy 

= /J {(1 + 20 (2 + 20 (2) + [(1 + 20 + (2 + 20] (2)} dt 

+ /J {(3 + 0 (4 - 40 (1) + [(3 + 0 + (4 - 40] (-4)} dt 



= /J (At 2 + 2At -6 > jdt= f 3 + I2t 2 - 6?) | * 



22 
T 



12. We have C\ : x (t) = t, y (t) = 0,0 < t < 1 => x' (0 = 1 and / (0 = 0; and 
C2 : x {t) = 1 + t, y (0 = At, 0 < * < 1 => x' (t) = 1 and / (0 = 4. Thus, 

Jc (y - x) dx + y 2 dy = J Ci (y - x) dx + y 2 dy + ^c 2 (y - x) dx + y 2 dy 

= /J [(0 -01+ 0 2 ] dt + /J {[4f - (1 + 01 (1) + (40 2 (4)) dt 

= /J (64r 2 + 2t - l) dr= (^? 3 +t 2 -t)\ 1 = % 

13. We parametrize Ci : x (t) = f, y (0 = 4 - r 2 , — 2 < ? < 0 => 

x' (0 = 1, y' (0 = -2? and C2 : x (0 = 2t, y (t) = A - At, 0 < t < 1 => 
x' (0 = 2, / (0 = -4. Thus, 

J^. y dx + x dy = J Ci y dx + x dy + J* c y dx + x dy 

= S-2 [( 4 " ' 2 ) (!) + * ("*)] <*' + Jo [( 4 " 4 0 (2) + (20 (-4)] dt 
= S-2 (4 " 3? 2 ) dr + 8 Jo 1 (1 - 20 dt = (At - t 3 ) \°_ 2 + 8 (f - r 2 ) [ 
=0+0=0 

14. We parametrize the elliptical path C\ and the circular path C2 as follows: 
Ci : x (t) = Acost, y (t) = 3 sin?, 0 < t < y => x' (t) = -4 sin? and 

y' (0 = 3 cos t; and C2 : x (0 = 3 cos ?, y (0 = 3 sin ?, y < ? < 7r => 

x' (0 = —3 sin t and y' (0 = 3 cos t. Thus, 

f c (2x + y) dx + 2y dy = J C{ (2x + y) dx + 2y dy + / c (2x + y) dx + 2y dy 









5 






4 


c v 


(3,4) 


3 






2 ■ 
1 


(1,2) 

1 1 


\(4,0) 

\ *- \ \ 


0 


1 2 


3 4 5 



5 + 
4 
3 
2 I 
1 



0 




(2,4) 



G 7(1,0) 



H h 



1 2 3 4 5 x 











4 


UO, 4) 


cj 




\ C2 


(-2,0)/ 

1 4 1 




\(2, 0) 

1 ^ 1 — i 


-2 


0 


2 




f 7T/2 
— Jf 



0 



{[2 (4 cos 0 + 3 sin t] (-4 sin t) + 2 (3 sin 0 (3 cos 0} dt 

TV 



= -2 Jq /2 (l cos f sin t + 6 sin 2 t^dt-9 f£ /2 sin 2 * dr 



+ f£ /2 {[2 (3 cos 0 + 3 sin t] (-3 sin t) + 2 (3 sin 0 (3 cos 



= -2(jsin 2 t + 3t- |sin2^|^ /2 - j (t - jsin2^ 



7T 

7T/2 



2l7T 



-7 



15. r (0 = (1 + t)i + 2?j + (1 - 0 k => r' (f) = i + 2j - k, so |r' (0| = ^/l 2 + 2 2 + (— l) 2 = V6. Thus, 
/ c xyz d^ = /J (1 + 0 (20 (1 - 0 V6 dt = 2^6 Jo 1 (/ - t 3 ) dt = 2^6 [\t 2 - \A 1 1 = ^. 
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16. We parametrize the line segment as C : x (t) = 1 + t,y (t) = 1 + 2f , z (?) = f , 0 < t < 1 
=> *' (0 = 1, y f (t) = 2, and z' (f) = 1. Thus, |r' (r)| = Vl 2 + 2 2 + l 2 = V6 and 

/ c jcyz 2 «fe = Jo 0 + 0(1 + 2r) (r 2 ) V6 A = V6 Jo 1 (2r 4 + 3r 3 + r 2 ) dt = V6 (§f 5 + ^ 4 + ±r 3 ) | J = 



17. r(0 = cos2ri+sin2jj + 3fk=>r' (0 = -2sin2f i+2cos2f j + 3k, so \r* (t)\ = 

it = Vl3 f? /2 sin 2 2? cos It dt 




It) 2 + 3 2 = Vl3. 
VT3 ( (i)sin 3 2t* /2 = 0. 



18. r (0 = ri + 2r 2 j + 3? 3 k => r' 0) = i + 4f j + 9r 2 k and |r' (?) | = ^/l 2 + (At) 2 + (9? 2 ) 2 = >/81f 4 + 16f 2 + 1. Thus, 



1 /O 

/ c (8jc + 27z)ds = /J [8f + 27 (3r 3 )] 781* 4 + 16* 2 + Idt = $ (st + 81? 3 ) ($>\t 4 + \6t 2 + l) 



= | • | (81/ 4 + 16^ 2 + l) 



3/2 



1 



0 



^(686^2 -l) 



19. r (0 = e'i + + 2e 2 'k =>x(t) = e t ,y (t) = e~ l , and z (0 = 2e*. Thus, *' (?) = e ( , y' (t) = -e~*, and z' (t) = 4e 



- o„2f 



- A„2t 



and 



J c (x + y)dx + xydy + ydz = Jq [(e f + e~ l ) e l + e l (<?"') (-<?"') + e~ l (te 2 *)] rff = /J (> + 1 - + 4e^ 



dt 



= + t + e- t +4e t )f o = ^e 2 + 4e+±- 



9 
2 



20. Here x (t) — t,y (t) = cos t, and z (0 — sm t => Jt' (0 — 1> J / (0 — — sm * » an( l ^ (0 — cos U so 



J c xdx — y 2 dy -\-yzdz = Jq 1 ^ 4 [(0 (0 — ( cos 0 2 ( — sm 0 + ( cos 0 ( sm 0 ( cos Oj dt 



= f^ 4 (t + 2 cos 2 1 sinij dt = \t 2 -\ cos 3 t*^ 



0 



7T 

32 



V2 , 2 
~6~ ^ 3 



21. 



C = Ci U C 2 where C\ : jc (?) = t, y (t) = t, z (t) = 0,0 < t < 1 => 

(f) = 1, / (?) = 1, and z' (0 = 0; and 
C 2 : x (t) = 1 + t, y (0 = 1 + 2t, z (t) = 5t, 0 < t < 1 => x r (?) = 1, 
/ (0 = 2, and z' (0 = 5. Thus, 

J c xy dx — yzdy + x 2 dz — 



Zk 



f C[ xy dx — yzdy + x 2 dz 

+ Ic 2 x y ^ x — yzdy + x 2 dz 

= Jo [(0 (0 - (0 (0) + {t 2 ) (0)] dt 



S(2.3,5) 




+ 



/J [(1 + 0(1 + 20 " (1 + 20 (50 (2) + (1 + 0 2 (5)] dt 



= Jq (-I2t 2 + 3t + 6)dt = (-4t 3 + |r 2 + 6r)| 1 = I 
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(-1, -2, 3) 



22. C = C\ U C 2 where C\ : x (t) = t, y (t) = t, z (t) = t,0 < t < 1 => 
(?) = 1, / (?) = 1, and t! (t) = 1; and 
C 2 : x (?) = 1 - 2?, y (?) = 1 - 3?, z (0 = 1 + 2t, 0 < t < 1 => (?) = -2, 
/ (?) = -3, and z' (t) = 2. Thus, 
j c (x + y + z) dx + (x — y) dy + xz dz 

— j C[ (x + y + z) + (x — y) dy + xz dz 

+ / c (* + y + z) + (x — y) dy + xz dz 

= Jo 1 [(f + t + 0 (1) + (f - 0 (1) + (0 (0 (1)] dt 

+ /J {[(1 - It) + (1 - 3?) + (1 + 2?)] (-2) + [(1 - 2?) - (1 - 3?)] (-3) + (1 - 2?) (1 + It) (2)} dt 




23. Place the curve within a coordinate system as shown. Then 

C : x (?) = a cos ?, y (?) = a sin ?, 0 < t < it => (?) = —a sin ? and 
y' (?) = a cos ?. The mass of the wire is m = 7rka, and by symmetry, 



x = — 0. Next, 



y = ^ = ika Ic k y ds = 4z Jo ( a sin o v sin ' )2 + (a cos ' )2 Jr 



7T 



Thus, the mass of the wire is m = nka and its center of mass is (o, #) . 




24. C : x (?) = a cos ?, y (?) = a sin ?, 0 < ? < y =^> x' (?) = —a sin ? and 
y' (?) = a cos ?. The mass of the wire is 



m 



— J c k(x -\- y)ds — k j^ 2 (a cos ? + a sin ?) (—a sin ?) 2 + (a cos ?) 2 d? 
= &a 2 /(T^ 2 (cos ? + sin ?) dt = ka 2 (sin ? — cos ?) ' 



By symmetry, it suffices to find x. 



= 2ka 2 . 




x = — Jc k (x + y) x ds = Jq^ ( a cos t + a sm 0 ( a cos 0 dt — ^ Jq^ (cos 2 ? + sin ? cos ?^ dt 



= \a Jq /2 ^ (1 + cos 2?) + sin? cos ?] dt = \a {^t + \ sin2? + \ sin 2 r)|^ /2 = \a (tt + 2) 
Thus, the mass of the wire is 2ka 2 and its center of mass is (^a(n-\-2), la (n + 2)^ . 
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25. Here C : x (t) = a cos t, y (t) = a sin 0 < £ < 7r 

x' (t) = —a sin /, y (?) = a cos t. Also, p (x, ;y) = k (a — y), so 



m 



— f c pds — k (a — a sin t) -J (—a sin t) 2 + (a cos t) 2 dt 



= ka 2 Jq (1 - sin*) dt = ka l (t + cos/) ^ = ka l (ir - 2) 



7T 



By symmetry, x = — 0. Next, 



y = — 



m 



— — r / py ds — — ^ / k (a — a sin 0 (a sin t) \/a 2 dt 

ka 2 (<K-2)J C ka 2 (7r-2)Jo 



ka 3 f* / . . 2 x J a r ( ■ 1 
= — ^ / sin t — sin z f a/ = / sin/ 

ka 2 (7r-2)Jo V 7 7r-2.7o V 



— cos 2/ 



7T-2 V 



/ sin2A| 7r a(4-7t) 
cos r 1 



o 



Thus, the center of mass of the wire is ( 0 



ire is ^< 



2(tt-2) 
a(4- 

2(77 



-7T)\ 

-2)| 




26. C : x (f) = a(t - sin/) , y 0) = a (1 - cos f) , 0 < t < In 
x' (t) = a (1 — cos /) and y f (t) = a sin t, so 



m 



= f c kds =k J 0 27r yj [a (1 - cos t)] 2 + (a sin /) 2 dt 



= V2ka j 2ir VI -cost dt = V2ka / 0 Z7r J 2 sin 2 \t dt 



2tt 



2 1 



= 2&<2 J 0 n sin 2? = — 4ka cos 

_ m . 

By symmetry, x = — f = 7ra . Next, 



2tt 

0 



= 8&<2 




y = M± = ^- f c py ds = ^ J 2n ka (1 - cos t) V2a^l-costdt = f 27T (1 - cos tfl 2 dt 

(^2 sin 2 £f) dt = \a J 0 27r sin 3 \tdt = \a (2) (2 + sin 2 \t} cos \t 

Thus, the mass of the wire is %ka and its center of mass is {it a, ^aj . 



V2 n f 27T 



4 



27. * = cos 3 / and y = sin 3 / => = — 3 cos 2 1 sin / and / = 3 sin 2 / cos /, so 



m — f c kds =k J^ 2 J (—3 cos 2 1 sin t) 2 + ^3 sin 2 ? cos 



= 3k J^ 2 \l cos 2 1 sin 2 / = 3& /J 7 ^ 2 cos / sin t dt 



— jksin 2 t 



n/2 = \K 

0 2 



x = ~m~ ~ fc P x ^ s ~ J£ /(T^ 2 ^ ( cos3 3 cos * sm r ^ r 

= 2 /J 1 "/ 2 sin r cos 4 1 dt = - 2 cos 5 ? I ^ = 2 



0 



By symmetry, y = = | , so the center of mass is I #, | J. 
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28. x (?) — a cost, y (?) — a sin?, and z (t) = bt => x' (?) = —a sin?, y' (?) = a cost, and z' (t) = b, so 

m = f c pds = kf c ds = k J 0 37r yj(-a sin t) 2 + (a cos t) 2 + b 2 dt = kj a 2 + b 2 f^ dt = 3nky/a 2 + b 2 , 

_ 1 /" , k r37r 

x — — I xpds = . 

m Jc 37rkJa 2 + b 2 J0 

3tt 



(a cos?) sja 2 + b 2 dt = — [sin?]^ 71 " = 0, 



3tt 



y = — I ypds = 

mJc 



. . (a sin?) \j a 2 + b 2 dt — — [— cos?];! 71 " — %=a, and 



mJc 



— I zpds — 

C 3nks]a 2 + b 2 



r37T jj r- -|37T 

/ bty/a 2 + b 2 dt — - — A? 2 — %£-b. Thus, the mass of the wire is 
Jo 3tt L z Jo z 



37rW a 2 + & 2 and its center of mass is (o, j^a, • 



29. a. In being moved along the upper semicircle from (—2, 0) to (2, 0), the particle is moving against the force field, and so 
we expect the work done by the force on the particle to be negative. 

b. The path of the particle is the semicircle parametrized by 

C : x (?) = -2 cos?, y (?) = 2 sin?, 0 < ? < 7r. We find x' (?) = 2 sin?, 
y (?) = 2 cos?, and 

F = (x - y)i+ (jc + y)j = (-2 cos? - 2sin?)i + (-2 cos? + 2 sin?) j, 
soW = f c F-dr = /J r F-r / (?) dt, where r (?) = -2cos?i + 2 sin? j. 
Continuing, 




2 x 



W = Jq [-2 (cos? + sin ?)i -2 (cos? - sin?)j] • (2sin?i + 2cos?j) dt = -4 Jq (sin 2 1 + cos 2 ? ) dt = 



)dt = -4f* 



dt 



= -47T 



30. 



a. In being moved once around the circle counterclockwise, the particle is moving with the force field, and so we expect the 
work done by the force on the particle to be positive. 

b. Here C : r (?) = 2 cos ? i + 2 sin ? j, 0 < ? < 27T, so r' (?) = -2 sin ? i + 2 cos ? j and 

y x 2 sin? _ 2 cos? 



F = - 



i + 



J = - 



i + 



j = — sin ? i + cos ? j. Then 



V* 2 + y 2 j* 2 + y 2 ~ y(2cos?) 2 + (2sin?) 2 ^ (2 cos ?) 2 + (2 sin ?) 2 
W = f c F • dr= J 0 27r F • r' (?) dt = J 27r (- sin ? i + cos ? j) ■ (-2 sin ? i + 2 cos ? j) dt — 2 J 27r J? = 4-7T. 



31. r (?) = ? 2 i + ? 3 j => r' (?) = 2?i + 3? 2 j and F (?) = 



(? 2 ) 2 + (?3) 2 1 i + (? 2 ) (?3) j = (,4 + ,6) i + , 5j so 



W = f c F-dr = f c F-r'(t)dt = /J [(? 4 + ? 6 ) i + ? 5 j] • (m + 3? 2 j) J? = /J (2? 5 + 5? 7 ) d? = (±? 6 + §? 8 ) | = § 
32. r (?) = ti + ? 2 j => r' (?) = i + 2?j and F (?) = ln?i + (? 2 ) j = ln?i + ? 4 j, so 

2 

W = f c F • dr = f c F • r' (?) J? = J 2 (in ? i + ? 4 j) • (i + 2?j) dt = J 2 (in ? + 2? 5 ) dt = (? In ? - ? + ±? 6 ) | 
= 21n2 + 20 



33. A parametric representation of C is r (?) = ?i + ? 2 j, —1 < ? < 2 => r f (?) = i + 2?j. Also, F = te l i + ? 2 j, so 



W 



2 

= / c F • dr = f c F • r' (?) dt = f^ (te t2 \ + ? 2 j) • (i + 2?j) dt = fl x (te f2 + 2? 3 ) dt = (^e f2 + i? 4 ) | ^ 
= l(,4-, + 15) 
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34. r 0) = (t - siiu)i+ (1 - cosOj => r' (t) = (1 - cosOi + sinf j. Also, F = xi + (y + l)j = (t - sinOi + (2 - cosf)j, 



so 



W = J c ¥-dr= ^F-r' (t)dt = J 0 27r [(f - sinr) i + (2 - cos?) j] • [(1 - cos?) i + sin? j] dt 
= J 0 27r (t + sin? - t cos t)dt = (\t 2 - 2cos t - t sin/) = In 2 

2 2 

r (0 = ti + r 2 j + r 3 k => r' (0 = i + 2?j + 3? 2 k. Also, F = x 2 i + y 2 j + z 2 k = (t) 2 i + (r 2 ) j + (f 3 ) k = t 2 \ + r j + f °k. 

Thus, 

W = f c F • dr = J c F • r' (0 df = /J (* 2 i + r 4 j + f 6 k) • (i + 2?j + 3r 2 k) = /J (V 2 + 2r 5 + 3r 8 ) dt 



35 



4 



= l*f 3 + ^ 6 + 



36. A parametric representation of C is r (f) = (-1 + It) i + (3 - 50 j + (2 + It) k, 0 < t < 1 => r' (0 = 2i - 5j + 2k. Also, 
F = (x + 2y)i + 2zj + (jc - y)k = [(-1 + 20 + 2 (3 - 5f)l i + 2 (2 + 20 j + [(-1 + 20 - (3 - 50] k 



= (5 - 80 i + 4 (1 + 0 j + (-4 + It) k, so 



W = f c F-dr = / c F-r' (t)dt = $ [(5 - 80 i + 4(1 + Oj + (-4 + 70k] • (2i - 5j + 2k) dt 
= -2 (1 It + 9)dt= -2 [X^t 2 + 9f) | * = -29 



37. 



Here C : r (t) = 5cosf i + 5sinrj + ^?k, 0 < t < f => r' (0 = -5sinf i + 5cos?j + ^k. 
The girl weighs 90 lbs and so F = —90k. Therefore, the work done by her against gravity is 

W = f c F • dr = f c F • r' (t) dt = f" /2 (-90k) • (-5 sin t i + 5 cos t j + ±£k) dt = --^ J* /2 dt 



= -720 ft-lb. 



38. 



a. We parametrize the curve as C — C\ U C 2 , where 

C x : r (0 = ti, 0 < t < 1 => r' (0 = i and C 2 : r (0 = i + 2f j, 0 < t < 1 
=> r' (0 = 2j. Along C b 

F = 2xy 2 i + 3 yx 2 i = 2 (t) (0) i + 3 (0) (V 2 ) j = 0, and along C 2 , 

F = 2xy 2 i + 3yx 2 j = 2 (1) (20 2 i + 3 (20 (l 2 ) j = 8/ 2 i + 6/j. Thus, 



2 



1 - 



0 



(1,2) 



(1,0) 



1 



2 x 



b. Here C = C\ U Q, where Ci : r (0 = 2rj, 0 < ? < 1 ^> v' (t) = 2j and 
C 2 : r (0 = ti + 2j, 0 < t < 1 => r r (0 = i. Along C 1; 

F = 2xy 2 i + 3vx 2 j = 2 (0) (2f) 2 + 3 (20 (o 2 ) = 0, and along C 2 , 
F = 2xy 2 i + 3vx 2 j = 2 (t) (2 2 ) i + 3 (2) (V 2 ) j = 8d + 6t 2 y Thus, 



= / c F • dr = f Ci F • r' (0 rfr + Jq, F • (0 rff = Jq 1 (0 ■ i) </* + /J (8r 2 i + 6rj) • (2j) dt = \2$tdt= 6t 2 



1 

0 



= 6 



(1,2) 



0 



c, 



1 



H ► 



2 x 



W = / c F • dr = J Ci F • r r (0 + Jc 2 F ' r/ W J? = /o 0 * 2 J* J? + /o ( 8d + 6?2 j) " [ dt = /o 8f Jr = 4r 

c. Here C : r (0 = ti + 2rj, 0 < f < 1, so r ; (0 = i + 2j and 

F = 2xy 2 i + 3yx 2 i = 2-t (2t) 2 i + 3 (20 (t) 2 j = 8? 3 i + 6r 3 j. Therefore, 

W =/ c F ^r = / c Fr / {i)dt = $ ^8r 3 i + 6? 3 j) • (i + 2j)dr 



1 

0 



= 4 



= 20? 3 = 5t 4 



1 

0 



= 5 




We conclude that the polygonal path in part b results in the least work. 
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39. a. F (r (*)) = ^ [m (0 v (?)] = m' (0 v (f ) + m (0 V 0), so 

F (r (0) • r' (0 = F (r (0) • v (0 = [mf (?) v (?) + m (?) V (f )] ■ v (0 = m' (f ) [v (t) ■ v (f )] + ro (0 [v' (f ) • v (?)] 

= m' (0 |v(0l 2 +w(0 [v' (0-v(0] 

but v (0 • v (0 = |v (Ol 2 = v 2 (?) => V (0 • v (?) + v (0 • v' (?) = 2v (0 V (?) = 2v' (0 v (?) => V (?) • v (0 = o (0 o' 
Thus, F (r 0)) • r' (t) = m! (?) v 2 (?) + m (?) v (?) v' (?), as was to be shown. 

b. If m is constant, then m' (?) = ^ (m) = 0 and so F (r (?)) ■ v' (?) = my (?) v' (?). Therefore, 

W = J c F • dr = f c F • r' (?) dt = mv (t) ^dt = m v (?) dv = \mv 2 (t) |* = \m [v 2 (b) - v 2 (a)] . 



40. We have C : r (f) = ti + 2?j + (1 + 4?) k, 0 < t < 1, so r' (?) = i + 2j + 4k. Therefore, 



W 



= / F • dr = q I E r f (t)dt = cqQ 

Jc Jc Jo 



1 r (0 • r' (0 



., dt = cqQ 
0 ir (0I 3 



1 [ti + 2?j + (1 + 4?)k] • (i + 2j + 4k) 



0 



l 



= cqQ 



21? + 4 



0 (21? 2 + 8? + l) 



-jp dt=cqQ (y (-2) (21? 2 + 8? + l) 



[? 2 + (2?) 2 + (l+4?) 2 ] 
-1/2 1 cqQ (30- V30) 



3/2 



0 



30 



coulombs 



41. a. i. Here C : r (?) = (2 - 2?) i + (1 + 4?) j + 5?k, 0 < ? < 1 => r' (?) = -2i + 4j + 5k. Thus, 

qQ fv{t)-Y f {t) 



W = [ F • dr = q [ E • r' (?) dt = 

Jc Jc 



dt 



47T£ 0 7 |r(?)| 3 
qQ /•! [(2 - 20 i + (1 + 4?) j + 5?k] • (-2i + 4j + 5k) 



/„ 



47T£0 JO 



9V5qQ 

207TSQ 



[(2-2?) 2 + (l+4?) 2 + (5?) 2 ] 



3/2 



d? = 



9V5qQ 
2()7re ( ) 




? 



1 



9>/l + 9? 2 



1 V2(VTo-i)^2 (2V5-V2)^G 



_ 0 



407T£ 0 



407T£o 



(1+9? 2 ) 



3/2 



dt 



ii. Here C = C\ U C 2 U C 3 , where Q : r (f) = 2i + (1 + 4?) j, 0 < ? < 1 
r' (?) = 4j, C 2 : r (?) = (2 - 2?) i + 5j, 0 < ? < 1 => r r (?) = -2i, and 
C 3 : r (?) = 5j + 5?k, 0 < ? < 1 => r' (?) = 5k. Thus, 

W = f c F-dr 

= q J Ci E • r' (?) dt + qf C2 E- r' (?) dt + q f c ^E ■ (?) d? 



^6 

47T£0 
47T£0 



qQ 



D(0, 5, 5) 




C(0, 5, 0) 



l[2i+(l+4?)j].(4j) /•l[(2-2?)i + 5j](-2i) ^ (5j + 5?k) ■ (5k) 



0 [2 2 + (l+4?) 2 ] 



[(2 - 2?) 2 + 5 2 ] 



[5 2 + (5?) 2 ] 




16? + 4 



1 



(l6? 2 + 8? + 5) 3/2 



dt + 



4? -4 



1 



0 (4? 2 - 8? + 29) 3/2 



dt + 



25? 



0 125(? 2 + 1) 3/2 



dt 



47T£Q 



1 



+ 



1 



+ 



1 



Vl6? 2 + 8? + 5 V4? 2 - 8? + 29 5s/ 1 2 + 1 



1 ^e(2V5-V^) 



_ 0 



407T£q 



b. The work done in parts a.i and a.ii are the same 
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42. Let C : r (t) = x(t)i + y (f) J = r cos t i + r sin? j, 0 < ? < 2-7T 

r' (/) = — r sin f i + r cos t j. Since the vectors in B are tangent to C, we have 
B = |B| T = BT, where T is a unit vector tangent to the circle C. In particular, 

r' (t) — r sinfi + r cos? j 



T = 



r'(0| 



(— r sin?) 2 + (r cost) 2 



= — sint i + cos/J. Thus, 



/ c B • dr = f c BT • r' (0 </f 



= B Jq ^ (— sin t i + cos ? j) • (— r sin ? i + r cos ? j) dt 
= B J 0 27r (r cos 2 * + r sin 2 f 



)dt = Brfg* 




dt = lirBr 



Comparing this with Ampere's Law, we find ijlqI — InrB <^> B = 



27rr 



43. 




A particle moving along C will move against the vector field and so we expect 
f c F • dr to be negative. Here r (t) = 2 sin t i + 2 cos ? j => 

F (x (t) , v (0) = (sin t — cos i + (sin f + cos t) j. Also, 
r' (/) = 2 cos ? i — 2 sin r j, so 

J c ¥- dr = / c F(r (0) • r' (f)dr 

= JiT [( sm ? — cos 0 * + ( sm r + cos 0 j] ' (^ cos t i — 2 sin t j) 
= (-2 cos 2 * - 2 sin 2 f) = -2 /J 1 " = -2tt 



-3v \ 



44. 



\ \ \ \ \ \ 1 

S \ \ \ \ \ \ 

X \ \ \ \ 

X \ \ \ 




\ \ \ \ x x s 



A particle moving along C will appear to be moving perpendicular to the force 
field vectors throughout its travel, so we expect that j c F • dr = 0. Here 

r (0 = t i + (l - ? 2 ) j => F (r (0) = \t\ + | (l - f 2 ) j. Also, r r (0 = i - 2rj, 
so 

/ C F- = / c F(r(0)-r / (f)df 

= A[|ri+i(l-? 2 )j]-(i-2rj)^ 

= ^ 3 — dt — 0 because the integrand is odd. 

45. True. The force is perpendicular to the path (or, more accurately, the tangent line to the path) 
at any point on the path, so the work is 0. We can also prove this analytically as follows. 
Let C : r (t) — a cos t i + a sin? j, 0 < t < 2ir. Then r' (t) — — a sinfi + a cos t j, so 

/ c F-dr = Jq 271 " F (r (t)) ■ r' (t)dt = / 0 27r [ (a cos t) i + (a sinr)j] • (-a sinfi + acosfj)*/* = fo*Odt = 0. 

46. False. Observe that / is a scalar function and so the integral does not depend on the orientation of the curve C. 

47. False. Take C : r(f) = ri + 2rj, 0 < t < 3. Then / (?) = 2, so j c xydy = $t - It -2dt = 4 Jq t 2 dt = 36, but 



l yv 2 
2 XV 



?=3 



0 



= 2 • 3 3 = 54. 



t =0 = 2 W (2 ° 

48. False. Take C : r (t) = ti + ? 2 j, 0 < r < 2 and / (jc, y) = x. Then (f) = i + 2rj, so 



[/ c /(xj) dsf = [/ 2 fV^ + lrfr] 2 = I (|) (4r 2 + l) 



3/2 



-i2 



0 

2 



= ^(nVn-i) 2 , 



but 



[/ c /(x,y)rfx] 2 + [/ c /(x,y)^] 2 = [/ 0 2 frff] + [/ 0 2 f (2i) A] =4+^ = 2|2. 
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1. See page 1257 (1253 in ET). 

2. a. See page 1260 (1256 in ET). 

b. It must be a conservative vector field. 

3. a. See page 1262 (1258 in ET). 
b. See page 1264 (1260 in ET). 




1. Here P (x, y) = 4x + 3y and Q (x, y) = 3x — 2y. Since ^ = 3 = |£ for all (x, y) in the plane, F is conservative in 
the plane, so there exists a function / such that g£ = Ax + 3y and |£ = 3x — 2y. Integrating the first equation gives 
/ (x, y) = 2x 2 + 3xy + g (y); then = 3x + g 7 (y) = 3* - 2y => g' (y) = -2y => g (y) = -y 2 + C, where C is a 
constant. Thus, / (x, y) = 2x 2 + 3xy - y 2 + C. 



2. Here P (x, y) = 2x 2 + 4y and 2 (x, y) = 2x- 3y 2 , so |^ = 2 and |^ = 4. Since |^ # |^ for all (*, y), we see that F 



S<2 _ 



dQ 



dP 



is not conservative. 



3. Here P (x, y) = 2x + y 2 and 2 (x, y) = x 2 + y. Since = 2x and |y- = 2y, we see that |^ 7^ ^ except along the 
line y = x. Thus, by Theorem 5, F is not conservative. 



4. Here P (x, y) = x 2 + y 2 and 2 (x, y) = 2xy. Since 



52 _ o„ _ dP 



dx 



2y — for all (x, y), F is conservative, so there exists a 



function / such that |£ = x 2 + y 2 and ^ = 2xy. Integrating the first equation gives / (*, y) = ^x 3 + xy 2 + g (y); then 
= 2xy + g' (y) = 2;cy => g' (y) = 0 => g (y) = C, where C is a constant. Thus, / (x, y) = ^x 3 + xy 2 + C. 



5. Here P (x,y) = y 2 cosx and Q (x, y) = 2y sinx + 3. Since ^ = 2y cos* = |£ for all (x, y), F is conservative, 



dy 



5/ _ 



so there exists a function / such that = y z cosx and = 2y sinx + 3. Integrating the first equation gives 
/ (x, y) = y 2 sin* + g (y); then |£ = 2y sin* + g' (y) = 2y sinx + 3 => g' (y) = 3 => g (y) = 3y + C, where C is a 
constant. Thus, / (x, y) = y 2 sin* + 3y + C. 

6. Here P (x, y) = x cos y + sin y and 2 (x, y) = cos y — x sin y, so — — sin y and |y = cos y — x sin y. Since 



|2. ^ |y , F is not conservative. 



7. Here P (x, y) = e x — 2y cos2x and 2 (*> v) = sin 2.x + ye x , so = 2 cos 2.x — ye * and |j = — 2 cos 2.x . Since 



|2. ^ |y , F is not conservative. 



8. 



Here P (x, y) = tan y + 2xy and 2 )0 =x sec 2 y + x 2 . Since |^ = sec 2 y -\-2x — |j for all (x, y), F is conservative, 

so there exists a function / such that |£ = tan y + 2xy and ^ = x sec 2 y + x 2 . Integrating the first equation gives 

/ (x, y) = x tan y + x 2 y + g (y); then = x sec 2 y + x 2 + g' (y) = x sec 2 y + x 2 => g' (y) = 0 => g (y) = C, a 
constant. Thus, / (x, y) = x tany + x 2 y + C. 
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9. Here P (x, y) = x 2 + | and Q (x, y) = y 2 + In*. Since |2 = I = |^ f or {(*, y) \ x ^ 0}, Theorem 5 tells us that F is 

conservative in the each of the half-planes x < 0 and x > 0, so there exists a function / such that |£ = x 2 + £ and 
|£ = y 2 + lnx. Integrating the first equation gives / (x, y) = ^.x 3 + y \nx + g (y); then ^ = lnx + g' (y) = y 2 + \nx 
=> g' (y) = y 2 => g (y) = ^y 3 + C, where C is a constant. Thus, / (x, y) = ^x 3 + y \nx + ^y 3 + C. 

10. Here P (x, y) = e x cos y + y sec x and 2 (x, y) = tan* — e x cos y, so = sec x — e x cos y and 



= — e x sin y + sec 2 Since |y 7^ F is not conservative. 



11. a. Here P (x, y) = 2y + 1 and Q (x, y) = 2x + 3. Since = 2 = |j for all (x, y), F is conservative, so there exists a 

function / such that g£ = 2y + 1 and ^ = 2x + 3. Integrating the first equation gives / (x, y) = 2xy + x + g (y); then 

= 2* + g' (y) = 2* + 3 => g f (y) = 3 => g (y) = 3y + C, where C is a constant. Thus, / (x, y) = 2*y + x + 3y + C. 
b. J c F.Jr = / c V/ ^r = /(-l,l)-/(0,0) = [2(-l)(l)H-(-l)H-3(l)]-0 = 0 

12. a. Here P (x, y) = x — 2y and 2 (x, y) = y — 2x. Since ^ = — 2 = |y- for all (x, y), F is conservative, so there exists a 

function / such that g£ = x — 2y and |y = y — 2x. Integrating the first equation gives / (x, y) = ^x 2 — 2xy + g (y); 
then ^ = — 2x + g' (y) = y — 2* => g' (y) = y => g (y) = ^y 2 + C, where C is a constant. Thus, 
/ (x, y) = \x 2 - 2xy + ^y 2 + C. 
b. / c F.Jr = / c V/^r = /(l 5 l)-/(0,0) = |-2+ 1 =-1 

13. a. Here P y) = 2*y 2 + 2y and Q (x, y) = 2x 2 y + 2x. Since ^ = 4xy + 2= |y for all (x, y), F is conservative, so 

there exists a function / such that g£ = 2xy 2 + 2y and |£ = 2x 2 y + 2*. Integrating the first equation gives 

/ (x, y) = x 2 y 2 + 2xy + g (y); then = 2x 2 y + 2* + g' (y) = 2x 2 y + 2x => g' (y) = 0 g (y) = C, a constant. 
Thus, f (x,y) — x 2 y 2 + 2xy + C. 
b. J c F • Jr = f c Vf ■ dr = f (1, 2) - / (-1, 1) = [(l) 2 (2) 2 + 2 (1) (2)] - [(-l) 2 (l) 2 + 2 (-1) (1)] = 9 

14. a. Here P (x, y) = 2xy 3 and Q y) = 3x 2 y 2 + 1. Since ^ = 6xy 2 = |y for all (x, y), F is conservative, 

df ^ (5f 9 9 

so there exists a function / such that = 2xy and = 3x y + 1. Integrating the first equation gives 
/ (x, y) = x 2 y 3 + g (y); then = 3x 2 y 2 + g' (y) = 3x 2 y 2 + 1 => g' (y) = 1 => g (y) = y + C, where C is a 
constant. Thus, / (x, y) = x 2 y 3 + y + C. 
b. / c F • dr = J c V/ • dr = f (2, 0) - / (1, 1) = [(2) 2 (0) 3 + 0] - [(l) 2 (l) 3 + l] = -2 

15. a. Here P (x, y) = x<? 2:y and 2 (x, y) = x 2 ^ 2:v . Since |^ = 2x^ 2> ' = |y for all (x, y), F is conservative, so there exists a 

function / such that |£ = xe 2y and ^ = x 2 e 2y . Integrating the first equation gives / (x, y) = ^x 2 e 2y + g (y); then 
g = x 2^2>- + g f (y) = x 2 e 2y ^ g , (y) = q ^ g (y) = c a constant ThuS9 / v) = 1 x 2^2j + c 

b. / c F.Jr = / c V/^r = /(-l,l)-/(0,0) = ^ (-1) 2 e 2 - 0 = ±e 2 

16. a. Here P (x, y) = 2x siny and Q (x, y) = x 2 cos y. Since |^ = 2x cos y = |j for all (x, y), F is conservative, 

so there exists a function / such that ^ —2x sin y and ^ = x 2 cos y. Integrating the first equation gives 

/ (x, y) = x 2 sin y + g (y); then ^ = * 2 cos y + g' (y) = x 2 cos y => g' (y) = 0 => g (y) = C, a constant. Thus, 
f (x,y) — x 2 sin y + C. 
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17. 



b. J c F • dr = J c Vf • dr = f (1, f ) - / (0, 0) = (l) 2 sin f - 0 = 1 

a. Here P (x, y) = e x sin y and Q (x, y) = e* cosy + y. Since ^2. = cos y = |y for all y), F is conservative, so 
there exists a function / such that ^ — e x sin y and ^ = e x cos y + y. Integrating the first equation gives 

/ (x, y) = e*smy + g (y); then = e x cosy + g' (y) = cos y + y => g' (y) = y => g (y) = ±y 2 + C, where C is 
a constant. Thus, / (x, y) = siny + jy 2 + C. 

b. / c F • = / c V/ • dr = f (0, tt) - / (0, 0) = <?° sinTr + £ (tt) 2 - 0 = ^tt 2 



18. 



_i * + ;y ^2 

a. Here P (x, y) = x + tan y and Q (x, y) = ^. Since 



1 dP 

T = — for all y), F is conservative, so 

1 + y l dy 



df i df x + y 

there exists a function / such that — = x + tan y and — = T . Integrating the first equation gives 

dx dy 1 + y l 



f (x, y) = \x 2 + x tan 1 y + g (y); then ^ = - + 



-1 



5/ 



+ GO = 



x + y 



g' G) = 



y 




l +y 2 " l + y 2 

g (y) = ^ In (l + y 2 ) + C, where C is a constant. Thus, / (x, y) = jx 2 + x tan -1 y + \ In (l + y 2 ) + C. 
b. / c F.* = / c V/-dr = /(l,l)-/(0,0)= (j + f + ^ln2)-0=^(2 + 7r + 21n2) 

19. Here P (x, y) = 2xy 2 + cos y and 2 (x, y) = 2x y — x sin y, so 

^ = 4xy — sin y = ^ and F is conservative. Therefore, J c F • dr is 

independent of path. Let Ci : r (t) = 2ti, 0 < t < 1. Then r' (f) = 2i and on 

Cl, 

F = ^2xy 2 + cos y^ i + ^2x 2 y — x sin y^ j 

= [2 (20 (0) + cos 0] i + [2 (It) 2 (0) - 2t (0)] j = i 
so J c ¥ ■ dr — f Ci F • dr = / Cj F (r (0) • r' (?) = /J i • (2i) dt — 2 /J = 2. 

20. Here P (x, y) = — y 2 sin* and Q (x, y) = xe y + 2y cosx, so 
^2- — ^y _ 2y sin* = |y and F is conservative. Therefore, J c F • dr is 

independent of path. Let C\ : r (f) = (4 - 8?) i, 0 < * < 1. Then r 7 (?) = -8i 
and on Ci , 

F = -y 2 sin;t)i + (jte? + 2ycosx)j 

= (e° - 0) i + [4 (1 - 20 e 0 + 0] j=i + 4 (1 - 20 j 
so J c F • dr = J c F • dr = f c F (r (0) • r' (0 rff = /J [i + 4 (1 - 20 j] • (-8i) = -8 /J = -8. 




4 jc 



21. Here P (jc, y) = 2^y and Q (jc, y) = 



so 



^2 



l dP l 52 

and — — . Because — 

dy Jy dx 



dP 



for 



y/y 9 dx Jy dy Jy dx dy 

l(x, y) I —00 < x < 00, y > 0}, we see that F is conservative on that set. Therefore, the work done by F in moving a 
particle along a path from the point A (1, 1) to the point (2, 9) depends only on the endpoints. Now there exists a function / 

such that F = V/; that is, g£ = 2y^ 2 and g£ = xy _1//2 . Integrating the first equation gives / (x, y) = 2xy 1 / 2 + g (y), 

so |y = xy -1 / 2 + (y) = #y -1 / 2 => g / (y) = 0 => g (y) = C, a constant. Thus, / (x, y) = 2x^/y + C, and so 
W= f r ¥-dr= f r V/.^r = / (2, 9) -/(!,!)= 2(2) V9- 2(1) VT= 10. 
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22. Here P (x, y) = —e~ x cosy and Q (x, y) = —e~ x sin y, so ^2. = e~ x siny = showing that F is a conservative 
vector field. Therefore, the work done depends only on the endpoints. Now there exists a function / such that F = V/; 
that is, g£ = — e~ x cos y and ^ = — e - * sin y. Integrating the first equation gives / (x, y) = cos y + g (y), so 

g£ = — e - * sin y + g' (y) = — e - * sin y => g' (y) = 0 => g (y) = C, a constant. Thus, / (x, y) = e - * cos y + C, and so 
W = J c F • dr = J c V/ • dr = f (1, tt) - / (0, 0) = e~ x cos tt - e° cosO = -| - 1 = 

23. Here F (x, y, z) = yzi + xzj + xyzk. Observe that P = yz, g = xz, and = xyz have continuous first-order partial 



derivatives. Next, curl F = 



l 

o 



dx 

yz 



J 

o 

dy 

xz 



k 

d_ 

dz 

xyz 



= (xz -x)i - (yz - y)j + (z - z)k = x (z - l)i + y (1 - z)j # 0, so by 



Theorem 6, F is not conservative, and therefore j c yz dx + xz dy + xyz dz = J c F • dr is not independent of path. 

24. J c sin zdx — xe~ y sin z dy — xe~ y cos zdz — f c F • dr, where F = sin z i — xe - ^ sin z j — xe - ? cos z k. Observe 
that each component of F has continuous first-order partial derivatives. Next, 



curl F = 



1 

d 



dx 



y 



J 

_d_ 

dy 

— y 



sinz — xe ' sinz 



k 

d_ 

dz 

-xe~y 



cosz 



= (xe y cosz + xe >'cosz)i— (— e y cosz — e ^'cosz)j + (— e ^sinz + e ^sinz)k^0 
so by Theorem 6, F is not conservative, and therefore the integral under consideration is not independent of path. 



25. curl F = 



l 

a 



j k 

d d 



dx dy dz 
yz xz xy 



= (x — x) i — (y — y) j+ (z — z) k = 0. Since all the components of F have continuous first-order 



partial derivatives, we see that F is a conservative vector field, so there exists a function / such that -g-- — yz (1), 
gy = xz (2), and ^ = xy (3). Integrating (1), we obtain / (x, y, z) = xyz + g (y, z). Differentiating / with respect to y 
and using (2) gives g£ = xz + §y = xz => §y = 0 => g (y, z) = /* (z). Thus, / (x, y, z) = xyz + /* (z), and differentiating 

with respect to z and using (3) then gives ^ = xy + /z' (z) = xy => (z) = 0 => /z (z) = C, a constant. Thus, 

/(x,y,z) = xyz + C. 



26. curl F = 



i J k 

AAA 

5x dy dz 

.2. o„2,.„ „2,.2 



= ^2x 2 y — 2x 2 y^ i - ^2xy 2 — 2xy 2 ^ j+ (4xyz — 4xyz) k = 0, and since all 

2xy z z 2x z yz x L y 

the components of F have continuous partial derivatives, we see that F is a conservative vector field. Thus, there 



df _ 



df _ 



d f - v 2,2 



exists a function / such that — 2xy z z (1), gy = 2x z yz (2), and = x z y z (3). Integrating (1), we obtain 



/ (x, y, z) = x 2 y 2 z + g (y, z). Differentiating / with respect to y and using (2) gives |y = 2x 2 yz + dg ^y Z ^ — 2x 2 yz 



|y = 0 => g (y, z) = /* (z). Thus, / (x, y, z) = x 2 y 2 z + ^ (z), and differentiating with respect to z and using (3) then gives 
|£ = x 2 y 2 + ti (z) = x 2 y 2 => ti (z) = 0 => h (z) = C, a constant. Thus, / (x, y, z) = x 2 y 2 z + C. 



27. curl F = 



5 



J 

d 



dx dy 
2xy X 2 + Z 2 



k 

dz 
xy 



= (x — 2z) i — (y — 0) j + (2x — 2x) k ^ 0, so F is not conservative 
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28. curl F = 



d 



J 

d 



dx dy 

sin y x cos y + cos z 
conservative. 



k 

A 

dz 
sinz 



= (0 + sin z) i — (0 — 0) j + (cos y — cos y) k = sin z i # 0, so F is not 



29. curl F = 



1 

d 



J 

d 



dx dy 
e x cos z z sinh y 



k 

A 

dz 

cosh j — e x sin z 



= (sinh y — sinh y) i — (— e x sin z + e x sin z) j + (0 — 0) k = 0, and since 



all the components of F have continuous partial derivatives, we see that F is a conservative vector field. Thus, there exists a 
function / such that |£ = e x cosz (1), |£ — z sinhy (2), and ^ = cosh y — e x sinz (3). Integrating (1), we obtain 

/ (x, y, z) = e x cos z + g (y, z). Differentiating / with respect to y and using (2) gives |£ = 0 + ^ = z sinh y => 
g (y, z) = z cosh y + & (z). Thus, / (x, y, z) = cos z + z cosh y + /z (z), and differentiating with respect to z and 
using (3) then gives ^ = —e x sin z + cosh y + h' (z) = cosh y — e x sin z => h' (z) = 0 => h (z) = C, a constant. Thus, 
/ (x, y, z) = cos z + z cosh y + C. 



30. curl F = 



1 

d 



J 



k 

A 

dz 



dx dy 

ze xz lnz xe xz + |- 



= (l ~ l) 1 ~ + XZ ^ Z ~ - j + (0 - 0) k = 0, and since all 



the components of F have continuous partial derivatives, we see that F is a conservative vector field. Thus, there 



df _ 



df _ 



df _ 



exists a function / such that ^ = ze xz (1), = lnz (2), and ^ = xe xz + | (3). Integrating (1), we obtain 

f (x,y,z) — e xz + g (y,z). Differentiating / with respect to y and using (2) gives ^ = 0 + ^ = In z => ^ = In z => 
g (y, z) — y lnz + h (z). Thus, / (x, y, z) = e xz + y lnz + h (z), and differentiating with respect to z and using (3) then 
gives % = xe xz + f + h' (z) = *<r* z + £ => V (z) = 0 => /* (z) = C, a constant. Thus, / (x, y, z) = <?* z + y lnz + C. 



dz 



31. curlF = 



l 

d 



dx 

z cos (* + y) 



J 

dy 

z sin (x + y) 



k 

A 

cos (x + y) 



= [— sin (x + y) — sin (x + y)] i- [— sin (x + y) - cos (x + y)] j + [z cos (x + y) + z sin (x + y)] k 

= -2 sin (x + y) i + [sin (* + y) + cos (x + y)] j + z [cos (x + y) + sin (* + y)] k ^ 0 
so F is not conservative. 



32. curl F = 



• 

1 


• 

j 


k 


d 


d 


d 


dx 


dy 


dz 


1 


X 


X 


yz 


y 2 z 


yz 2 



X 



X 



y 2 z 2 y 2 z 2 



) i - ( K + -V) J + ( J" + 4-) k = 0, and si 

/ V yz yz J \ y z y L zj 



since all 



the components of F have continuous partial derivatives, F is conservative. Therefore, there exists a function / such 



that = — (1), = r 

yz dy y z z 



df x x 
(2), and — = T (3). Integrating (1), we obtain / (*, y, z) = h g (y, z). 



5z 



5/ a: 

Differentiating / with respect to y and using (2) gives — = 

3y y z z 



dy y 2 z 



5y 



= 0=>#(y,z) = /*(z). Thus, 



jc 3 /* jc x 
f (x 9 y,z) = h /i (z), and differentiating with respect to z and using (3) then gives — = + h' (z) = y 

yz dz yz 1 yz 1 

x 



W (z) = 0 => h (z) = C, a constant. Thus, / (jc, y,z) = h C. 



V7 
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33. a. curl F = 



0 



j k 

d d 



dx dy dz 
yz 2 xz 2 2xyz 



= (2xz — 2xz) i — (2yz — 2yz) j + (z 2 — z 2 ^ k = 0, so F is a conservative vector field. 



df i df 9 5/ 
Therefore, there exists a function / such that — = yz (1), — = xz (2), and — = 2xyz (3). Integrating (1), we 

dx dy dz 



df 



obtain f(x,y,z) = xyz + g(y,z). Differentiating / with respect to y and using (2) gives — = xz H = = 

dy dy 

dg 9 

— = 0 => g(y 9 z) = h(z). Thus, / (x, y, z) = xyz + h(z), and differentiating with respect to z and using (3) then 

dy 

df 9 
gives — = 2xyz + n (z) = 2xyz => /r (z) = 0 => /z (z) = C, a constant. Thus, / (x, y, z) — xyz + C. 



az 



b. / c F • rfr = / (1, 3, 2) - / (0, 0, 1) = (1) (3) (2) z - (0) (0) (l) 2 = 12 



34. a. curl F = 



• 

1 


• 

J 


k 


d 


d 


d 


dx 


dy 


dz 


2xy 2 z 3 


2x 2 yz 3 


3x 2 y 2 z 2 



(6x 2 yz 2 - 6x 2 yz 2 ) i - (6xy 2 z 2 - 6xy 2 z 2 ) j + (ixyz 3 - 4xyz 3 ) k = 0, 



df 9-1 df 9 a 

so F is a conservative vector field. Therefore, there exists a function / such that — = 2xy L z (1), — = 2x L yz (2), 



dx 



dy 



df 



and — = 3x 2 y 2 z 2 (3). Integrating (1), we obtain / (x, y, z) = x L y L z* + g (y, z). Differentiating / with respect to y 



dz 



i • df i t> G 8 ?i 
and using (2) gives — = 2x yz H = 2jc yz 

dy dy 



dg 

dy 



= 0^g(y,z) = h (z). Thus, / (x, y, z) = * 2 y 2 z 3 + /* (z), 



3/ 



and differentiating with respect to z and using (3) then gives ^- = 3x 2 y 2 z 2 + /i' (z) = 3x 2 y 2 z 2 => (z) = 0 



az 



ft (^) = C, a constant. Thus, / (x, y, z) = x 2 y 2 z 3 + C. 
b. / c F-rfr = /(l,l,l)-/(0,0,0) = (l) 2 (l) 2 (l) 3 -0= 1 



35. a. curl F = 



i 

d 



J 



k 

_ _ A 

<3x dy 

cos y z 2 — ^ sin y 2yz 



= (2z — 2z) i — (0 — 0) j + (— sin y + sin y) k = 0, so F is a conservative vector 



field. Therefore, there exists a function / such that g£ = cosy (1), ^ = z 2 — * siny (2), and |£ = 2yz (3). 
Integrating (1), we obtain / (x, y, z) = x cos y + g (y, z). Differentiating / with respect to y and using (2) gives 

=> g (y> z) = yz 2 + h (z). Thus, / (*, y, z) = x cos y + yz 2 + /i (z), 

and differentiating with respect to z and using (3) then gives |£ = 2yz + h' (z) = 2yz = 
constant. Thus, / (x, y, z) = Jt cos y + yz 2 + C. 



= -xsiny + 0 = z 2 -xsiny => § = z 2 



ft' ( z ) = 0 => ft (z) = C, a 



b. f c F-dr = f (2, 2tt, 1) - / (1, 0, 0) = [2cos2tt + 2tt (1) 2 J - [l cosO + 0 (0) 2 J = 2tt + 1 
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36. a. curlF = 



i 

d 



J 



k 

d_ 

ox oy dz 
e y xe y + lnz j 



d_ 

dy 



= — ^ i — (0 — 0) j + (e y — e y ) k = 0, so F is a conservative vector 



field. Therefore, there exists a function / such that |£ = e y (1), §y = + lnz (2), and |£ = | (3). 
Integrating (1), we obtain / (x, y, z) — xe y + g (y, z). Differentiating / with respect to y and using (2) gives 

= xe y + 0 = je? +lnz => 0 = lnz g (y, z) = y lnz + (z). Thus, / (x, y, z) = xe y + y lnz + h (z), and 

differentiating with respect to z and using (3) then gives §j = f- + h! (z) = |- => h' (z) = 0 => /i (z) = C, a constant. 
Thus, / 0, y, z) = Jte? + y lnz + C. 



b. / c F.rfr = /(l,0,2)-/(0,l,l)= [(l)«° + 0]-[0+llnl] 



= 1 



37. J c (ixy 2 -?>}dx + (lx 2 y + l) dy = / F • dr, where F (x, y) = (ixy 2 - 3^ i + (lx 2 y + l) j. Here 
P (x, y) = 2xy 2 - 3 and Q (x, y) = 2x 2 y + 1. Since |^ = 4xy = f£ for all 0, y), we see that F is a 



conservative vector field, so there exists a function / such that |£ = 2xy 2 — 3 and |y = 2.x 2 y + 1. Integrating 

the first equation gives / (jc, y) = .x 2 y 2 — 3.x + g (y). Differentiating / with respect to y and using the second 
equation, we have ^- = 2.x 2 y + g' (y) = 2.x 2 y + 1 => g' (y) = 1 => g (y) = y + C, where C is a constant, so 

f (x, y) = x 2 y 2 — 3.x + y + C. Finally, since F is conservative, the integral depends only on the endpoints, and we have 
J c F-dr = J c Vf-dr=f(2, 1) - / (0, 0) = [(2) 2 (l) 2 - 3 (2) + l] - 0 = -1. 



38 



. f c (?>x 2 y + e y ^j dx + (x 3 + xe y -2yjdy = / F • dr, where 

F (x, y) = P (jc, y) i + 2 (x, y) j = (3x 2 y + i + (x 3 + xe? - 2y) j. Since |f = 3x 2 + ^ = for all (x, y), we 

see that F is a conservative vector field, so there exists a function / such that g£ = 3.x 2 y + and |£ = x 3 + xe y — 2y. 

Integrating the first equation gives / (x, y) = x 3 y + xe^ + g (y). Differentiating / with respect to y and using the second 
equation, we have ^ = x 3 + xe^ + g' (y) = x 3 + xe^ — 2y => g' (y) = — 2y =^> g (y) = — y 2 + C, where C is a constant, 

so / (x, y) = x 3 y + xe^ — y 2 + C. Finally, since F is conservative, the integral depends only on the endpoints, and we 
have/ c F.</r = / c V/. dr = f (2, 1) - / (0, 0) = [(2) 3 (1) + (2) e - l] - 0 = 7 + 2e. 



39. E(x,y,z) = ~^r = kQ 



x 



i + 



y 



j + 



z 



> 2 + y 2 + z 2 f 2 {x 2 + y 2 + z 2 f 2 {x 2 + y 2 + z 2 ) y2 _ 



, SO 



curlE =kQ 



l 



5x 



• 

j 



k 

dz 
z 



(x 2 + y 2 + z 2 ) 3/2 (x 2 + y 2 + z 2 ) 3/2 (x 2 + y 2 + z 2 ) 3/2 



= kQ 



— 3yz 



+ 



3yz 



> 2 + y 2 + z 2 ) 5/2 (x 2 + y 2 + z 2 ) 5/2 _ 



— 3xz 



+ 



3.xz 



{x 2 + y 2 + Z 2 f 2 ' (x2 + y 2 + z 2)5/2_ J 



. (x 2 + y 2 + z 2)5/2 + ^ 2 + y 2 + z 2)5/2 _ 



= 0 
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df kQx 

Thus, E is a conservative vector field, and so there exists a function f such that — = ^-^ 

dx ( x 2 + y 2 + z 2) 3/2 



(1), 



df 



kQy 



(2), and 



df 



kQz 



kQ 



zr-pr (3). Integrating (1), we obtain 

5/1 



f(x,y,z) = - 



yjx 1 + y 2 + z 2 
kQy 



+ g(y>z)- Differentiating with respect to y and using (2), we 



kQy 



dg 



df kQy ds 
find J- = T~, , ^3/2 + # = 7^ , ^3/2 => ]f = 0^^(y,z) = h(z), so 

dy ( x 2 + y 2 + z 2)3/2 ay ( x 2 + > ,2 + z 2)3/2 5 -y 



/ (•*, y, z) = - 



df 



Jx 2 + y 2 + z 2 
kQz 



+ h (z). Differentiating with respect to z and using (3), we have 



3z ( x 2 + y 2 + ,2)3/2 



+ ti (z) = 



(* 2 + y 2 + ,2)3/2 



^ ( z ) = 0 => h (z) = C, a constant. Thus, 



f(x,y,z) = - 



v / * 2 Ty 2 ~+z 2 



+ C. Finally, because E is conservative, the work done is 



qf c E-dr = qf c Vf.dr = q[f(2,4, 1) - / (1, 3, 2)] = q (- 



kQ 



+ 



kQ 



V4+ 16+ 1 VI + 9 + 4 




14 V21 
= kqQ\ — — \ *0.05kqQ 



14 



21 



40. curl F = 



l 

5 



j k 

_ A A 

dy Sz 

y 2 z 2xyz xy 2 



= (2xy — 2xy) i — (y 2 — y 2 ^ j + (2yz — 2yz) k = 0, so F is a conservative vector field. 



df _ .,2, n\ V _o™ ™ 5/ 2 



Therefore, there exists a function / such that = y z z (1), = 2xyz (2), and ^ = xy (3). Integrating (1), we obtain 

/ (x, y, z) = xy 2 z + g (y, z), and differentiating / with respect to y and using (2), we find g£ = 2*yz + 0 = 2*yz => 

^ = 0 => g (y, z) = (z). Thus, / (x, y, z) = *y 2 z + /* (z), and differentiating / with respect to z and using (3), we 

obtain ^ = xy 2 + /z' (z) = xy 2 => // (z) = 0 => h (z) = C, a constant. Thus, / (x, y, z) = *y 2 z + C, and because F is 
conservative, J c F ■ dr = f c Vf-dr = f (2, 1,3)-/ (1, 1, 1) = 2 (l) 2 (3) - 1 (l) 2 (1) = 5. 



41. a. 



dQ_ 

dx 



op 



d 



x 



(x 2 + y 2 ) (l)-x(2x) 



dx 



x 2 + y 2 



(x 2 + y 2 ) 



2 



y 



dy dy \x 2 + y 



)- 



(* 2 + y 2 ) (l)-y(2y) 

(* 2 + y 2 ) 2 



x 2 -y 2 

(x 2 + y 2 ) 



and 



x 2 -y 2 dQ 
, so 



dP 



(x 2 + y 2 ) 



dx dy 



(-1, 0) 



b. Let C\ : r\ (t) — cos t i + sin t j, 0 < r < 7r and 
^2 : r 2 (0 = cos ? i — sin £ j, 0 < t < iz. Then 
r'j (t) = — sin ? i + cos /J and (0 = — sin t i — cos ? j, so 

J Ci F.^r = / Ci F(r 1 (t))-r\(t)dt 

= (sin t i — cos /j) • (— sin ti + cos t j) 

= - Jo 1 " ^ = _7r 

and f C2 F • Jr = J* c F (r2 (0) ' r 2 (0 ^ r — /(T ( — s i n 1 1 ~ cos t j) ' (— sin r i — cos r j) = dt — 7r. This shows 




and j Ci t -dr = j Ci * {r 2 [?)) ■ r' 2 {t) at 
that f r ¥ ■ dr is not independent of path. 
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c. This result does not contradict Theorem 5; the requirement that P and Q have continuous first-order partial derivatives 
on R is not satisfied. 



42. a. curl F = 



i 

d 



dx 
0 



J 

d 

y 



k 

d 

Tz 
z 



(y 2 + z 1 ) 



b. Observe that / (x, y, z) — — 



{y 2 + z 2 y 
1 

2 (y 2 + z 2 ) 



4yz 4yz 



(y 2 + z 2 ) 3 (* 2 + y 2 ) 3 _ 



i - Oj + Ok = 0 



+ C, where C is a constant, is a potential function for F since 



5 



1 



= 0i + 



2 (y 2 + z 2) 

y 



+ c 



j + 



i + 



i 



2 (y 2 + z 2) 



+ C 



j + 



d 



dz 



1 



2 (y 2 + z 2) 



+ C 



k = F 



(y 2 + z 2 ) z (y 2 + z 2 ) z 

Thus, F is conservative. We can explain this result by observing that Theorem 6 does not apply: F is not continuous in 
space because it is not defined where y = z = 0. 



43. False. The simple closed curve C : r (t) — j cos t i + ^ sin t j, 0 < t <2ir lies in R but encloses the origin, which is not in 
R. 

44. False. Let F (x, y) = xyi + x 2 j, which is not a conservative vector field. If C : r (?) = cos t i + sin f j, 0 < t < 2tt, then 
J c F • = / 0 27r F (r (0) • r' (f ) = J 0 27r (cos t sin* i + cos 2 1 j) • (- sin* i + cos * j) dt 

= J 0 27r sin 2 ? cos ? + cos 3 = (- j sin 3 r + ^ cos 2 r sin? + | sin*) = 0 

45. False. Let F (x, y) = (x — y) i + (x + y) j. Then F has continuous first-order partial derivatives on the plane. But ^ = 1 

and |£ = -1, so 7^ ^y- for all (jk, y) on the plane. Thus, F is not a conservative vector field, and so X? f • dr is not 
independent of path; that is, it depends on the curve C and not only on its endpoints. 

46. False. J c F • dr = 0 only if C is a closed curve. See Exercise 13. 



47. True. The curve — C is the same as C but is traversed in the opposite direction. 

48. False. j c F • dr may not be zero if F is not conservative. Take F = yi — x] and C : r (?) = cos ? i + sin t j, 0 < t < 2n 
Then J c F • dr = J 0 27r (sin t i - cos t j) • (- sin t i + cos r j) dt — — J 0 27r rff = -2tt # 0. 




15.5 Concept Questions 



ET14.5 



1. See page 1268 (1264 in ET). 

2. See Theorem 2 on page 1271 (1267 in ET) 
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]5.5 Green's Theorem 



ET 14.5 



1. 



a. Let C = C\ U C 2 U C 3 U C4. We have 

Ci : x = t, y = 0, 0 < t < 1, so J c 2xydx + 3xy 2 dy = /J Odr = 0; 

C2 : * = l,y = t,0 < t < 1, so J c Ixydx + 3xy 2 dy = Jq 1 3t 2 dt = 1; 
C3 : x = 1 — f, y = 1, 0 < t < 1, so 

/ c 2xy dx + 3xy 2 dy = /J 2(1-0 (-dr) = 2 /J (f - 1) J? 



V A 



(0,1) Cj 

— <- 



(1,1) 



Qy R 



La 



= (*-!) 



2 



(1,0) 



0 



and C4 : x = 0, y = 1 — t, 0 < ? < 1, so Jq 2xy + 3xy 2 dy = Jq 0 dt = 0. Therefore, 
/ c 2xy dx + 3xy 2 dy = Ya=\ Sc 2x y dx + 3xy 2 = 0+1-1+0 = 0. 
b. Here P (x, y) = 2xy and 2 (x, y) = 3xy 2 , so by Green's Theorem, 

f Ixydx + 3 W 2 * = SIr (8? -§)■" = Jo Jo' (3/ " 2»)<<y* = Jj [y 3 - 2w]'l/» = Jo' 0 - 2*)dx 



= 0 



2. a. Let C = C\ U C 2 U C 3 . We have 

C\ : x = t, y — 0, 0 < t < 1, so fg x 2 dx -\- xydy = Jq t 2 dt — ^; 
C 2 :x = l- t,y = t,0<t< 1, so 

J Ci x 2 dx + xy dy = Jq (1 - t) 2 (-dt) + /J (1 - f) * dr 



[l (1 _ 0 3 + l f 2_l f 3V = _l 




C3 : x = 0, y = 1 — 1,0 < t < 1, so J*£. x 2 dx + xy dy = Jq Odt = 0. 
Therefore, J c x 2 dx + xy dy = yj— 1 J^.. x 2 dx + xy dy = ^ — -I + 0 = ^. 
b. Here P (x, y) = x and Q (x, y) = xy, so by Green's Theorem, 

fx 2 dx + xy dy = ff R (|f - § ) dA = /J /J"* y dy d* = / 0 ' [ dx = ' /J (1 - xf dx 

3 



0 



z(-lm)(l-*) 



1 

0 



1 

5 



3. a. Let C = C\ U C 2 . We have 

Ci : x — t,y — t^ ,0 < t < 1, so dx = d£, dy = 3r 2 d? and 

J Ci y* dx + (x 2 + 2xy) dy = /J j (rf + [fi + 2 (f) (f 3 )] (s, 2 ) 



/ 0 1 (7^ + 3r4)^=(^ + 3 7 5)|^ 



dt 



8 
5 



C 2 : x = 1 — f, y = 1 — ?, 0 < f < 1 , so dx — dy — —dt and 
f C2 y 2 dx + (x 2 + 2xy) dy = /J [(1 - 0* + (1 - t) 2 + 2 (1 - 0 (1 - o] (-</*) 

= -4 /J (1 - 0 2 dt = (-4) (-1) (1) (1 - 0 3 [ = - 
Therefore, J c y 2 dx + (x 2 + 2xy) dy = £? =1 / c . y 2 dx + (x 2 + 2xy) dy = I - i = 



4 

3 



y = x 




4 
15 
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b. Here P (x, y) = y 2 and Q (x, y) = x 2 + 2xy, so by Green's Theorem, 

/ y 2 dx + (x 2 + 2xy) dy = JJ R ($g - §£) <*A = /J £ 3 (2* + 2y - 2y) Jy J* = /J [2*y]^ 3 <fr 



= 2/ 0 1 (^_,4) rfx=2 (l,3_l^|^ = 



4 
T5 



4. a. Let C : x = <2 cos £ , y = a sin t, 0 < ? < 27T, so dx = —a sin t dt and 

2tt 



a cos t dt. Then 
2 r27r • 



J c 2x dx — 3y dy — J 0 [2 (<3 cos t) {—a sin f ) — 3 (a sin J) {a cos £)] df = — 5a z J 0 sin r cos t dt 

2tt 



= — sin ? 



0 



= 0 



b. Here P (x, y) = 2x and Q (x, y) = —3y, so by Green's Theorem, 
$ c 2xdx-3ydy = ff R ($-%)dA = ff R 0dA = 0. 



5. Here P (x, y) = x 3 and 2 (x, y) = xy, so ^ _ |£ — y an d 

x 3 dx + xydy = ff R ($- §£) rfA = /J /> y Jy = /„» [*y]*I 



= /oV^=^| 0 = ^ 



_ U,3 _ 1 




6. 



Here P (x,y) = x 2 + y 2 and 2 (x, y) = — 2x;y, so 
|2-f£ = -2y-2y = -4y and 

f c (x 2 + y 2 ) dx - 2xydy = Hr (W " f ) dA = /i 1 /i 1 -4^dx 





y \ 


i 






1 










T. 










► 


-1 


0 




1 X 




-1 


— > — 





7. Here P (x, y) = x 2 y + x 3 and Q (x, y) = 2xy, so |2 - |£ = 2y - x 2 and 



ib (* 2 ;y + -* 3 )dx + 2x;yd;y = ff R ( 



dQ dP 



dx 



d £)dA = tiS x x2 {2y-x 2 )dydx 



= Jo [y 2 - x2y ] y=x i dx = Jo 1 (* 2 - x 3 ) dx 



- \3 X 4 X )\ 0 ~ Tl 




8. Here P (x, y) — —y* + cosx and Q (x, y) = e y , so 
% - f = 0 - = 3y* and 

§ c (-y 3 + cos x) dx + e y 2 dy=ff R ($- f ) dA = /J // 3y 2 rfy rfx 



Jo* [^ 3 ]; 2 ^ = Jo' (* 3/2 " - 6 ) dx 
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9. Here P (x, y) = y 2 + cosx and Q (x, y) — x — tan 1 y, so 
8 S "f = 1-2, and 

f c (y 2 + cosx) J* + (x - tan" 1 y) rfy = //^ (|f - §£) <M 



4-a- 
0 



= 1-2 St*' (1 " 2y) <*J> rfx = /i 2 [y - y 2 ] 
= J 2 2 (-12 + 7x 2 - x 4 ) rfx = 2/ 0 2 (-12 + Ix 2 - x 4 ) 

= 2 (- 12k +5* 3 -5* 5 )Io = ~ 



dx 



352 
IT 




10. Here P (x, y) = x 2 y and Q (x, y) = y 3 , so |£ - = 0 - x 2 = -x 2 and 
f c * 2 y «/* +?dy = ff R (%- f ) </A = //^ (-x 2 ) dA 

= Jo Jo [~ (r cos °) 2 ] rdrdO = - ft [ \ r 4 cos 2 oj^ dO 
= -\ Jq \ (1 + cos 20) c/0 = - | (fl + ^ sin 20) 



7T 

0 



7T 

IT 




11. Here P y) = x 2 - y and Q (jc, y) = Vl + y 2 , so _ |£ = 1 an d 

f c (x 2 -y)^ + v ^T^^ = //4W-f)^ = ^ 1 ^ 

= |tt« 2 (see Exercise 10.3.49/9.3.49 in ET) 



—a 



y a 











r 



— 



a x 



12. Here P (jc, y) = 6xy and 2 (x, y) = 3x 2 + In (1 + y), so 
|2_|£ = 6;t-6;t = 0and 



<f c (6*y)rf* + (3* 2 + In (1 + y)) dy = JJ R (|f - ) d A = JJ R OdA = 0 




13. Here P , y) = x + e x sin y and 2 (x, y) = x + e x cos y, so 



2 



— |y = 1 + e x cos y — cos y = 1 and 



C 



(* + e» siny) rfx + (* + e» cosy) dy = (§ - )*A = J/ R 1 dA 



R 



-3 



0 



— ► 

3 x 



= 67T since an ellipse has area nab. 



-2 
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14. Here P (x, y) = 



dQ _ dP_ - i , 

dx dy ~ 1 ^ 



and Q (x, y) = x + tan 1 x, so 



l + x 2 
1 



1 



\+x 2 \+x 



= 1 and 




Vcos 20 
0 



= \ f*l 4 /4 cos 20 dO = \ sin 20 ^ 



-7T/4 



1 

2 



15. Here P (x, y) = -y and Q (x, y) = x, so |f - = 1 - (-1) = 



= l _(_!) = 2 and 



16. Here P (x, y) = 3x 2 y and 2 (x, y) = x J + x, so 
M_|£ = 3 x 2 + l-3x 2 = land 

= 67T — 7T = 57T since an ellipse has area 7raZ? 



_ v-3 



17. W = § c F • = f c [(x 2 - y 2 ) i + 2x;yj] - (<fc i + dyj) 

= k (* 2 - y 2 ) d * + 2*y dy = ff R [£ Q*y) -£ ( x 

= JJ R AydA = A /J ft* ydydx = Ati [b 2 ]^ dx 



2 -y 2 )] 



dA 



= 2 /J (1 - x) 2 dx = -\ (1 - x) 3 



0 



2 
3 





r = \jcos20 






v. ^ 


\ — ^/c 





= 1 



_y = 1 — a: 





R 


0 





c 



18. W = f_ c F • </r = £_ c (3yi - 2xj) • (dx i + j) 

= - & 3y dx - 2x dy = - ff R [£ (-2x) - % (3y)] dA 

= jj R 5 dA = 5 (7r) (2) (3) = 307T since an ellipse has area nab 
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19. 



A parametrization of the astroid is C : x = a cos 3 t,y = a sin 3 t, 0 < t < 2-7T, 
so 

A = fgxdy = Jq 7 * (a cos 3 t j ^3a sin 2 ? cos f j J? = 3a 2 Jq 7 * cos 4 ? sin 2 t dt 
= 3a 2 J 0 27r cos 4 t(\- cos 2 A </f = 3a 2 J 0 27r (cos 4 f - cos 6 1) dt 



277 4 
q COS 



f rff — |^cos 5 f sinfj^ — | Jq n cos 4 f J 



= 3, 2 {/ ( 

= 3a 2 / 0 27r cos 4 r A = ifl 2 cos 3 * sin ^ |^ + | J 27r cos 2 t dt 
= |a 2 J 0 27r cos 2 t dt = ^a 2 J^ 71 " \ (1 + cos 2/) </f = |« 2 + \ sin 2 ') 



2tt 

0 



a 













V 




R 


"\ 0 





I- 2 



— ► 



20. Let C = Cj U C2 where : x = a (f — sin t) , y = a (1 — cos ?) , 0 < t < 2n 
and C2 ' x — lira (1 — t) , y = 0, 0 < t < 1. Then 

A =f_ c xdy = -f Cl xdy-f C2 xdy 

= - J 0 27r a(t- sin 0 a sin * rff - / Q 27r 2tt« (1 - 0 (0) dt 

= a 2 Jq 77 {sin 2 t — t smij d? = a 2 ^jf — ^ sin 2? — sin? + 7 cosfj^ = 3na 



2 




lira x 



21. Let C . x — a sin t,y — b sin 2f , 7r < r < 27T. Then by symmetry, 



A = 2 <f c x dy = 2 f n (a sin ?) (2/? cos 2t) dt 
= 4ab f 27T (2 cos 2 t-l) sintdt 

= 4ab {— I cos 3 £ + cos t\ 



= ^ab 




22. A = § c x dy = J 0 27r (cos t) (\2 sin 2 * cos A dt = 12 J 0 27r cos 2 1 sin 2 * 



= 3/, 



2-7T 



0 



sin 



2tdt = 3 J 0 27r i (1 - cos 40 <fr = §6-5 sin 4 A 



= 3tt 



2tt 

0 




23. a. 



0.4- 




0.2- 



b. A=f c xdy = Jq t (\ - t 2 \ {it - 5f 4 ) dt 



Jo 1 (2r 2 - 2r 4 - 5t 5 + 5r 7 ) , 

(2 f 3 _ 2,5 _ 5,6 1 5 1 1 
\3 T 5 l T> ^ 8' )\ Q 



1 

120 



0 



0.2 



0.4 
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24. a. 




b. A — § c x dy — Jq n ^ (2 cos ? + cos 2t) y^j (2 cos t — 2 cos 2f) 
= g J 0 27r ^2 cos 2 * - cos t cos 2f - cos 2 2t^j dt 
= £ J 0 27r [2 cos 2 r - cos t (\ - 2 sin 2 t^j - cos 2 It j rff 
= j J 0 27r |^1 - cos 2/ - cos f + 2 sin 2 1 cos f - \ (1 - cos 4f)J 

= 5 [l* ~ \ sin2 ^ ~ sin * + I sin3 r + F sin4f ]o 71 ' = ? 



-l 



o 



i 



25. a. 



-0.5 




b. Using symmetry, 



A = § c x dy = j\ 2t(l - t 1 ^ (6t 3 - 2*) dt 

= 8 /J (4t 4 -t 2 - 3t 6 ) dt = 8 ^t 5 - ^ - fy 1 ) f = 



32 
105 



26. Using Green's Theorem, we have 



§ c V-dr = § c Pdx + Qdy = JJ R (§2 - f ) dA, where 

C = C 2 U C 3 U (-Ci) U C 4 . But / c F • dr = - f c F • dr, so with 

|2 - = 6 and / Cz F ■ dr = 3tt, we find 

fc F -* = /c 2 F -* + /c 3 F -*+/-C 1 F -* + /c4 F - dr 
= /c 2 F -*-/ Cl F.dr = 37r-/ Cl F.dr 

= ff R 6dA = 6[* (2 2 )-7r(l 2 )] = 187r 

Therefore, J c F • dr = 3tt - 18tt = -15tt. 




27. Applying Green's Theorem to the multiply-connected region R and denoting its area 
by A (R), we have fa F • dr - fa F • dr - fa F • dr = Jfr (fg - f ) dA, so 

dP 



fa F • dr = fa F • + fa F ■ + //^ (§f - §£} dA = 2tt + 3tt + 6A (i?) = 5tt + 6 [8 • 6 - 2tt] = 288 - 7tt 



28. Let C 2 be the path r(f) = (-3 + 6f)i,0 < f < 1. Then Green's Theorem gives 

/c 1 F -^ + / C2 F.dr = // j? (|2 -f)dA,whereF(x,v) = (x 2 + 2v)i + (4x + ,>' 2 )j.But|2-f =4 

3 



-2 = 2 



1 

0 



= 18, so 



and, since y = 0 on C 2 , Jq, F • dr = Jq F (r (f)) • r' (t) dt = Jq (-3 + 6f 2 ) (6dr) = y (-3 + 6t) 
J C] (* 2 + 2y) d* + ( 4 * + 



= -18 + 2 [Itt (6) (2)J = 6 (2tt - 3) 



since the area of an ellipse is nab. 
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29. Let C 2 be the path r (f) = (1 + 3/) i, 0 < t < 1. Then C\ U C 2 is a closed path and Green's Theorem 
gives / C] F • Jr + J C2 F • Jr = (|f - §£) <M, where F (x, y) = (x 2 + 2y) i + (3x - sinhy) j 
and is the region bounded by C\ and C2. Now on C2, x = 1 + 3/ and y — 0, so 

/ C2 F • dr = /J F (r (0) • r' (t) dt = /J (1 + 3?) 2 (3 = \ (1 + 3r) 3 = 21. Next, 

f - f = 3 - 2 = 1, so Hr ~ f ) dA = JJ R dA = (2) (5) - 2 [J (1) (1)] = 9. Finally, 

/c, (* 2 + 2y)^ + (3*-s^ 



30. 



a. C : x = ^1 + (^2 — *i) y = y\ + (y2 — y\) t,0 < t < 1, so = (jt2 — xi) and dy = (y2 — y\)dt, and 
Ic (~y)dx + xdy = Jq {-[yi + (y 2 — Ji)?] (*2 + [*1 + (*2 O2 ~ y\)} dt 

= fo ( x \yi -x 2 yi)dt = (xiy2-x 2 yi)t\^ = xiy2-x 2 yi 

b - A = yc xd y-y dx = yc 1 uc 2 u-uc n xd y-y dx 



1 

2 



J*q x dy — y dx + x dy — y + • • • 



+ J*£. x dy — y dx + • • • + x dy — y dx J 



= 2 [(^1^2 - x 2y\) + (-^2^3 - ^3^2) + 



+ (x n -iy n - x n y n -\) + (x n y\ - x\yn)] 




x 3 , y 3 ) 



%, y 2 ) 



31. The required area is that of the quadrilateral ABCD with vertices A (3, —3), B (5, 5), C (0, 5) 
and D (— 5, 0) minus that of a circle with radius 1 so using the result of Exercise 26, we have 

A = \ {[(3) (5) - 5 (-3)] + [(5) (5) - (0) (5)] + [(0) (0) - (-5) (5)] + [(-5) (-3) - (3) (0)]} - tt (l) 2 = 47.5 - tt. 



32. The required area is that of the pentagon ABCDE with vertices A (5, 0), B (4, 5), C (0, 5), D (-4, 0), and E (0, -4) 
minus that of the pentagon FGHIJ with vertices F (3, 0), G (0, 2), 7/ (-2, 0), I (0, -2), and J (1, -2), so using the 
result of Exercise 26, we have 

A = \ {[(5) (5)-(4) (0)]+ [(4) (5)-(0) (5)]+ [(0) (0)-(-4) (5)]+ [(-4) H)-(0) (0)]+ [(0) (0)-(5) (-4)]} 

-I {[(3) (2)-(0) (0)]+ [(0) (0)-(-2) (2)]+ [(-2) (-2)-(0) (0)]+ [(0) (-2)-(l) (-2)]+ [(1) (0)-(-2) (3)]} 
= 50.5 - 11 = 39.5 



33. A = ^ {[(0) (0) - (0) (2)] + [(2) (1) - (0) (3)] + [(3) (3) - (1) (1)] + [(1) (1) - (3) (-1)] + [(-1) (0) - (0) (1)]} = 7 



34. A = \ {[(0) (0) - (0) (3)] + [(3) (1) - (0) (4)] + [(4) (4) - (1) (2)] 

+ [(2) (3) - (4) (0)] + [(0) (1) - (3) (-2)] + [(-2) (0) - (0) (1)]} = 



Mv ffpXpdA ff p xdA 1 1 1 _ 0 

35. x = — = ±jJ± — = JJ * , — = — \\ R xdA= — \\ R 2xdA = — <b r x l dy, where we have used Green's 

m JJ R pdA Jf R dA A R 2A JJR 2A Jc y 

Theorem at the last step. Similarly, y = ^ = ^ R y = i ff R y dA = ^ ff R 2y dA = - ^ § c y 2 dx 
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36. Here A = \ and C = C\ U C 2 U C 3 , where C\ : x = t, y = 0, 0 < t < 1, 
C2 : x = 1, y = t, 0 < t < 1, and C3 : jc = 1 - 1, y = 1 - t, 0 < t < 1. Thus, 

J = ja §c x 1 d y = §c x x 1 d y + §c 2 x 2 dy + fc 3 %1 dy 

= /J t 2 (0) dt + /J (l) 2 </f + /J (1 - 0 2 (~dt) 



1 - 1 2 
- 1 




and 



y = -Tz§cy 2dx = - 
1 - 1 

= -t(i-0 



<f Ci y 2 Jx + § C2 y 2 dx + f C3 y 2 dx\ = - [/J 0 ^ + /J r 2 (0) A + /J (1 - tf (-dt)] 



3 



0 



so the centroid is (x, y) = ^j. 
37. A = 2 J 0 3 (9 - x 2 ) dx = 2 \9x - ^x 3 ) I = 36. Let C = Ci U C 2 , where 



Ci : x = -3 + 6r, y = 0, 0 < t < 1 and C 2 : x = -t, y = 9 - t 2 , -3 < t < 3. 
Now x = 0 by symmetry, and 

y = -et y 2 dx = -71 (Sc { y 2 dx + fc 2 y2 dx ) 



1 

71 



Jo 1 0 (6 dt) + 3 (9 - r 2 ) (- JO 




2 

= j2 ( 2 ) Jo ~~ f2 ) dt ( tne integrand is even) 
= & Jo (81 - + , 4 ) * = & (81, - 6,3 + 1,5) £ = J£ 
Thus, the centroid is (x, y) = ^0, -y^. 

38. /, = JJ R py 2 dA = P JJ R y 2 dA = -frjJ^-Sy^dA = -\p§ c y*dx and 

ly = ff R px 2 dA — p ff R x 2 dA = ^p ff R 3x 2 dA = ^p§£ * 3 dy, by Green's Theorem. 

39. Place the lamina so that its center is at the origin. Then 
C : x = a cos t,y = a sin t, 0 < t < 2n and the required moment of inertia is 



h = 



~\p §C y^ dx = ~\p Jo 77 ( a s * n 0^ ( — a sm t)dt — ^ pa* Jq 77 sin 4 1 dt 
(- \ sin 3 t cos I 77 + I J 0 27r sin 2 r 



= pa 4 



= -^ptf 4 jj^ 71 " (1 — cos2?) dt — ^pcft {t ~\ sin 2^ | 



1 4 




40 



Using Green's Theorem, we have £ / (*) + g (y) ^ = //^ J £ [g (y)] - ^ [/ (x)] ) J A = //^ 0 J A = 0. 



41. Using Green's Theorem, we have 

§ c {ay + b)dx + (cx +d)dy — JJ R (cx + d) — (ay + b) j = ff R (c — a) dA — (c — a) A. 



42 



Here P (x, y) = ^5 ^ and Q (x, y) = — -, so 



2xy 



dP 



x 2 + y 2 



x 2 + y 2 



Sjc ( x 2 + y iy dy 

a. If C does not enclose the origin, then both P (x, y) and 2 (x, y) have continuous partial derivatives in the region R 



enclosed by C, so by Green's Theorem, 



r x A 4- v 



— Jx H — ^ — - dy — 



x A 4- v 




5x 



~ ~dv) 




dA — I I QdA = 0. 
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b. Suppose C encloses the origin, and pick a > 0 such that the circle C' : x — a cos t,y = a sin ?, 0 < t < 2ir lies inside C 
(see Figure 12). Then both P and Q have continuous partial derivatives in the annular region R bounded by C 
and C' . Applying Green's Theorem to the multiply-connected region R with its positively oriented boundary 
C U (-C), we obtain § c P dx + Q dy + §_ a P dx + Qdy = 0 <=> § c P dx + Qdy = § c P dx + Qdy. 



Now 



x 



C x 2 + y 2 



x 



C x 2 _J_ y 2 



dx + 



dx + 



2tt r 



^2 _|_ -y2 



dy = 



0 



a cos ? 



<3 



(—a sin?) + 



a sin? 



a 



(a cos ?) 



2ir 



dt = 



Odt = 0, so 



0 



2 ^ 2 d y=°< 



43. 



a. Here C \ x — cos ?, y — sin ?, 0 < t < 2iz, so 

-y - x 



C 



P dx + Qdy = 



x 2 + y 2 
2tt r 



x 2 + y 2 



o 

2tt 



sin? 



L cos 2 ? + sin 2 J 



(- sin 0 + 



cos? 



cos 2 ? + sin 2 ? 



(cos ?) 



dt 



= j^Jf = t\ 2 * = 2tt ^ 0 



b. 



dy dy 




y 



2 2 

y — x 



x 2 + y 2 



and 



dQ 



d 



x 



2 2 
y A — x A 



(jc 2 + y 2 Y dx dx\ x ^ + y^J ( x 2 + y 2) 
c. Green's Theorem does not apply because P and 2 are not defined at the origin. 



, so 



DP DQ 



dy 



dx 



44. a. We showed in Exercise 43b that ^ 



$£. Next, 



C : x = 2 cos ?, y = 2 sin ?, 0 < t < 2tz. Thus, 



§ c Pdx+Qdy = 



0 



2?r r~ 2 sin? , . , 2 cos? , 

(-2 sin t) H (2 cos ?) 



dt 



2tt 



0 



J? = 2tt ^ 0 



b. This does not contradict Green's Theorem because the region enclosed by 
C includes the origin, where P and Q are not defined. 




45. a. Without loss of generality, assume C is positively oriented. Then 



§c{ 



COS* + X 



3 yj dx + ( 



x A + e y 



)dy 



= IIr [& (* 4 + * y ) ~ ly ( cos * + ^)] dA 
= ff R (4x 3 -x 3 )dA = f\f\3xldxdy 

= £i[h 4 ][ 1 dy = fl 1 0dy=0 



(-1, i) 



y 



-l 



o 



R 



c 



1 



x 



(1,-1) 



b. The result does not contradict Theorem 15.4.4 because ^M- ^ => F is not a conservative vector field, and so for a 



specific closed path C, the integral j c F • dr may or may not be equal to zero. 



c. § c ^cosx + x^yj dx + ^x 4 + e y ^ dy 



= IIr (* 4 + ey )-~k ( cosx + x3y )] dA 



3 



46. Yes, Green's Theorem can be used because both P (x, y) = 



continuous partial derivatives in the region R enclosed by C. 



x 



J(X - 2) 2 + y2 



and g (x, y) = 




J(x - 2) 2 + y2 



have 
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47. Using Green's Theorem, we find 



§ c P (y) dx + fi (x) dy = JJ R ( & [fi (x)] - £ [P (y)] ) 

= SilSi 1 [&(x)-P , (y)]dxdy 
= lU[Q{x)-P' (y)x] x x Z 1 _ l dy 

= fii {[fi (1) - P' 60] - [fi (-1) + P' (y)]}dy 




(-i, -i) 



= /2i [fi (1) - G (-1) - 2P' (y)] rfy = {[fi (i) - Q (-1)1 y + 2P (y)}\U 

= [fi (1) - fi (-1) + 2P (1)] - {[fi (1) - fi (-1)] (-1) + IP (-1)} 

= 2 [fi (1) - fi (-1)] + 2 [P (1) - P (-1)] = 2[fi (1) + P (1)] - 2 [fi (-1) + P (-1)] 

= 2 [fi (0 + P(f )]{=L ! 



48. Let R be the x-simple region with boundary C, as shown. We can describe R by 
R = {(x, y) | gi (y) < g2 (y) , c < y < d] where g\ and g2 are continuous on 

[c, d]. If C is the union of C\ and C2, then § c Qdy = J C[ Qdy + 2 dy 

where and C2 are oriented as shown. Observe that the point (y, g\ (y)) 
traces Cj as y decreases from d to c, whereas the point (y, #2 00) traces C2 as 
y increases from cio d. Therefore, 




x = g 2 (y) 



X 



§ c Qdy = f Ci Qdy + J C2 Qdy = fa Q (y, gl (y)) dy + ft fi (y, g 2 (y)) dy 

= -Ic d Q Cy, si CO) dy + J c d fi (y, « 2 0)) <*y = // [G (y, a 0)) - fi Cy, *i (y))] <*y CD 

Next, we find /fc </A = // ^dxdy = // [fi (y, g 2 (y)) - fi (y, (y))] rfy (2). Comparing (1) and (2), we 

have § c Qdy = ff R ^2. J A, as was to be shown. 

49. False. Using Green's Theorem, we have <f c adx -\-bdy — JJ R (b) — (a) J J A = JJ^ 0 J A = 0. 

50. True. Using Green's Theorem, we have 

§ c xy 2 dx + (x 2 y + x)dy = JJ R [£ (x 2 y + x) - £ (xy 2 )] rfA = (2xy + 1 - 2*y) dA = JJ R ldA = A (R). 

51. True. Using Green's Theorem, we have 

W = § c F-dr = § c (- 1 y) rfy = // R [& - £ (- \y)] dA = ff R ( \ + \)dA = ff R \ dA = A (/?). 



15.6 Concept Questions 



ET 14.6 



L a. See page 1279 (1275 in ET). 
b. See page 1280 (1276 in ET). 



2. a. See page 1284 (1280 in ET). 

b. See Example 9 on pages 1284 and 1285 (1280 and 1281 in ET) 

3. A = JJ D \r u x r v \ dA 
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1. The equation matches graph b. Here x — 2 cos w, y = 2 sin w, z = v, so x L + y z = 4 and the surface is a circular cylinder 
with axis parallel to the z-axis. 

2. The equation matches graph c. Here x — ucosv,y = wsinu,z = u, so 

x 2 + y 2 + z 2 = w 2 cos 2 o + w 2 sin 2 v + u 2 — 2u 2 = 2z 2 => x 2 + y 2 — z 2 = 0, an equation of a cone. 

3. The equation matches graph a. Here x = w cos o, y = u sin o, z = u 2 , so x 2 + y 2 = « 2 cos 2 y + w 2 sin 2 u = w 2 = z; that 
is, x 2 -\- y 2 — z, an equation of a paraboloid. 

4. The equation matches graph d. Here x — u cos v, y = w sin o, z = v, so x 2 + y 2 — u 2 cos 2 v + u 2 sin 2 v — u 2 and z = o. 
Thus, the equation represents a helicoid. 

5. r (w, o) = (u — v) i + 3oj + (m + v)k => x = w — o, y = 3o, z = w + o. The 
second equation gives v = ^y, then the other two equations give 

x — z = (w — v) — (u + y) = —2v = — ^y => 3x + 2y — 3z = 0, an equation 
of a plane. 

6. r (w, o) = ^w 2 + u 2 ^ i + wj + ok => x = w 2 + v 2 , y = w, z = t> => 

x = y 2 + z 2 , a paraboloid with vertex at the origin and axis along the positive 
x-axis. 





7. r(w,u) = 3sinwi + 2coswj + uk, 0 < v < 2 

x = 3 sinw, y = 2cosw, z = £> => 
2 /, \2 



z A 



+ (z?) = \ %1 + ?) ;2 = i > 0 <£< 2 ' a cylinder with an elliptical 

cross-section and axis the z-axis, bounded below by the plane z = 0 and above 
by the plane z = 2. 




8. r (w, v) = 2 cos u cos w i + 2 cos u sin w j + 3 sin 0 k => 
x — 2 cos y cos u, y = 2 cos 0 sin w, z = 3 sin 0 => 

(2*) ~*~ (l^) — cos2 y cos2 M + cos2 y sm2 M — cos2 y ' so 

(i-^) 2 + (i^) 2 + (l z ) 2 = cos2 u + sin2 u = 1 => + ^ 2 + 
ellipsoid with center at the origin. 



= 1, an 
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15. r (w, v) — tq + wa + vb, where ro = 2i + j — 3k, a = 2i + j — k, and b = i — 2j — k => 

r(u,v) = (2i+j — 3k) + u (2i+j - k) + v (i - 2j - k) = (2 + 2u + o) i + (1 + k -2©)j - (3 + u + o)k with domain 
the entire uv -plane. 

16. 2x + 3y + z = 6 => z = 6 — 2x — 3y. If we put x = w and y = v, where w and v are parameters, we obtain the vector 
representation r (w, v) = wi + uj + (6 — 2w — 3d) k with domain the entire wu -plane. 

17. We have r (u, v) = cos u cos w i + cos o sin u j — sin v k with domain D = {(w, o) | 0 < u < 2n, 0 < v < 7r}. 

18. 9x 2 + 4y 2 + 36z 2 = 36 => ^x 2 + Ay 2 + z 2 = 1, so a representation of the surface is 

r (m, y) = 2 cos v cos w i + 3 cos v sin w j + sino k with domain D = {(w, u) | 0 < w < 27T, 0 < v < 7r}. 

19. We have r (w, v) = 2cos wi + 2sinw j + ok with domain D = {(u, v) | 0 < u < 2n, — 1 < v < 3}. 
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20. 9y 2 + 4z 2 = 36 => ^y 2 + ^z 2 = 1, so r(w,y) = wi + 2cosyj + 3sinuk with domain 
D = [(u, o)|0<w<3,0<y< 2tt}. 

21. The region inside the cylinder x 2 + y 2 = 4 can be described by x 2 + y 2 = y 2 , 0 < v < 2, so since z = 9 — (x 2 + y 2 ^, we 
have the representation r (u, y) = y cos w i + v sin w j+ ^9 — y 2 ^ k with domain D — {{u,v) \ 0 < u < 2n, 0 < v < 2}. 

22. The region inside the cylinder x 2 + y 2 = 1 can be described by x 2 + y 2 = y 2 , 0 < y < 1. Since z = x + 2, we have the 
representation r (w, y) = y cos w i + y sin w j + (y cos u + 2) k with domain £> = {(w, y) | 0 < u < 27T, 0 < v < 1). 



23. 



y — f (x) — +J~x. Let x = u,y = f (u) cos y, and 
z = / (w) sin v. Then the required equation is 

r (w, y) = ui + v^ 008 u j + sm u k w i m domain 
£> = [(u, v) | 0 < u < 4, 0 < v < 2tt}. 



24. y = / (x) = e * . Let x — u, y — f (u) cos y , and 
z = / (u) sin o. Then the required equation is 

r (w, y) = wi + e~ u cosy j + e~ u siny k with domain 
D = {(u, v) | 0 < u < 1, 0 < v < 2tt}. 





25. x = g (y) = 9 — y . Let y = w, x = g (w) cos y, and 
z = g (u) sin y . Then the required equation is 

r (w, y) = ^9 — u 2 ^ cosy i + u j + ^9 — w 2 ^ siny k with 
domain D = {(w, y)|0<w<3,0<y< 27r}. 



Z A 




26. y — h{z) — cos z. Let z — u, x — h {u) cos y, and 
y — h(u) sin y . Then the required equation is 

r (w, y) = ^9 — w 2 ^ cos y i + mj* + ^9 — w 2 ^ sin y k with 
domain D — {(w, y) | — 7r <w<7T,0<y< 27r}. 



Z A 




27. r (w, y) = (w + y) i + (u — y) j + y 2 k => r u (w, y) = i + j and r v = i — j + 2wk. Observe that the point 
(2, 0, 1) on the surface corresponds to (w, y) = (1, 1), so a normal vector to the required tangent plane is 



n = r M (1, 1) x r v (1, 1) = 



i j k 

1 1 0 
1 -1 2 



= 2i — 2j — 2k. Therefore, an equation of the tangent plane is 



2 (x - 2) - 2 (y - 0) - 2 (z - 1 ) = 0 => a: - y - z = 1 . 
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is n = r u (2, 1) x r D (2, 1) = 



= 4i — j + 2k. Therefore, an equation of the tangent plane is 



28. r (w, o) = ui + j + ok => r w (w, o) = i + 2wj and r v = 2oj + k. Observe that the point 
(2, 5, 1) on the surface corresponds to (u,v) = (2, 1), so a normal vector to the required tangent plane 

i j k 

1 4 0 
0 2 1 

4 (x - 2) - (y - 5) + 2 (z - 1) = 0 => Ax - y + 2z = 5. 

29. r (w, o) = w coso i + 2u sino j + w 2 k => r w (w, o) = coso i + 2 sino j + 2wk and r v (u, o) = — w sino i + 2u cosy j 
The point (u, o) = (1, 7r) gives the point (—1,0, 1) on the surface, so a normal vector to the required tangent 

i j k 

-10 2 



plane is n = v u (1, 7r) x r v (1, 7r) — 



= 4i + 2k. Therefore, an equation of the tangent plane is 



0 -2 0 

4 (z + 1) + 2 (z - 1) = 0 => 2x + z = -1. 
30. r (w, o) = cos w sin o i + sin w sin o j + cos ok => r M (w, o) = — sin w sin o i + cos w sin o j and 

r 0 = cos u cos o i + sin w cos o j — sin o k. The point (w, o) 



a normal vector to the required tangent plane is n = r u (y , ^) x r 0 (y, |) = 



0 







"2"' 




• 

J 


k 


0 


0 






"2" 


r 



31. 



Therefore, an equation of the tangent plane is — j (y — — \{z— ^) = 0=>y + z = 

r (w, o) = ue l) i + oe M j + wok => r M (w, o) = e l) i + oe M j + ok and r v (m, o) = ue v i + e M j + uk. The point 
(w, o) = (0, In 2) gives the point (0, In 2, 0) on the surface, so a normal vector to the required tangent plane is 

i j k 

— In 2 i + 2k. Therefore, an equation of the tangent plane is 



n = r„ (0,ln2) x r v (0,ln2) = 



2 In 2 In 2 
0 1 0 



(-In 2) (x - 0) + 2 (z - 0) = 0 => (In 2) jc - 2z = 0. 
32. r (w, o) = woi + w In o j + ok => r u (w, o) = oi + In oj and r 0 (w, o) = wi + + k. The point (w, o) = (1, 1) gives the point 

i j k 

1 0 0 



(1, 0, 1) on the surface, so a normal vector to the required tangent plane is n = r M (1, 1) xr 0 (1, 1) = 



1 1 1 



= -j+k. 



Therefore, an equation of the tangent plane is — (y — 0) + (z — 1) = 0 => y — z — — 1. 
33. r (w, o) = (u + 2o — 1) i + (2u + 3o + 1) j + (u + o + 2) k, so r u (u,v) = i + 2j + k and r, ; («, o) = 2i + 3j + k 

i j k 

1 2 1 



Thus, r u x r v = 



2 3 1 



= — i + j — k and |r M x r 0 | = J (— l) 2 + l 2 + (— l) 2 = \/3, so the required area is 



2 1 

A — JJd\Tu x r v \dudv = Jq Jq +/3dv du = Jq [^^ u J 0 du — 2^/3u = 2^/3. 



34. A vector representation of the plane is r (u, o) = ui + oj + (2u + 3o — 1) k, so r w (w, o) = i + 2k and r v (m, o) = j + 3k. 

i j k 

1 0 2 



Thus, r M x r ?; = 



0 1 3 



= — 2i — 3 j + k and \r u x r, ; | = J (— 2) 2 + (— 3) 2 + l 2 = >/l4, so the required area is 



A = ff n \r u xr v \dudv = f, 2 f, 3 VTi dv du = 2^U. 



Section ]5.6 Parametric Surfaces ET Section 14.6 4]5 



35. A vector representation of the surface is r (u, v) — u cos v i + u sin v j + (8 — 2m cos v — 3u sin y) k, 0 < u < 2, 0 < v < 2ir, 
so r M (w, y) = cosy i + siny j + (—2 cosy — 3 sinu)k and r D (u, v) = —u s'mv i + u cosy j + (2u siny — 3u cosv) k. 



Thus, r u x r v = 



cosy siny — (2 cos y + 3 siny) 
— wsiny wcosy 2u sin y — 3m cos y 



= 2ui + 3wj + wk 



and |r M x r 0 | = y (2w) 2 + (3m) 2 + w 2 = \f~\Au, so the required area is 

A = JJ D |r„ x r v \dudv = J 0 27r J 0 2 Vl4 M Jo = j 27T |Vl4 (^ 2 )] 0 ^y = 2VT4 J 27r </y = 4^14^. 
36. r (w, y) = w cos y i + w siny j + w 2 k, so r M (w, y) = cosy i + siny j + 2wk and r v (u, y) = — w siny i + u cos?; j 



Thus, r M x r v = 



cos o sin v 2u 
—usinv ucosv 0 



= — 2w 2 cosyi — 2w 2 sinyj + wk and 



• M x r 0 1 = y/ 4m 4 cos 2 v + 4m 4 sin 2 y + u 2 = w\/4w 2 + 1, so the required area is 



1 /O 

A = ff D |r„ x r D | <iw dy = / 0 27r Jo u ( 4 " 2 + *) Jm dv = Jo* TZ { 4u2 + l ) 



3/2' 



n3 



dy 



- 0 



= TZ Jo" (37 V37 - l) A, = f (37 V37 - l) 



37. r (w, y) = w cos v i + w siny j + uk, so r u (u, v) = cos y i + siny j + k and r v (u, y) = — u siny i + u cosy j. Thus, 



0 



cos y sin y 1 
— wsiny wcosy 0 



= — u cos y i — w sin v j + wk and |r M x r D | = V w 2 cos 2 y + u 2 sin 2 v + u 2 — +J2u, 



so 



2 

the required area is A = // D |r M x r ?; \dudv = J^ 2 J* 2 \[2u du dv — j^ 2 [^u 2 j ^ Jy = J^ 2 Jy = 3 ^ 7r 

38. r(«,y) = <3 sin w cosy i + asinwsinyj + acoswk, 0 < u < y, 0 < v < y, so 

r w (m, y) = ^ cos u cosv i + a cos m siny j — a sinwk and r v («, y) = —a sin w siny i + a sin w cosy j. Thus, 



r u x r„ = 



a cos w cos y a cos w siny — asinw 



— a sin u sin y a sin m cos y 



0 



= a 2 sin 2 w cos y i + a 2 sin 2 w sin v j + a 2 sin u cos m k 



and |r M x r D | = \] a 4 sin 4 u cos 2 y + <3 4 sin 4 w sin 2 y + a 4 sin 2 w cos 2 m = a 2 sinu, so the required area is 



A — JJ D \r u x r v \dudv — f^ 2 f^ 2 a 2 sinu du dv — J^ 2 ^—a 2 cosu^J dv — a 2 Jj 



2 i 1 2 

— " Z ' 7 dv — ^7T<2 Z 



39. r (w, y) = 

r M (w,y) = 



sinwcosyi + sinw siny j + uk, 0 < w < n, 0 < y < 2-7T, so 
cos w cos y i + cos u sin y j + k and r v (u,v) = — sin u sin v i + sin m cos v j. Thus, 



r M X Tn = 



D 



J 



cos u cos y cos u sin y 1 
— sin u sin y sin u cos y 0 



= — sin u cos y i — sin w sin v j + sin w cos u k and 



|r M x r v | = V sin 2 u cos 2 y + sin 2 u sin 2 y + sin 2 u cos 2 w = sin uy/ 1 + cos 2 u, so the required area is 
A = ff D \r u x r v \ du dv = Jq n sin u\J 1 + cos 2 u du dv — Jq* yfl + x 2 dx dv (let x — cos u) 

= J 27r [iWl+^ 2 + \ In (jc + v / TT^ 2 )]|_ i £/» = J 0 27r [V2 + \ In (3 + 2V2)] dv 
= |"2V2 + ln (3 + 2V2)1tt 
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40. r(w,o) = u 2 i + uv') + 2» z k, ® - u - 0 - v - 2, so r M (m, y) = 2ui + oj 



1„2 



and r w = wj + £>k. Thus, r M x r /; = 



i j k 

2u v 0 
0 u v 



„2 



vH — 2uv'] + 2w z k and 



|r M x r 0 | = Vd 4 + 4w 2 o 2 + 4w 4 = y (2w 2 + o 2 ) = 2w 2 + t> 2 , so the required area is 

A — J \r u x r v \dudv = Jq Jq 1 ^2w 2 + ?; 2 ^ dv = Jq |^|w 3 + wo 2 J ^ = Jo ( § + a 2 ) = + jo 



41. a. Here x = a sin m cos v , j = £ sin u sin u, and z = c cos w, so 



sin 2 w cos 2 o + sin 2 w sin 2 v + cos 2 w 



= sin 2 u + cos 2 w = 1 



This equation represents an ellipsoid. 



b. 




c. Here r (u, v) = 3 sin u cos v i + 4 sin w sin v j + 5 cos u k, so 

r M (w, v) = 3 cos w cos u i + 4 cos w sin v j — 5 sin u k and r D (w, v) = —3 sin w sin o i + 4 sin u cos y j. Thus, 



J 



3 cos u cos v 4 cos w sin v —5 sin w 



— 3 sin w sin d 4 sin w cos v 



0 



= 20 sin 2 w cos o i + 15sin 2 wsinoj + 12coswsinwk 



and | r u x r v \ = y/ 400 sin 4 u cos 2 v + 225 sin 4 u sin 2 o + 144 cos 2 u sin 2 u, so the required area is 
A = JJ D \^u x r D \dudv = 8 J^ 2 J^ 2 \r u x r v \du dv « 199.455. 



42. 



a. Here x — a sin 3 w cos 3 v,y — a sin 3 w sin 3 d, and z — a cos 3 u, so 
jt\2/3 /y X 2/3 /ZX 2/3 



+ I — I + ^— ^ = sin 2 w cos 2 y + sin 2 w sin 2 o + cos 2 u 



-2 



sin z w + cos 2 m = 1 



This equation represents an astroidal sphere. 



b. 




1 1 
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c. r w (w, v) = 3a sin 2 u cos u cos 3 v i + 3a sin 2 w cos u sin 3 u j — 3a cos 2 w sin u k and 
r 0 = — 3a sin w cos t> sin v i + 3a sin u sin o cos v j. Thus, 



r M x r 0 = 



i j k 

0 *\ 0 *\ 0 

3a sin u cos w cos v 3a sin w cos u sin y — 3a cos w sin w 
—3a sin 3 w cos 2 y sin v 3a sin 3 w sin 2 y cos y 0 

n 2 • 4 2 2 • , r\ 1 • 4 2 2- • , r» 2 • 5 2 • 2 i 

= 9a sin u cos w cos v sin di + 9a sin u cos w cos y sin y j + 9a sin u cos w cos y sin y k 
If a = 1 , then 

|r w xrJ = 9\/ sin 8 w cos 4 u cos 2 y sin 4 y + sin** w cos 4 u cos 4 y sin 2 y + sin 1 ^ u cos 2 w cos 4 v sin 4 y 



+ cos 2 v sin 2 w sin 2 y 



= 9ysin 8 w cos 2 w sin 2 y cos 2 y ^cos 2 w 
= 9 sin 4 w |cos « sin y cos v \ \l cos 2 u + sin 2 w cos 2 v sin 2 y 



) 



Thus, using a CAS, we find that 

A = JJ D \r u x r w 1 du dv = 8 /J 1 " Jo^ 2 9 sin 4 w cos w cos y sin oV cos 2 u + sin 2 w cos 2 y sin 2 y dv 

43. Let r (w, y) = wi + yj + y/u 2 + y 2 k. Then r M (w, y) = i H — k and 

V" 2 + v 2 



Mix 

12 



r 0 (w,y) = j + 



v 



\j U 2 + V 2 



k, so 



r w x r 0 = 



1 J 

1 0 
0 1 



k 

u 



s]u 2 + y 2 
y 

y/u 2 +0 2 



y 



l — 



\l u 2 -\-v> 2 \j u 2 + y 2 



j + k and 









2 


x 2 + (y 


-1) 2 =1 




Z) J 




0 


^ 

» 



r„ x r D = 



2 2 
w z y z 

+ 



W 2 + L> 2 W 2 + y 2 



+ 1 = VI Thus, A = ff R V2dA = V^tt 



vector to the plane is n = r x x r y = 



= — fx (*> y) 1 — fy (*> y) j + k. Thus, an equation 



44. r (x, y) = xi + vj + / (x, y) k ^> r x (x,y) = i+ / A - (x, y) k and r y y) = j + f y (x, y) k, so a normal 

i j k 

1 0 f x (x,y) 
0 1 f y (x,y) 

of the tangent plane at (a, b, f (a, b)) is —f x (a, b) (x — a) — f y (a, b) (y — b) + z — f (a, b) — 0 or 
Z- f(a,b) = f x (a, b) (x - a) + f y (a, b) (y - b). 

45. We use the vector representation of the surface of revolution: r (w, v) — id + / (u) cos v j + / (u) sin v k 
with parameter domain D = {(w, u) | a < u < b, 0 < v < 2tt] (see Equation 1 on page 1283/1279 
in ET). r M (u,v) — i + f' (u) cos v j + (w) sin y k and r 0 (u,v) = — / (w) sin y j + / (u) cos d k, 

i j k 

1 / x (u) cos y /' (w) sin v 
0 — /(«)siny f(u)cosv 



so r M x r D = 



= / (u) f' (u)i — / (u) cos u j — / (u) sin y k. Thus, 



|r« x r v | = (w)] 2 [/ x ( M )] 2 + [/ (m)] 2 cos 2 v + [/ (w)] 2 sin 2 v = f (u) ^/l + [/' (a)] 2 since / (w) > 0. Then 

^ = jtd i r « x ^ i ^ = j 0 27r /« / w wf^ d » = fa f w yi+tr w] 2 ^ ; 0 27r ^ y 

= 2tt Jj / (ii) + (u)fdu = 2n \l f (x) J\ + \f>{x)fdx 
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46. r (w, y) = (a + Z?cos y) cos u'\ + (a + bcos y) sin w j + b sin y k => r w (w, y) = — (a + Z?cosy) sin u i + (a + b cos y) cos u j 
and r 0 (w, v) = — Z?siny coswi — Z?siny sinwj + Z?cosy k. Thus, 



r M x r D = 



i J k 

— (a + b cosu) sin u (a + b cos y) cos w 0 



— & sin n cos w 



—b sin o sin w b cos y 



— b(a-\-b cos y) cos w cos y i + b (a + b cos y ) sin u cos y j + b (a + Z? cos y) sin y k 



and so 



\r u x r 0 | = yj b^- (a + b cos y) 2 cos 2 u cos 2 y + Z? 2 (a + Z? cos y) 2 sin 2 w cos 2 v + b^ (a + b cos y) 2 sin 2 y — b (a -\-b cos y) 
Finally, 

A = ff D \r u x r 0 1 Jy = Jq 77 Jq 77 b(a + b cos y) Jy = Jq 77 [Z? (a + Z? cos y) m]"^ 71 " dy 
= 27rZ? JJ^ 71 " (a + Z? cos y) dy = 2izb (av + Z? sin v)\q* — AiP'ab 
47. False. r M (w,y) = cosyi + sinyj + k and r, ; (w,y) = — wsinyi + z^cosyj, so 



r w x r 0 = 



■ 

J 



cos y sin y 1 
—u sin y w cos y 0 



= —u cos y i — u sin y j + uk = 0 if w =0. Therefore, the surface described by r (w, y) 



is not smooth. 



48. True, r (u, y) = 2 sin u cos y i + 2 sin w sin y j + 2 cos wk, 0<w<y, 0<y<y describes the part of the 
sphere of radius 2 centered at the origin that lies in the first octant, which has area ^ • 4n (2) = 2n. Therefore, 

Io /2 Io /2 l r " x r v\du dv = 2tt. 




15.7 Concept Questions 



1. a. See page 1292 (1288 in ET). 



b. See page 1292 (1288 in ET) 



ET 14.7 



c. See page 1294 (1290 in ET). 



2. See pages 1295 and 1296 (1291 and 1292 in ET). 



3. a. See page 1296 (1292 in ET). 



b. See page 1297 (1293 in ET). 



c. See page 1299 (1295 in ET). 



| 15.7 Surface Integrals 



ET14.7 



1. 3x + 2y + z = 6 => z = g (x, y) = 6 — 3x — 2y, so 

Us f C*> y> z ) dS = Us ( x + y) dS 



= SSr C* + y) J[gAx,y)] 2 + [gy(x,y)] 2 +ldA 

= SSr (* + y) 7(-3) 2 + (-2) 2 + IdA 
= Vutiti 6 - 3x)/2 (x + y)dydx 



3.v + 2v = 6 




dx = - 



8 



J 0 2 (3x 2 + I2x - 36) = -^3 (x 3 + 6jc 2 - 36*) 



= 5VT4 
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2. 2x + 3y + z = 6 => z = g (x, = 6 — 2x — 3;y, so 



/2 2 
[&r (•*, y)] + [gy (*, y)] + 1 dA 

= JJ R xyy l(-2) 2 + (-3) 2 +ldA 



_ 2«J\A f3 ( v 2> 
~ 9 



J 0 3 (* 3 - 6x 2 + 9x) = 



y 










+ 3 v = 6 


i 








R 




0 


1 

1 


— 1 — V » 

2 3 s * a- 



3. z = g 0, = 2x + => g x (x, y)=2 and g-y (x, y) = 2y, so 
// s / (x, y, z) dS = JJ R yy/[gx(x 9 y)] 2 + [g y (x,y)] 2 + ldA = 



= titiy{*y 2 + 5) dydx = J 2 
= fo ^(21-5V5)dx= 1 (27-5V5) 



SSr yVWTs dA 

3/2 nl 




dx 



-0 



4. j = g (x, z) = x 2 + 2z => g x (*, z) = 2x and g z (x, z) = 2, so 
ffs f (x, y, z) dS = JJ R xz 2 J[g x (x,z)f + [g z (x,z)] 2 +ldA 

= lUo^ x ^^ dx ^ = Io 

= £ (27 - 5 V5) 




JJ^ xzV^ 2 + 4 + 1 <M 

3/2" , -*= 1 



A=0 



^z = / 0 1 ^ (27 - 5 z 2 dz 



5. j + z = 4 => z = g (x, y) = 4 - y, so g* (x, = 0 and g y (x, y) = -1. Thus, 
JJ s f(x,y 9 z)dS = ff s (x + 2y + z)dS = JJ S [x + 2y + (4 - y)] dS 

= //*(* + y + 4 ) J[gx y)] 2 + [gy (x, y)] 2 + l dA 

= ^/o^/o (rcos0 + rsin0 + 4)rdr</0 
= V5/ 0 27r [(cos 0 + sin 0) (±r 3 ) +2^"*^ 

= V2 J 0 27r (cos 0 + sin 0) + 2] J0 = V2 ^ (sin 0 - cos 0) + 20]^ = 4^2 





3" 








1 










/? 


— 1 ► 


-ll 


0 




ll A 




-1 







6. j + z = 4 => z = g (x, y) = 4 - y, so g.^ (*, j) = 0 and g y (x, y) = -1. Thus, 

ffs f ( x >y>z) ds = ffs xzds = ffs x ( 4 ~ y^ ds 

= JJ R (Ax - xy) y/[gx(x 9 y)] 2 + [g y (x 9 y)] 2 +ldA 
= V2 J 0 27r Jq (*r cos 0 - r 2 cos 0 sin 0) r dr dO 



V2f 27V [(3 cosO) r 3 - (^cos6/sin6>) r 4 ] 



r=2 
r=0 



J0 




= V2 J 0 27r cos 0 - 4 cos 0 sin ^) dO = V2 sin 0 + 2 cos 2 0)1*^=0 
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7. z = g (x, y) = yjx 2 + y 2 => g x (x, y) = 



x 



Jx 2 + y 



and 



g y (x, y) = 



y 



x 2 + y 2 



, so 



JJs f (*, y, z) dS = ff s x 2 z dS = ff s x 2 Jx 2 + y 2 dS 

= JJ R x 2 Jx 2 + y 2 J[g x (x, y)f + [ gy (x, y)f + 1 dA 



= Sh * V* 2 + y 



x 



2 



x 2 + y z x L + y 



+ 



y 



,2 



2 



+ IdA 




1 X 



= V2 Jo 27r /J (r cos 0) 2 v£*r </0 = V2 J 27r [(cos 2 6>) (jr 5 )] ^ = Y Jo * cos2 0 ^ 
= V 2 J 271 " 1 (i + cos20)</0 = 4^ 



8. x = g 0, z) = Jy 2 + z 2 => g y (y, z) = 



y 



Vy 2 + z 2 



and 



£z 0, z) = 



z 



\/y 2 + z 



2 



, SO 



JJs f (x, y, z)dS = JJ S (x + 2y + 3z)dS = JJ S (7y 2 + z 2 + 2y + 3z) </S 
= JL (V? 2 ^ 2 + 2y + 3z) ^ (y,z)] 2 + [# z (y,z)] 2 + l</A 



Jo ^ if + 2r cos 0 + 3r sin e ) ^ r dr de 




= V2/ 0 27r [(1 +2cos0 + 3sin0) (^ 3 )]'_j d0 = 21 V2/ 0 27r (1 + 2cos 0 + 3 sin0) dO 



2tt 



= 2lV2(0 + 2 sin 0 — 3 cos 0) = 42 V2tt 



0 



9. We project the relevant part of the cylinder onto the yz-plane. 



x = g (y, z) = \/4-y 2 => g y (y, z) = - 
//s / (x,y,z)dS = JJ s xyzdS 



v 



^y 1 



and g z (y,z) = 0, so 



= ISr W4 - y 2 J[g y (y, z)] 2 + [g z (y, z)f + 1 dA 
= SSr yzj4=y*(-j=p j <M = 2 / 0 2 / 0 4 yz dz dy 



= 2/o[^ 2 T_^y = 16/ ( ?3'rf3' = 32 



24 

4 
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10. z = g (x, y) = y/9-x 2 -y 2 => g x (x, y) = - 



x 



^9-x 2 - y 2 



and g y (x,y) = - 



y 



9-x 2 -y 2 



, so 




f(x,y,z)dS = 




y 



9-x 2 -y 2 



+ IdA 



2?r r3 



9 — r l f 27T Z* 3 / 

rdrdO = 3 / yf9-r 2 rdrd0 

1 9 - r 2 JO JO 



= 3 



= 3 



0 Jo y/9-r 
27r r , 3/2" 13 



0 



dO 



_ o 



= 27 / 0 27r d0 = 54tt 




3 * 



11. r (w, o) = wi + v] + (u 2 — 1^ k => r M (w, v) — i and r 0 (w, o) = j + 2ok, so 



r« x r 0 = 



i j k 

1 0 0 

0 1 2v 



= -2oj + k => |r M x r 0 | = x/4d 2 + 1, 



so 




/ (x,y,z)dS = / / / (r (u, v)) \r u x r 0 1 dA 

s J Jd 





u + 



V 



D 



V4v 2 + 1 dA 



= I-i Jo (uV4v 2 + \ + v}dudv = /I] [^ 2 V4u 2 + 1 + h»]^</o = J-i (?V4v 2 + I + do 
= l { 1 [ 8 V^^TT + 1 in (2o + x^TT)] + v 2 ) | ^ = \ (2V5 + J In $±§) 

= ^[2V5 + ln (V5 + 2)l 



12. r (w, o) = w sinu i + u cos v j + w 2 k => r M (w, o) = sin v i + cos o j + 2wk and r v (u, v) = u cos v i — w sino j, so 



r M x r v = 



J 



sin v cos u 2w 
wcosu — Msino 0 



smv l cos y j — uk => |r M x r 0 | = uy/4u 2 + 1, 



so 



(*> y» z)dS = JJ D f (r(u, v)) \r u x r 0 | = J/ D sino + u 2 ^ uy/4u 2 + IdA 

= Jq 1 /J 1 "/ 2 (u 2 j4u 2 + lsino + wV4w 2 + l) </k 



= Jo [~w 2 V4m 2 + 1 coso + u 3 y/4u 2 + 1 du = Jq (^-u 3 y/4u 2 + 1 + u 2 ^4u 2 + 

= S Jo 2 * V* 2 + 1 * + | Jo 2 t 2 y/i* + Tdt (put r = 2m) = (25 V5 + l) + 2j£ - X In (>/5 + 2) 
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13. r (w, y) = u cos v i + u sin v j + yk => r M (w, y) = cos v i + sin y j and r /; (w, y) = —u siny i + w cos y j + k, so 

• J k, 

= sin y i — cos u j + wk => |r M x r w | = Vw 2 + 1. Thus, 



r w x r D = 



cos y sin y 0 
— u sin o u cos y 1 



ff s f (x,y 9 z)dS = ff D f (r(u,v)) \r u x r 0 | dA = ff D v<Jl + (w cos y) 2 + (m sin y) 2 • V w 2 + 1 dA 



= Jq 1 / Q 27r v (u 2 + l) dy du = Jq [£o 2 (k 2 + i)]' _^ = 27r2 Jo (" 2 + *) ^ M 



= 2-7T 2 I 4- 



- J 77 



14. r(u,v) = (a + b cos y ) cos w \ + (a + b cos y) sin w j + b sin y k 
and r v (w, y) = —ft sin y cos u i — ft sin v sin w j + ft cos y k, so 

i j k 

— (a + ft cosy) sinw (a + ft cos y) cos w 0 
—ft sin y cos m —ft sin y sin w ft cos y 



r w (m, y) = — (a + ft cos y) sin w i + (a + ft cos y ) cos w j 



= ft (a + ft cos y) cos w cos y i + ft (a + ft cos y ) sin w cos y j + ft (a + ft cos y) sin y k => 
|r M x r, ; | = ft (a + ft cos y). Thus, 

ff s f (x,y,z)dS = JJ D f (r (w, y)) |r M x r y | JA = JJ D (ftsiny)ft (a + ftcosy) dA 

= /J^ 2 J^ 71 " ^aft 2 sin y + ft 3 sin y cos y^ dudv = 2n (ab 2 sin y + ft 3 sin y cos y^ dv 



= 2tt 



|^— aft 2 cos y + ^ft 3 sin 2 yj ^ = 7rft 2 (2a + ft) 



15. We have p (x, y, z) — kx 2 , where k is the constant of proportionality. Now 
x + 2y + 3z = 6 => x = g (y, z) = 6 — 2y — 3z. The projection of 5 onto the 
yz -plane is the region shown. Then 



m — 



JJ S p (x, y, z) dS = JJ R kx 2 j[g y (y 9 z)] 2 + [g z (y,z)] 2 +ldA 
* Jo lt 2y)/3 ( 6 " 2y " 3z) 2 7(-2) 2 + (-3) 2 + 1 A dy 



= 18V 14& 



16. The axis of symmetry of S is the z-axis, so p (x, y, z) — k\j x 2 + y 2 , where /: is 
the constant of proportionality. Furthermore, the projection of S onto the 

xy-plane is the annular region shown. Now z = g (x, y) = x + y 

gjc (x, y) = 2x and g y (x, y) = 2y, so 



m 



= JJ S p (x, y, z) dS = JJ R kjx 2 + y 2 j[g x (x, y)f + [g y (x~, y)f + 1 dA 
= SSr ky/x 2 + y 2 yj (2xf + (2y) 2 + 1 dA = k J 27T J 2 V^x/i^TTr dr dO 



2tt 
0 



= fc/ 0 2 ' r / 1 2 r 2 V / 4^TT^^ = fc/ ( 



= ^[^ + ^ln((Vl7-4)(V5 + 2))-^l 



3/2 



6-2v-3z = 0 




3^ 



= ^4* Jo 3 J o (6 - 2>0/3 (6 - 2y - 3z) 2 dz dy = VTAk .fc 3 [(- ' ) ( \ ) (6 - 2y - 
= ^/ 0 3 (3-,) 3 ^=-^(l)(3-^" 



-.z=(6-2y)/3 
Jz=0 








2 








-2 


-\2 



2r + x/4r 2 + 1 - ^ry/Ar 2 + 1 



J6/ 



- 1 
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17. The density function is p (x, y, z) — kz = ky/4 — x 2 — y 2 , where k is the constant of proportionality. Furthermore, S has 



representation z = g (x, y) = y/4 — x 2 — y 2 =^> g x (x, y) = — 



x 



4 - x z — y 



and g y (x, y) = - 



y 



4 - x 2 - y 



, so 



m = 1 1 p(x,y,z)dS= / / k^A - x 2 - y 2 

s J Jr 



2 



—x 



\ \^4-x 2 -y 2 



+ 



-y 



4 - x 2 - y 



+ 1 dA = 



= 2k7r (2) 2 = Mir 




2k d A 



R 



18. The hemisphere x 2 + y 2 + z 2 = 1 and the cone z = \l x 2 + y 2 intersect along 

0 0 0 0 1 

the curve 2x + 2j = 1 <=> x + y — j, so the projection of the surface onto 
the xy-plane is the circular region R shown. Next, 

2 ^ gx (x,y) = - 



z = g(x,y) = y/l-x 2 -y 



x 



and 



1 — x 2 — y 2 



g y (x 9 y) = - 



y 




Jl_ x 2_ y 2 



, SO 



m = I l^p(x,y,z)dS = 



V2\ 2 _ 1 




k A /l-x 2 -y 



R 



\ 




2 



— x 



— x 2 — y 2 



+ 




-y 



— x 2 — y 



+ \dA = 



— ^kiz 



19. F = Pi + Q} + Rk = 2xi + 2jj + zk and z = g (x, y) = 4 - x 2 - y 2 

gx (x, y) = ~2x and g y (x, y) = -2y. Then 

JJ S F • </S = //^ (-Pg, - Qg y + P) JA 

= JJ R [- (2x) (-2x) - (2y) (-2y) + (4 - x 2 - y 2 )] dA 

= IIr [3 (* 2 + ^ 2 ) + 4] dA = j** J 2 (3r 2 + 4) r dr dO 
= ^ [| r 4 + 2 r 2 ]^0 = 20 = 407T 



20. 



F = Pi + Q] + Rk = 3xi + 3;yj + 2k. For 5, z = g (x, y) = x 2 + y 2 
(-^j) = 2x and (x, = 2y. Since n points downward, we take 
g x (x,y)i + g y (x,y)}-k 



n — 



y/[gx(x,y)] 2 + [gy(x 9 y)] 2 +l 



, so 



Jj s ¥-dS = jj R ¥-ndS = JJ R ¥-[g x (x,y)i + gy(x,y)i-k]dA 

= JJ R [(3x) (2x) + (3y) (2y) — 2] dA = //^ (6x 2 + 6y 2 - 2) J A 

= Jo * Jo ( 6 ^ - 2) r Jr JO = [§r< - r*]* </0 = 20 rf0 = 40tt 

21. F = Pi + Q} + Pk = xi + yj + zk and z = g (x, y) = 6 - 3x - 2y 9 so 

lis ^ ■ dS = ff R {-Pg x - Qgy + R)dA = ff R [-x (-3) - y (-2) + z] dA 

= ff R [3x + 2y + (6-3x-2y)]dA = Jj R 6dA = 6fy (3) (2) 
= 18 



2/2 X 




kdA 



R 





3.v + 2v = 6 
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22. F = Pi + + Pk = 6zi + 2xj + yk and z = g (x, y) = \ (12 - 2x - 3y), so 
ff s F.dS = ff R (-Pg x -Qg y + R)dA 

= /f*[~ (fe) (4)- 2 * H)H JA 
= JL [i ( 12 - 2 * - 3 >0 + * + y] dA = \ IIr & + 12 ) dA 

= I Jo Io i2 ~ 2X)/3 b + 12 > dx = \ Jo 6 [(* + 12) y]^ 12 " 2 ^ 3 dx = y J 0 6 (-2* 2 - 12* + 144) dx = 56 




23. F = Pi + gj + Rk = -yi + xj + 2 z k. Also, z = g (x, y) = V4 - x 2 - y 2 

x y 

. Therefore, 



gx (x, y) = - 



y/4 - x 2 - y 2 



andgv (x,y) = - 



yjA-x 2 - y 2 



ff s F-dS=ff R {-Pg x -Qg y + R)dA 




xy 



4-x z -y 



2 



+ 



xy 



4-x 2 -y 



+ 2z J d A 



= JJ R 2^-x 2 -y 2 dA = 2 ft* J 2 TCTr drd6 = 2 (-£) (§) (4 - r 2 ) 




3/2 



i2 



d0 = 



_ o 



24. F = Pi + Qi + Pk = xi + >j + zk. Also, z = g (x, y) = sJ9 - x 2 - y 2 

x ... y 



gx (x, y) = - 





y/9-x 2 - y 2 



mdgy (x,y) = - 



y/9-x 2 - y 2 



. Therefore, 




F-dS= // (-Pg x -Qg y + R)dA 



R 



j9-x 2 - y 




+ y/9-x 2 -y 2 )dA 




3 x 



dA — lim 

R V9 -x 2 - y 2 a^y 



rdrdO 1 = 9/ T lim_ (-^9 - r 2 ) 



0_ 



2tt 

d0 = 21 I d0 = 54 

0 



25. F = Pi + gj + Pk = 2i + 3j + k. Also, z = g(x,y) = v 1 x 2 + >' 2 



and g-y (x, y) = y 



yjx 2 + y 2 



x 2 + v 2 



. Therefore, 




F-dS = // (-P gx -2g v + p),/A 




2x 



3y 



V* 2 + y 2 



+ 1 MA 



y 1 
1 






-A o 
-i 




>• 

1 x 



2r cos 0 + 3r sin 0 



2tt rl 



+ 1 r drdO = jQ £ (-2cos0 - 3sin0 + V)rdrdO 



r=\ 



J 0 27r [(-2 cos 0 - 3 sin 6 + 1) ( ±r 2 ) J dG= \ / Q 27r (-2 cos 6 - 3 sin 0 + 1) dO 



2-7T 



= ^(-2sin0 + 3cos0 + 0) = tt 
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26. F = Pi + + Rk = xi + 2jj + zk. Also, y = h (x, z) = Vx 2 + z 2 

. Let 



h x (x,z) = 



and h z (x, z) — Z 



Vx 2 + z 



H (x,y,z) = y — h (x, z). Then the normal to S is 
VH (x, y, z) -h x (x,z)i+j-h z (x,z)k 



' V * y/[-hAx,z)P+l* + [-h z (x,z)] 

dS = y/[-h x (x, z)] 2 + l 2 + [-h z (x, z)] 2 . Therefore, 
// S F ■ dS = JJ S F -ndS = JJ R {-Ph x + Q- Rh z ) dA 



and 



—x 



2 



R \ y/x 2 + Z 2 



+ lyjx 2 +Z 2 ~ 



Z 



= !Z*!i^rdrdO = ^[\r\ 



\A 2 + z 2 



dA 




1 X 



27. 



F (jc, y, z) = y 3 i + x 2 \ + zk and 5 = S\ U S 2 U S 3 . On 5i, 
r(0,z) = 3cos0i + 3sin0j + zk,O < 0 < 2tt, 0 < z < 3 
r# = —3 sin 0 i + 3 cos 0 j and r z = k, so 



■ 

.1 



—3 sin 0 3 cos 0 0 



0 



0 



1 



= 3 cos 0 i + 3 sin 0 j. Therefore, 




JJ Si F • = F . ni ^5 = ^27 sin 3 0 i + 9 cos 2 0 j + zk) ■ (3 cos 0 i + 3 sin 0 j) 

= J 0 3 / 0 27r (81 sin 3 0 cos 0 + 27 cos 2 0 sin 0) d0 dz = Jq sin 4 0-9 cos 3 0]^ dz = / Q 3 0 dz = 0 

OnS 2 ,n 2 = -kandz = 0, so JJ^ F • dS = JJ^ F • n 2 rf£ = (y 3 i + * 2 j + zk) ■ (-k) dS = ff S2 0dS = 0, 

and on 53, 113 = k and z = 3, so JJ S ¥ dS = 3 ffg dA = 3 (n) (3) 2 = 27 n. Therefore, 
SJs F • rfS = //y F • dS + JJ S2 F -<*S + SS S3 F • = 0 + 0 + 27tt = 27tt. 



28. F (x, z) = * 2 i + xy} + xzk and S = Si U S 2 U S3 U £4 as shown. On S\, 



6x + 3 j + 2z = 6 =^> z = g (x, y) = 3 - 3x - %y => g x = -3 and g y = - 1 , 

J/s, F • dS = J/5, ["^ 2 (- 3 ) " ("I) + *z] dA 

= !! Sl [l* 2 + %xy + x(3-3x- = // 5i 3x rfA 



SO 



= Jq 1 Jj^ 2x 3x = Jq 3x (2 — 2x) dx = ^3x 2 — 2x 3 ) | 



0 




(1,0, 0) 



On 5 2 , n 2 = -k and z = 0, so JJ^ F • = //^ F ■ n 2 = jj Si (x 2 i + xyj) ■ (-k) dA = JJ^ OdA = 0. 

On 5 3 , n 3 = -j and y = 0, so //^ F • dS = ffa (x 2 i + xzk) ■ (-j) dA = JJ Ss 0 dA = 0. 

On 5 4 , n 4 = -i and x = 0, so JJ^ F • = JJ Sa 0 ■ (-i) dA = JJ S4 0dA = 0. 
Thus, [LF-dS =1+0 + 0 + 0=1. 
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29. m — JJ S pdS — JJ s kdS = k yV\ (Atzo 2 ^ — 2kna 2 . By symmetry, 
x = y = 0. 

* = hffs z P ds = 




2kira 2jJ R 



z = g (x, y) = yja 2 - x 2 - y 2 => g x = - 



2 _ v 2 _ y,2 



a<- — x 



y 2 j{g x j 1 + {gy) 2 + \dA, where 



x 



y] a 2 — x 2 — y 2 



and 



gy = ~ 



y 



yj a 2 — x 2 — y 2 



, so 



z — 



2kira 2 J J r 



y/a 2 — x 2 — y 



\ 



2 



y/a 2 — x 2 — y 2 



+ - 



y 





y< 






a 


xr + y^ = a 






R \ 
1 ► 


—a \ 


0 


/ a x 




—a 





a 2 — x 2 — A?2 



+ IdA = 



1 



y 



1 9 a 

tv a — — 



lira 2 
Therefore, the center of mass is (0, 0, jj. 



27ra 2 




a dA 



R 



30. m = ff s pdS = kff R y/(g x ) 2 + (gy) 2 + ldA, where 

z = g (x, y) = 4 - lx 2 - iy 2 => g x = -x and g y = -y, so 



m 



= * //« 7(-*) 2 + (-y) 2 + 1 <M 

= * Jo* /o 2V5 v / ^TT'- dO 



2tt 




l2V2 




52 



= */o 

By symmetry, x = y — 0. 

* = h SSs ZPdS = //ft (4 - ^2 - 1 y2) y (_x)2 + (-y)2 + 1 dA 



3 r/o^^"^)^^^^^^^ ^(14-^) ( r 2 +1 ) 



52-tt 



3/2 



l2V2 



Therefore, the center of mass is ^0, 0, 



31. 



Because the spherical shell has uniform density, its moment of inertia about any 
diameter is the same, so we may place the shell so that its center lies at the 
origin. Then one of its diameters lies along the z-axis. 



z = g (x,y) = s] a 2 — x 2 — y 2 



x 



gx = - 



y/ a 2 — x 2 — y 2 



and 



h = 



y 



y/a 2 — x 2 — y 2 



, so 



d0 = 

. 0 


111 
" 65 


y 


i 


a 






R \ 


-a\ 0 


j ► 

/ ci x 


—a 





2 ffs ( x2 + y 2 )p(*,y,z)dS = 2p JJ R (x 2 + y 2 ) j {gx ) 2 +( gy ) 2 +\dA 



2 P [f (xl + yA 




\ 



2 



—x 



y/a 2 — x 2 — y 2 



+ 



— v 



y/ a 2 — x 2 — y 2 



+ \dA = 2p 




ar 



R J a 2 _ r 2 



dA 



— lap 



0 



lim 



C y2 



c->a JO Jo 2 — r 2 



rdr\d0 
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Using the substitution u 2 = a 2 — r 2 , so du — —2rdr, we find that 

f 2n T . (r 2 + 2a 2 Al° n 8 4 9 2 9 

/ z = 2ap / | lim | • y a 1 — r L | | c/a = -npa . But m = 4-7ra p, so 7 Z = ^ma . 



0 c— 



32. z = g (x, y) = yjx 2 + y 2 => g x = 



x a y 

and g y — — t so 



yjx 2 + J 2 



^Jx T +y 1 



L = 




x 2 + y 2 ^) p(x,y,z)dS 



= k 




R 



'x 2 + y 2 ) 



\ 



2 



y* 2 + >' 2 



+ 



y 



^/x T Ty 2 



7 



+ IdA 



2 






-2 1 0 

-2 




>■ 

'2 x 



= V2k f 27r f 2 r 2 r dr dO = V2k f 27r ^r 4 ] Q dO = 8V^tt 



33. 2x + 3y + z — 6 => z = g (x, y) = 6 — 2x — 3y and 

cr (x, y, z) = kz 2 = k (6 — 2x — 3y) 2 , where k is the constant of 
proportionality. If R is the projection of the relevant part of the plane 
2x + 3 y + z = 6 onto the xy-plane, then 

Q = JJ S a (x, y, z) dS = k JJ R (6-2x- 3y) 2 yj ' (g x ) 2 + (g y ) 2 + 1 dA 



2.x + 3v = 6 




k JJ R (6-2x- 3y) 2 y ( -2) 2 + (-3) 2 + 1 dA 



1« Jo Jo 6 " 2 "* 073 (6 " 2* - 3v) 2 </* = Vl4* J 0 3 [(- \ ) U) (6-2x- 3y) 3 ] 




3 -.y=(6-2x)/3 



y=0 



dx 



= ^* J 0 3 (6 - 2x? dx = ^k (-1) (I) (6 - 2xf\ Q = 18^14* 



34. 



z = g ( x , y) = y/25 -x 2 -y 2 and cr (x, y, z) = kz 2 = k (25 - x 2 - y 2 ) , 



where k is the constant of proportionality. Thus, g x (x, y) = — 



x 



y/25 -x 2 - y 2 



and g y (x,y) = - 



y 



y/25 -x 2 -y 2 



, so 



Q = JJ s cr(x,y,z)dS 



Jj R k (25 - x 2 - y 2 ) y/(g x ) 2 + (gy) 2 + ldA 




-y 



\\ y/25 - x 2 - y 2 



2 



2 



+ - 



y 




25-x z -y 



2 



+ IdA 



5* /o 3 (25 - , 2 ) r A- 40 = 5. ^ \ (- * ) (§) (25 - r*) 3/2 ] 3 rf 0 = 305 , ^ ^ 
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35. z = g (x, y) = 6 — 2x — 3y => g x = —2 and g y = —3. Also, P — 2x, 

Q = 2y, and R = 3z, so f R is the projection of the relevant part of the plane 
2x + 3 y + z — 6 onto the xy-plane, then 

// s F.rfS = // Jl (-Pfe-fig y + 12)Ji4 

= Jo Io 6 ~ 2X)/3 [~ ( 2 *) (- 2 ) " (ftO (-3) + 3 (6 - 2x - 3 y)] Jy Jx 

= Jo Jo (6 ~ 2 * )/3 ( 18 - 2x - 3 ?) d y dx = So [ l *y - 2x y - h 2 ]^'^ 3 dx 

= Jq (§x 2 - \2x + 30) dx = (§x 3 - 6x 2 + 30x) ^ = 42 




36. z — g (x, y) = 9 — x 2 — y 2 => g x — —2x and g y = — 2y. Also, 
F = xi + yj + 3zk P = x, Q = y, and R = 3z. Thus, 

ffs P F dS = 1000 /fc (-P fo - Qg y + /?) <M 

= 1000 /fc [(-x) (-2x) - y (-2y) + 3 (9 - x 2 - y 2 )] dA 

= 1000 //^ (27 - x 2 - y 2 ) J A 

= 1000 J 0 27r J 0 3 (21 - r 2 ) rdrdO= 1000 / 27r - J (27 - r 2 ) 




n3 



-0 



d0 = 202,500tt 



3 X 



37. The heat flow is q = -kVT = -5 (2xi + 2yj) and x 2 + y 2 = 1 => y = g (x, z) = y/l-x 2 => g x (x, z) = - 



x 



s/T^X 2 

and g z (x, z) = 0. Then the rate of heat flow across the cylindrical surface x z + y 2 = 1 between z — 0 and z = 1 is 





q-ndS = 2 (-Pg x -Rg z + Q)dA = 2 



R 




-(-10*) - 




- lOy 



dA 



= -20 




+ 



1 



. , y/l -x 2 )dxdz = -40. 

VI -X 2 ) JO y/l-X 2 



dx = —40 sin 1 x 



0 



= -20tt 



38. We have T (x, y, z) = c (x 2 + y 2 + z 2 ^, where c is the constant of proportionality. Then the heat flow is 

q = —k'VT = —kc (2xi + 2yj + 2zk). The outward unit normal to the sphere x 2 + y 2 + z 2 = tf 2 at the point (x, y, z) is 
n = i (xi + yj + zk), so the rate at which heat flows across 5 is 

// s q • n = // 5 (-2/cc) (xi + yj + 2k) • [I (xi + yj + zk)] dS = - ^ JJ 5 (x 2 + y 2 + z 2 ) 

= (-^r) a 2 // 5 (since x 2 + y 2 + z 2 = a 2 on 5) = -2kca Una 2 ) = -Skcna 3 



n — 



39. a. Put G (x, y, z) = y — g (x, z). Then the unit normal to S is 

VG(x,y,z) -g x (x,z)i+j-g z (x,z)k /f ; -.2 , r ; .-,2 . ~, A 

\VG(x,y,z)\ = U , , l2 ^ r : 2 •Aho,rf5 = V[fa(x,z)] +[&C*.z)] +l^so 

ffc F • = f f c F • n = f f„ (Pi + Q\ + /?k) • [-^ (x, z) i + j - g z (x, z) kl dA = f f n + 0 - to z ) 



Section 15.7 Surface Integrals ET Section 14.7 429 



b. x 2 + y 2 = 4 => y = g (x, z) = %/4-x 2 , so g x = - 



g z = 0. Also, P — y, Q = z, and R — —3yz , so 



x 



^A^X 2 



and 




S ¥ ' dS JJd\ y [ Ja^x 2 



+ z 



- (-lyz 2 ) (0) 



d A, where 



D = {(*, z) | 0 < x < 2, 0 < z < 3}. Thus, 




z 
3 

2 



0 



1 2 x 




S ¥ dS JJr[ Ja^x 2 +Z 



tl 

Jo Jo 



z=3 
z=0 



dx 



= Jo (3* + = (i^+H 1 = 15 



40. E = 



47T£o|r| 3 47r£() ( x 2 + ;y 2 + z 2)3/2 




0 

(xi + xj + zk). Here n = -, so 

V* 2 + y 2 + z 2 



dS, but x 2 + y 2 + z 2 = a 2 on 5, so 




E • dS= 



4 




4 



. 47Tfl z = — . The flux is independent of the radius of the sphere, so the flux of the 



S Altera 1 JJs Aixe^a^ sq 

electric field E across any sphere depends only on the charge. 

41. We use the spherical representation of the sphere r (u, v) = R sin u cos v i + R sin u sin y j + cos u k with parameter 
domain D = {(w, y) | 0 < w < 7r, 0 < y < 27r}. We may assume that the fixed point is (0, 0, R). Then the density at each 

point of the thin spherical shell is p — kyj (R sin u cos v) 2 + (R sin u sin v) 2 + (/? cos u — R) 2 = kV2R^T — cos u , where 

k is the constant of proportionality. Also, using the result of Example 15.6.10 (14.6.10 in ET), |r M x r v \ = R 2 sinw, so the 
total mass is 

= Jj s pdS — jj D k\flR\f\ — cos uR 2 sin udA — k Jq 7 * VZft 3 VI — cos w sin u du dv 

^\(2) (1 _ COSM) 3/2f 



m 



= JlkV? ft* [(f) (1 - COS «) 3 / 2 ] dv = V2kR* iff) J** dv = if 7T/fc/? 3 



42. r (w, v) — u cosy i + u siny j + yk. The central axis of the ramp lies on the z-axis, so 



p (x, y, z) — kJ(u cosy) 2 + (u siny) 2 = ku, where k is the constant of proportionality. Next, 



cos y sin y 0 
— wsiny wcosy 1 



= siny i — cosuj + uk, so \r u x r v \ = y/l +u 2 . Thus, 



m 



m 



— JJ s p{x,y,z)dS — kjj D usj 1 + u 2 dA, where D = {(m, y) | 0 < u < 3, 0 < v < 67r}. Finally, 



3/2' 



= * Jo 671 " /o wVl + u 2 du dv = k J 0 67r (|) (l + « 2 ) 3/2 J 3 dv = k J 0 67r i (lOvTO - l) dv = 2k7r (lOVTO - l) 



43. A parametric representation of S is r (u, v) = ui + / (w)cosyj + / (w)sinyk 
with parameter domain D = {(u,v)\a<u<b,0<v< 2n). Then 



i j k 

1 f (u) cos y /' (w) sin y 
0 — /(w)siny f(u)cosv 



— f ( u ) f ( u ) i — / ( M ) cos y j — / ( w ) sin y k and 



|r M x r v | = (w) f (w)] 2 + [— / (w) cosy] 2 + [— / (w) siny] 2 = / (w) ^ 1 + [/' (m)] 2 , so the area of S is 
A = ff n \r u x r v | = f 27r f? / («) Vl + T/ 7 (m)1 2 ^ Jo = 2tt .ff / (x) Ju^fbrfdx. 
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44. Let ni = i, n 2 = j, 113 = k, 114 = — i, n5 = — j, and 115 = — k be the normals 
associated with the surfaces {5/}. Then 

JJ S F • dS = ff Sl us 2 u-us 6 F • dS 

= ff Sl V'nidS + Jf S2 V.n 2 dS + ... + ff S6 V.n 6 dS 

Now F • n\ = (ixzi + yzj — z 2 kj • i = 2xz, and similarly F • n 2 = yz, 

F n 3 = -z 2 , F n 4 = -2xz, F n 5 = -yz, and F n 6 = z 2 , so 
F • ni dS = JJ R{ IxzdA = /J /J Izdzdy = 1 (jc = 1 on Si), 

Jfs 2 V-n 2 dS = ff R2 yzdA = $ $zdzdx = \ (y= 1 on 5 2 ), 

//% F * n 3 ^ = JL 3 (-^ 2 ) dA = Jo 1 Jo 1 (-1) dx dy = -1 (z = 1 on S3), 

JJ S F • n 4 dS = ff R (-2xz)dA = 0 (x = 0 on S 4 ), // 5 F • n 5 dS = JJ Rs (-yz)dA = 0 (y = 0 on S 5 ), and 
JJ Se F-n 6 dS = JJ Re z 2 dA =0(z = 0 on S 6 ). Therefore, ff s F • ndS = 1 + ^-1 + 0 + 0 + 0=^. 




dg 

45. a. We differentiate F (x, y, z) = 0 implicitly to obtain — = 

dx 



— y ' Z) and ^ = 

F z (*, y, z) ay 



F z (x,y,z) 



. Then 




f(x,y 9 z)dS = 



+ 1 c/A = 




+ IdA 




2 , r2 , r 2 



fx/F£ + Ff + F: 



dA 



D \F Z \ 

b. Here / (x, y, z) = x and F (x, y, z) — 2x + 3y + z — 6 

^2 2 + 3 2 + l 2 



= 0 => F* = 2, Fy = 3, and F- = 1, so 




f(x,y,z)dS = / / x 




D 1 

Us f ^' z ) ^ = ^Vl4, as before. 




dA — y/\4 / / x dA, where Z) = # as in Example 1. Therefore, 



D 



46. If the surface S is the graph of z = g (x,y), then it has parametric representation r (u, v) = u\ + uj + g (u, v) k. Then 



D 



i j k 



1 0 g 



0 1 g v 

Formula 6 yields 



= -gJ - goi + k and |r„ x r v \ = J (-g u ) 2 + (-go) 2 + 1 = J gl + g 2 + 1. Therefore, 



//s / (*> z) dS = JJ D f (r (u, »)) \r u x r 0 | dA = JJ D f (r (u , 0)) Jd + & + ldA 

= IIr f ( x > y> z) y^ + ^ 2 + i^ 

with R = D, and this is Equation 3. 

47. Let S have parametric representation r (w, y) = x (w, 0) i + y (u, v) j + z (w, 0) k, where (w, v) lies in the 
parameter domain D. Then J* (a¥ + &G) • <iS = JJ D [a¥ (r (m, v)) + /?G (r (w, v))] • (r M x r w ) dA, where 
F (r (w, v)) = F (x (w, y) , v (w, u) , z (w, u)). Thus, 

/ f s (a¥ + bG)-dS = f f D a¥ (r (u, v)) • (r M x r 0 ) rfA + / f D bG (r (u, v)) • (r„ x r D ) 

= a JJ D ¥(r(u 9 v)) ■ (r„ x r„) JA + b JJ D G (r (u, v)) • (r M x r, ; )dA 



= a ffc F • dS + /? ffo G • dS 
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48. False. Take / (x, y, z) = \ > 0 and S = {(x, y, 1) | 0 < x < 1, 0 < y < 1}. Then 
// 5 /fcjvZ)^ = // 5 ^S= ^ <1 = A(S). 

49. True. Since F is a constant vector field, there are planes that are perpendicular to the vector field. Pick one of those planes 
that divides the sphere S into two hemispheres S\ and S 2 so that S = S\ U S 2 . Since S is a closed surface, we have 
Jf s F-dS = Jf S{ F-dS + JJ Si F ■ dS, but Jf S[ F-dS = — JJ Si F ■ dS because S\ and S 2 have opposite orientations. The 

result follows. 




1. See page 1304 (1300 in ET). 



2. See pages 1309 and 1310 (1305 and 1306 in ET). 




1. If S is the surface of the cube, then S = S[ U S 2 U • • • U Sg. The corresponding 
outward unit normal vectors are ni = i, n 2 = j, 113 = k, 114 = — i, 115 = — j, 
and 115 = — k, so F • = (xi + yj + zk) • i = x and similarly F • n 2 = y, 

n< 

F • 113 = z, F • 114 = —x, F • 115 = — y, and F • 115 = —z. Then, because x = 0 
on 54, y = 0 on £5, and z — 0 on £5, we have 

/A F • ^ S = //5 1 U5 2 U-U5 6 F ' dS 

= Jf Si ldA + ff S2 ldA + ff S3 ldA + 0 = l + l + l = 3 

On the other hand, divF = ^ (x) + ^ (y) + ^ (z) = 1 + 1 + 1 = 3, so JJJ T divFdV = 3 JJJ T dV = 3 • l 3 = 3 and 
the Divergence Theorem is verified for this special case. 




2. The surface is similar to the one in Exercise 1. Again we have S = S[ U S 2 U • • • U and the outward unit vectors are 
n\ = i, n 2 = j, 113 = k, 114 = — i, 115 — — j, and 115 — — k. Now F • ni = (ixyi — y 2 j + 3yzk^ • i = 2xy and similarly 

F • n 2 = — y 2 , F113 = 3yz, F ii4 = — 2xy, F • n5 = y 2 , and F • = — 3yz, so because x = 0 on £4, y = 0 on S5, and 
z = 0 on 56, we have 

U52U-U56 F • « = J7* + ff R2 (-4)dA + //^ 6y dA + 0 

= 4 Jo Sh d y dz ~ 4 Jo So dxdz + 6 Jo 2 tfydydx = 16 - 16 + 24 = 24 
On the other hand, divF = ^ (2xy) + ^ (-y 2 ) + £ (3yz) = 3y, so 

2 2 2 2 2 ^ 2 2 2 2 r 1 ^"1^ 2 

JXf r divFjy = 3/ 0 J 0 J 0 ydzdydx = 3f Q J 0 [yz] z Z 0 dy dx = 6 J 0 J 0 ydydx = 6f 0 [?y \ Q dx = 12 Jo dx = 24 
and the Divergence Theorem is verified for this special case. 
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3. x 2 + y 2 = 4 => y = g (x, z) — y/4 — x 2 , giving a representation of S\ . Letting 
G(x,y,z) = y- g (x, z) = y - ^4 - x 2 , we find 

• i • 

i + J 

= jxi + — x 2 }, so 



Z A 



VG 



|VG| 



4^ + * 




F n 1 = (yi + zj - 3yz 2 k) ■ (i*i + ^4 - x 2 j) 

= ^xy + ^4 - x 2 = £>/4-x 2 (* + z), 
F • n 2 = (yi + zj - 3yz 2 k) • k = -3yz 2 , F ■ n 3 = (yi + zj - 3yz 2 k) • (-k) = 3yz 2 , 

F • 114 = (yi + zj - 3yz 2 k^ • (— i) = — y, and F • 115 = (yi + zj — 3yz 2 k^ • (-j) = — z. Therefore, because z = 3 on S2 
and z = 0 on S3 , we have 

ISs F ' dS = //s,u5 2 u...u5 5 F M = ffst F-n l dS + JJ S2 Y.n 2 dS+--- + ff Ss F-n 5 dS 

= IJ Sl \ (x+z)dS- JJ Sl 21ydS + /4 0dS-JJ S4 ydS-JJ S5 zdS 



1 r 2 r 3 




y/4-X 2 (x+z) 



0 JO 



\ 



X 



y/4^ 2 



^ + \ 2 + 0 2 dzdx-21 J 



7T/2 r 2 



r sin 0 r dr d6 



0 



2 r3 




zdz dx 



0 JO 



= Jq Jq (x + z) dz — 27 Jq Jq r 2 sin 6 dr d6 — Jq Jq y dy dz — Jq Jq zdzdx = 15 — 72 — 6 — 9 



= -72 



On the other hand, divF = |- (y) + ^ (z) + £ ("3yz 2 ) = -6yz, so 

/// r divFdV = —6 ^ J 2 J 0 3 (r sin 0) zr dz dr d6 = -6 tf /2 J 2 [(r 2 sin O) (^ 2 )]^ J0 



r=2 



= " 6 Jo 71 " 72 Jo 2 ! r2 sin OdrdO = -27 Jq 71 " 72 [^r 3 sin 0] J0 = -72 / fl w/2 sin 0 J0 



= -72 



verifying the Divergence Theorem for this special case. 



4. S\ is defined by z = g (x, y) = x 2 + y 2 . Let 

G (x, y, z) = z - g (x, y) = z- x 2 - y 2 . Then 

VG -2*i-2yj+k 2xi + 2yj-k c .^ fi AU 

ni = — — — - — - = , So is defined by 

|VG| y 4 x 2 + 4y 2 + 1 y^x 2 + 4y 2 + 1 
z = 1, so n2 = k. Thus, 

1 



F ni = (xi + yj + 2z 2 k) • (2xi + 2yj - k) 



V4jc 2 + 4y 2 + 1 

2(x 2 + y 2 ) -2(x 2 + y 2 ) 2 

V J ± '— on Si 

2 + l 



2x 2 + 2y 2 - 2z 2 _ 
yjAx 2 + 4y 2 + 1 

and F • n 2 = (xi + yj + 2z 2 k) • k = 2z 2 = 2 on S 2 (where z = 1). 




? T 

1 Z i 




__1 

/ 

/ 

- / 










/ / * 



0 



n 
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Therefore, because S = S\ U 52, we have 




F • dS = 



[[ F.ni<*S+ [[ F-n 2 dS = 2[[ ^ + > } ^ + ^ ^ y/(2s) 2 + (2y) 2 + 145 + // 2J5 
J J Si JJs 2 JJS { V4x 2 + 4y 2 + l JJs 2 



= 2/f 



>/4x 2 + 4y 2 + 1 

(* 2 + y 2 ) - (x 2 + y 2 ) dA + 2tt where R = J(x, y) | x 2 + y 2 < 1 J 



= 2 Jo" Jo - r 4 ) r </r </* + 2tt = 2 [>r 4 - frtfdO + 2tt = * f 2 " d0 + 2n = f + 2n = 



In 



On the other hand, divF = £ (x) + ^ (y) + £ (2z 2 ) =2(1+ 2z), so 

/// r div F dV = 2 J** /J £ (1 + 2z) r «fc </r </0 = 2 /J [r (z + z 2 )]^ 2 r </r <*0 = 2 J 2 * /J (lr - r 3 - r 5 ) rfr d 



In 
T 



5. F (*, y, z) = xy 2 i + 2yzj - 3x 2 y 3 k => div F = £ (xy 2 ) + £ ( 2 yz) + £ (-3x 2 y 3 ) = y 2 + 2z, so 
// 5 F • nrfS = /// r divF JV = /Ij /ij £ (y 2 + 2z) dxdydz = f\ j\ [(y 2 + 2z) x]^ dydz 

= /V-l (2/ + 4z) ^ dz = /I, [§y 3 + 4yz]^ i & = + 8z) Jz = («z + 4z 2 ) |^ = | 

6. F (*, y, z) = 2xzi - y 2 j + yzk => divF = £ (2xz) + £ (-y 2 ) + £ (yz) = 2z - 2y + y = 2z - y, so 

// 5 F • nrfS = divFJV = / 2 J 0 3 /ij (2z - y) Jz^y rfx = / 2 / 0 3 [z 2 - yz]^ dydx = J 2 / 0 3 (-2y)dy dx 

= /o[-y 2 ]o^ = -9/o^ = -18 

7. F(x, y,z) = (x 3 + cosy) i+ (y 3 + sin xz)j + (z 3 + 2e~ x ^ k 

divF = h (* 3 + cos >) + % {y 3 + sinxz ) + Tz ( z3 + 2e "' 1 ) 



= 3x 2 + 3y 2 + 3z 



so 




Jf s F-ndS = fff T divFdV = 3 JJ R (x 2 + y 2 + z 2 ) d A where 

# = {(y,z)|y 2 + z 2 < 1 ] ; that is, 

SS S F • n dS = 3 J 2 - /J Jo 3 (r 2 + x 2 ) dx r dr dO = 3 J 2 * /J [r 2 x + ' x 3 ]^ rdrd0 = 3 f 2 " /„» (3r 3 + 9r) Jr 



=3/<r[ 3 -- 4 ' 9 -- 2 



63tt 



8. F (x, y , z) = sin y i + (x 2 y + e z ) j + {2.x 2 z + e - *) k ^» 

div F = £ (sin y) + ^ (x 2 y + e z ) + ^ (2x 2 z + e"- 1 ) = x 2 + 2x 2 = 3x 2 , 



so 



SS S F • n dS = JJJ T divFJV = / 2 2 J 0 4 ^ 2 / Q 5 - z 3x 2 dy dz dx 

= 1-2 ft*' \^ 2 yT =5 ~ Z ^ dx = H 2 JJ- 3x- (5 - z) rfz rfx 



y=5-z 
y=0 

z=4-x 2 



•2 rA-x 




= n 2 [s, 2 (& - ^ 2 )];:; _x " & = 3 /_ 2 2 (12, 2 - ,4 _ 1 ^ 

= 6 J 0 2 (l2x 2 - x 4 - = 6 (4x 3 - ^x 5 - -j^x 7 ) | 2 = 



3456 
3^ 
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9. F (jc, y, z) = 2xyi + y 2 j + (x 2 + yz) k => 

div F = I- (2*y) + |r (y 2 ) + ^ (x 2 + yz) = 2y + 2y + y = 5y, so 
// 5 F • n dS = JJJr divFdV = /J /J 5y <fe </y 



z = I — x — y 



= Jo It x [5yz]Z 



z=l-x—y 



dy dx = Jq 1 Jq 1 * 5y (1 — x — y) dy dx 



z=0 



2 



(l - *) - \y 3 J y= l 0 x dx = % Jq 1 (l - xy dx 





10. F (x, y, z) — x 2 i + xz z j + (2xz + sin xy) k 



2 



divF = (x 2 ) + ^ (xz 2 ) + Jfe (2xz + sinxy) = 2x + 2x = 4x, so 
// 5 F • n dS = JJJ T divFdV = J 0 6 J^ /2 Ax dz dy dx 



f 6 r(6-x)/2 



- Jo /( 



0 



[4xz]— 0 



z =(6-x-2y)/3 



dy dx 



= j Jo 6 Jo (6 ~* )/2 * (6 - * - 2y) ^ 




= \ J 0 6 x [(6 - x) y - y 2 J_Q X)/2 dx = \ Jo 6 (?>6x - \2x 2 + x 3 ^j dx = \ (\%x 2 - 4x 3 + ±;t 4 ) |° = 36 

11. F (x, y, z) = xi + 2yj + 3zk => div F = (*) + 3y (2y) + (3z) = 1+2 + 3 = 6, so 
JJ S ¥ • n</S = /// r divFJV = /// r 6rfV = 6 (f tt • 3 3 ) = 216tt. 

12. F(*,y,z) = (x + y 2 )i + (V* 2 + z 2 + y) j + cosxyk => 



divF=&(* + y 2 ) + 5 



ay 




x 2 + z 2 + y) + ^ (cosxy) = 1 + l + 0 = 2, so 



ff s F- ndS = fff T divF dV = 2tt • l 2 • 1 = 2tt. 
13. F(*,y,z) = xzi-yzj + *yk=>divF = £ ( xz ) + 4- (- yz ) + £ = z -z = 0, 



ay 



so 



// 5 F • nrfS = /// r divFrfV = /// r OdV = 0. 

14. F (x, y, z) = (x + ye z ) i — (y + tanxz) j + (x + coshy)k => 

divF = £ (x + ye z ) - ^ (y + tanxz) + ^ (x + coshy) = 1 - 1 = 0, so 

Us*- nds = SSSt dWFdv = IHT 0dv = o. 

15. F (x, y, z) = (* 3 + l) i + (yz 2 + cosxz) j + (2y 2 z + e tanx ) k => 

divF = £ (* 3 + l) + ^ (yz 2 + cosxz) + §- z (2y 2 z + e tan *) = 3x 2 + z 2 + 2y 2 , so 



SJ S F • = JSf T dWFdV = fff T (3x 



2 + z 2 



+ 2y 2 ) 



dV 



= j 27r (3p 2 sin 2 0 cos 2 6 + p 2 cos 2 0 + 2p 2 sin 2 0 sin 2 6>) p 2 sin cpdpdcjidO 

= J 0 27r Jq 71 " [5P 5 (3 sin 3 0 cos 2 0 + cos 2 0 sin 0 + 2 sin 3 0 sin 2 0)]^ dcj) dO 

= 5 Jo 2?r Jo" ( 3 sin3 * cos2 6 + cos2 0 sin 0 + 2 sin 3 0 sin 2 0) </0d0 

= \ J 0 27r [^3 cos 2 0 + 2 sin 2 0) (- (2 + sin 2 cos 0 - i cos 3 (/>] ^"^ J0 

= 5 Jo 271 " I" 2 (! + c ™ 2 °) + j (1 - cos 20) + |1 dO = ^ J 27V (4+| cos 20) dO = \ (40 + i sin 20) I 



8tt 

"5" 
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16. F (x, y, z) = x 3 i - 3yz 2 } + 2z 3 k 



divF = I + A (-3yz 2 ) + f z (2Z 3 ) = 3x 2 -3z 2 +6z 2 = 3 ( 



x 2 + z 2 



)• 



SO 



// 5 F • ndS = JJJ T divF = 3 fff T (x 2 + z 2 ) dV 



a r 27T r3 r9-r 2 2 



^rfr^ = 3/ 0 27r / 0 3 [r 3 y] 3 '_^ r drdO 



r • r 



y=0 
3 



= 3 Jo 277 /o 3 - , 5 ) *■ ^ = 3 ft [§r* - l^] o dO 



729 r27r jn 729tt 




17. F (x, y, z) = xzi + x 2 yj + (y 2 z + l) k => 

divF = £ (xz) + ^ (x 2 y) + ^ (y 2 z + l) = z + x 2 + y 2 , so 
// S F- ndS = JJJ T divFdV = JJJ T (x 2 + y 2 + z) dV 

= it Jl Jl (r 2 +z)rdz dr dO 

= it Jl [r {rh + ^)] Z ^ dr dO = / 2 " if + 4r) dr dO 




18. F(x,y,z) = yz 2 i + (y 3 +xz)j - (y 2 z + 10c) k => 

div F = m (V) + iy (y 3 + xz ) - Tz (y 2z + l0x ) = 3 ? 2 -y 2 = 2 y 2 > so 

ff s F • n dS = SI I T div F dV = JJJ T 2y 2 d V = 2 / 0 27r $ J 2 p 2 sin 2 <f> sin 2 Op 2 sin <t>dpd<j>d9 



= 2 It lo [ 5 P 5 sin3 <t> sin2 e ] P p _] d< t> d0 = T Jo 77 Jo 1 " sin3 * sin2 0 ^ rf£) 
= « J 2 * [- 1 ( 2 + sin 2 </>) cos sin 2 0~f = ^ d0= 2 § J 2n sin 2 0 dO 



= ^ J 0 27r J (1 - cos 20) ^=^(10-1 sin 26) f = 2 ^ 



T5 



19. Here F(x,y,z) = r = xi + yj + zk, so divF = divr = £ (x) + ^ (y) + £ (z) = 3, so 
// 5 r • nrfS = /// r div r dV = JJJ T 3dV = 3 JJJ T dV = 3V (T) => V (T) = * /fcr • nrfS. 



20. Let a = <3ii + «2j + ^3^, where ai, a2, and #3 are real constants. Then diva = 37 + ( fl 2) + ( a 3) — 0, s 
ffca-n</S = fff T diva dV = f[L0dV = 0. 
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21. Let F(x,y,z) = P (x, y, z) i + Q (x, y,z) j + R (x, y,z) k. Then 



curl F — 



div (curl F) = 



• 

1 


J k 


Pi 
0 


0 O 


dx 


dy dz 


P 


Q R 




d /dR 


) = 


dx \ dy 




d 2 R 




dx dy 



\ dy dz J \dx dz ) \dx 



dP 

a7 



k and 



d_Q_ 

dz 



d 



d 2 Q 

dx dz 



dy 
d 2 R 



/dR 
\dx ~ 



+ 



d 2 P 



dP 

~dz 



+ 



+ 



d 



dz 



(dQ_ 

\dx 



dP 



d 2 Q 



d 2 P 



= 0 



dy dx dy dz dz dx dz dy 
because the mixed partial derivatives are equal (F has continuous second order partial derivatives). Thus, 

JJ S curl F -ndS = JJJ T div (curl F)dV = fJf T 0 dV = 0. 

Note that the result div (curl F) = 0 was also proved in Example 9 on page 1239 (1235 in ET). 



22. SS 5 Dnf dS = JJ S Vf-ndS = JJ S (%i + |j + f k) • ndS = JJJ T div (§£ i + gj + f k) dV 

= ///r^(i)H-^(|) + ^(I)]^ = /// r (g + ^ + g).V = /// r V^V 



23. Let c = cji + C2j + C3k be a constant vector, and define F = fc = c\f\ + C2/j + ci,fk. Then 

divF = £ ( Cl/) + d_ (c2/) + |_ (c3/) = Cl |£ + C2 g + C3|t = c ■ V/ = V/ ■ c Using the Divergence 

Theorem, we have JJ S ¥ - ndS = fff T div F d V = Jff T Vf-cdV. Since c is arbitrary, we can pick c = i. Then, 
letting n = n\i + «2J + ^k, we find JJ S fi ■ ndS = JJJ^ V/ • idV => Jf s fn\dS = Jff T g£ dV. Similarly, 
by taking c = j and c = k in succession, we have J /fl2 = ///r fy ^ anc * / is -^^3 — If It % , so 

ffs f*ds = (ffs /"i <«) ' + (//s /»2 ds) j + (Us fm dS) k = fff T (f i + |j + |k) rfV = fff T VfdV, as 

was to be shown. 



24. Using the Divergence Theorem, we find 

SS S (/Vg) ndS = JJJ T div (fVg)dV = JJJ T [(div /) • Vg + / div (Vg)] rfV = /// r (v/ • Vg + /V 2 g) dV. 



25. First, we write JJ S (/Vg - gV /) ■ ndS = JJ S (/Vg) ■ ndS - JJ S (gV/) ■ ndS. Then, applying the Divergence 
Theorem to each term in the result, we have 

lis if** - gV/) • n dS = JJJ T div (fVg)dV - JJJ T div (gVf)dV 

= I I It [( div /) • Vg + / div (Vg)] «*V - /// r [(div g) • V/ + g div (V/)] d V 

= If It ( v / • Vg + /V 2 g) dV - JJJ T (Vg • V/ + gV 2 /) </ V = SI I T (/V 2 g - gV 2 / 
because V/ • Vg = Vg ■ V / . 
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26. Since F (x, y, z) — 



*i + yj + zk 



is not defined at the origin, 



(* 2 + y 2 + z 2 f' 2 

the Divergence Theorem is not immediately applicable. Now consider 
the region T between the ellipsoid 



E = « 



(x, y, z) 



x 



9 16 



= 1 



and the sphere 




S = j(x,;y,z) |x 2 + y 2 + z 2 = l). 



Then 



divF = 



d 



dx 



x 



_ ( x 2 + y 2 + ,2)3/2 _ 
-2x 2 + y 2 + z 2 



+ 



y 



+ 



d 



3y _( x 2 + y 2 + Z 2)V 2 _ dz _( JC 2 + y 2 + z 2)3/2_ 



x L - 2y L + z A x L + y L - 2z 

+ + 



= 0 



{x 2 + y 2 + z 2 ) 5 /2 ^ 2 + ^2 + ,2)5/2 ^ 2 + y2 + ^5/2 

If the normals to both E and S point away from the origin, then by the Divergence Theorem, 

JJ EUS F. ndS = ff E F ■ ndS - JJ S F ■ ndS = JJJ T divFrfV = 0 => JJ E F • ndS = JJ S F ■ ndS. 

If we represent S parametrically by r (u, v) = sin u cos v i + sin u sin v j + cos u k, with parameter domain 

D = {(u, v)\0<u<ir,0<v< 27r}, then using the result of Example 5 in Section 15.7 (14.7 in ET), we have 



r w x r 



D 



- ,;„2 



sin 2 u cos v i + sin 2 u sin v j + sin w cos w k and 



F(r(w,o)) • (r M x r„) = 



sin u cos v i + sin w sin w j + cos u k 
^sin 2 w cos 2 v + sin 2 w sin 2 v + cos 2 



^sin 2 u cos d i + sin 2 u sin o j + sin w cos u k^ 



= sin 3 w cos 2 v + sin 3 w sin 2 v + sin w cos u — sin w 



Thus, 



ff E F • n dS = ff s F • n dS = ff D F (r («, o)) • (r M x r 0 ) </A = / Q 27r sin w Jo = J Q Z7r [- cos u]% dv = 2/ Q Z7r dv 



•2-7T 



2-7T 



= 477 



27. True. By the Divergence Theorem, // 5 F • dS = ff s F • n dS = fff T divFdV = JJJ T 0dV = 0. 



28. True. By the Divergence Theorem, JJ S F • dS = Jff T dlvFdV = JJJ T OdV = 0. 



29. True. By the Divergence Theorem, fff T div F J V = JJ s F-ndS < \JJ s F-ndS\ < JJ s \¥\dS < JJ s dS = A(S). 




15.9 Concept Questions 



ET14.9 



1. Seepage 1312 (1308 in ET). 



2. 



First note that the projection of each of S\ and S 2 onto the xv-plane is the circular region R — J(x, y) \ x 2 + y 2 < 1 J 

bounded by the same circular path, r (t) — cos?i + sin? j, 0 < t < 2ir. Using Stokes' Theorem, we 
have JJ S ^ curlF • dS = § c F • dr and ff s curlF • dS = § c ^ F • dr. As observed earlier, Ci = C 2 , so 

ffo curlF- dS = [L curlF- rfS. 
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1. F (x, y, z) = 2zi + 3xj - 2yk, so curlF = 



1 

d 



J 

_a_ 

dx dy 
2z 3x 



k 

d_ 

dz 

-2y 



= -2i + 2j + 3k. 



Let z = g (x, y) = 9 — x — y 2 => g x = —2x and g-y = — 2y. Then, using 
Theorem 15.7.3 (14.7.3 in ET) with R = {(x, y) | x 2 + y 2 < 9j, we have 




// 5 curlF • dS = ff R {-Ax + Ay + 3) </A = / 27r J Q 3 (-4r cos 0 + Ar sin0 + 3) r dr dO 

= J 27r [4 (sin 0 - cos 0) (±r 3 ) + j r2 J r Z 0 d0 = Jo 71 " [ 36 ( sin 6 ~ cos °) + t] J0 

= [36 (- cos 6 - sin 0) + ^fl]^ = 27tt 
Next, we see that the curve C has parametric representation r (t) = 3 cos ti + 3 sin t j, 0 < ? < 27T, and so 
§ c F • dr = J 27r F (r (0) • r' (f ) </f = / 27r (9 cos ? j - 6 sin t k) ■ (-3 sin ti + 3 cos f j) dt = J 0 27r 27 cos 2 1 dt 

= ¥ Jo 27r 0- + c ° s 2 o ^ = t (/ + 2 sin2 0 Iq 71 " = 2?7r 

and Stokes' Theorem is verified for this special case. 



2. F (x, y, z) = 2yi — 2xj + zk, so curl F = 



i 

d 



J 



d 



dx 

2y 



dy 
-2x 



k 

d_ 

dz 

Z 



= -4k and 



/ f s curl F • dS = JJ S (-4k) kdS = -4 JJ s dS = -Air. Next, we see that the 

curve C has parametric representation r (f ) = cos f i + sin t j + k, 0 < t < 2ir, 
and so 

f c F.Jr = / 27r F(r(0)-r' (t)dt 

= (2shui — 2 cosr j + k) • (— sin? i + cos? j) dt 

= J 0 27r {-2 sin 2 t - 2 cos 2 tj dt = -2 J 27r = -4tt 
and Stokes' Theorem is verified for this special case. 



-l 



z 1 


i 



















1 



n 



0 



1 



3. F (x, y, z) = yi + zj + xk, so curl F = 



a 



J 

d 



dx 

y 



dy 
Z 



k 

d_ 

dz 

X 



— — i — j — k. Let 



z = g (x, y) = 6 — 2x — 2y => g x = —2 and g-y = —2. Then, using 

Theorem 15.7.3 (14.7.3 in ET) with R the triangle shown in the diagram, we 
have 

lis curl F • dS = IIr (-Pgx ~ Qgy + R) dA 

= IIr t- (-1) (-2) - (-1) (-2) - 1] dA 
= -5ff R dA = -5a-3-3) = -% 
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Next, observe that C = C\ U C2 U C 3 where C\ : Y\ (t) = (3 — 3f ) i + 3/j, 0 < t < 1, 
C2 : i"2 (0 = (3 - 30 j + 6rk, 0 < t < 1, and C3 : r 3 (0 = 3d + (6 - 6t) k, 0 < t < 1. Thus, 
§ c ¥- Jr = / c F(r (0) • r' (*)<// 

= /J [3d + (3 - 30 k] • (-3i + 3j) dt + /J [(3 - 30 i + 6rj] ■ (-3j + 6k) dt + /J [(6 - 60 j + 3rk] • (3i - 6k) dt 
= /J (-450 dt = -^r 2 ' 1 



0 



45 
T 



and Stokes' Theorem is verified for this special case. 



4. F (x, y, z) = (x + 2y) i + yz 2 j + y 2 zk, so 



curl F = 



d_ 

ox 



J 

_a_ 

dy 



x + 2y yz 



y 2 * 



-2k. Let z = g (*, y) = y/\-x 2 -y 2 



x 



8x = ~ 



J\-x 2 -y 2 



and g y = - 



y 



y /l-x 2 -y 2 



. Then, using 



Theorem 15.7.3 (14.7.3 in ET) with R = 



(x, y) I x 2 + y 2 < 1 J, we have 




/ f s curl F • dS = ff R -2dA = -2tt. On the other hand, 
C : r (0 = cos t i + sin t j, 0 < t < 2-rr, and so 

§ c F • Jr = J 27r F (r (0) • r' (0 = J 0 27r (cos t + 2 sin 0 i • (- sin ti + cos ? j) <fr = J 0 27r (- 



= J 0 27r (-cos? sin? - 1 + cos2t)dt = ^ c °s 2 1 ~ t + 7 sin2^ j^" = -27r 
and Stokes' Theorem is verified for this special case. 



cos t sin t 



- 2 sin 2 f ) 



5. 



The surface S is bounded by the curve x 2 + y 2 = 4. A parametric 
representation in a counterclockwise direction is 

C : r (0 = 2 cos / i + 2 sin £ j, 0 < ? < 27T. Using Stokes' Theorem with 
F (x, y, z) = 2yi + xz 2 j + x ye z k, we have 

// s curl F • </S = f c F-dr = f c F(r (t))-^ (t)dt 




= J 0 27r [4 sin f i + (2 cos 0 (0) j + (2 cos t) 2 (2 sin 0 k] • (-2 sin f i + 2 cos f j) dt 
= Io n (~ 8 sin2 f ) dt = ~ 4 Jo 7 " (1 - cos 20 dt=-\{t-\ sin 2f ) |^ = -8tt 



6. Here C is oriented clockwise when viewed from above, so 

C : r (0 = 2 sin ti + 2 cos ? j + 4k, 0 < ? < 2-7T. Using Stokes' Theorem with 

F (x, y, z) — 5yd + 2xz] — 3*z 2 k, we have 

ff s curlF • dS = § c F • dr = / 27r F (r (0) • r' (0 dt 

= J 0 27r [5 (2 cos 0 (4) i + 2 (2 sin 0 (4) j - 3 (2 sin 0 (16) k] • (2 cos t i - 2 sin ? j) <fr 

= J 0 27r (80 cos 2 ; - 32 sin 2 dt = J 0 27r [40 (1 + cos 20 - 16 (1 - cos 20] dt 
= f 0 27r (24 + 56 cos 20 dt = (24t + 28 sin 20 1 ^ = 48tt 



Z A 



c 




f_ 4 


✓ I 
/ I 


~~ *~ . 
/ 

/ 




\ \ 


I 


\\ 


i/y 



0 



n 
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7. The surface S is bounded by the curve x 2 + y 2 = 1. Solving this equation and 

z = ^4 — x 2 — y 2 simultaneously, we find that z = \/3, so a parametric 
representation of C oriented in a counterclockwise direction is 

r (t) = cos t i + sin t j + V3k, 0 < t < 2n. Using Stokes' Theorem with 
F (x, y, z) = xyzi + 2xj + tan -1 y 2 k, we obtain 
// s curlF • dS = § c F • dr = / 27r F (r (*)) • r' (f) dt 




= J 0 27r |"(cosO (sin?) (yfj i + 2cosf j + tan -1 (sin 2 /) kj • (-sin? i + cos? })dt 
= J 0 27r (- V3 cos * sin 2 t + 2 cos 2 tj dt = J 0 27r (- V3 cos * sin 2 f + 1 + cos 2f ) 



- (-^ sin 3 f + t + ^ sin2^ ^ = 2tt 



8. Let C = Ci U C 2 U C 3 U C 4 , where Ci : r t (0 = i + tj, 0 < t < 1, 




c 2 : r 2 (0 = cosf i + j + sinrk, 0 < r < -J, 
C 3 : r 3 (0 = (1 - 0 j + k, 0 < t < 1, and 
C4 : r 4 (?) = sin f i + cos t k, 0 < ? < y . Then, with 
F 0, y, z) = xyi + yzj + xzk, 

// s curl F • dS = § c F (r (0) • r' (f) = Xf=i § Ci F ( r (0) ' r ' (0 ^ 

= Jq 1 (ti) ■ }dt + ( cos ? i + sin ? j + cos t sin ? k) • (— sin t i + cos t k) 

+ Jo [0 - 0 j] • (~j + Jo 7 " 72 [( sin ' cos 0 k ] * ( cos ' i - sin* k) dt 
= Jq 0 dt + Jq 71 ^ 2 (- cos f sin ? + cos 2 1 sin r J ^ + Jq (t -l)dt + J^ 2 y- sin 2 r cos t j 



-0 



~ cos z r — 4 cos r 
2 3 /i 0 



c+a- 2 -')!-^ 3 ' 



7T/2 

0 



= -1 



9. The boundary of S is the ellipse 9x z + 9y 2 = 36; that is, the circle 

x 2 + y 2 = 4. A parametric representation with counterclockwise orientation is 
C : r(t) = 2cosf i + 2sin?j,0 < t < 2tt, so 
F (x, y, z) — z sin* i + 2xj + cos z k => 

F (r (0) = 0i + 2 (2 cos f ) j + e 2 cos 'k. Using Stokes' Theorem, we have 
JJ S curl F • dS = § c F (r (0) ■ r' (t) dt = J 0 27r (4 cos t j + e 2 cos r k) ■ (-2 sin t i + 2 cos t j) = J 27r 8 cos 2 1 dt 

= 4 J 0 27r (1 + cos 2t)dt = 4 (/ + \ sin2?) | 2?r = 8tt 




Section 15.9 Stokes' Theorem ET Section 14.9 441 
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1 






/ 1 
/ 1 
/ j 


n / 






/ /s 




0 ' 



10. The surface S is bounded by the two closed curves 
C\ : r! (t) = 3cosfi + 3sinfj + 3k,0 < t < In and 
^2 '• r 2 (0 — cos f i + sin f j + k, 0 < t < 2tt. Using Stokes' Theorem with 

F (x, y, z) — yz 2 i — xzj + z 3 k, 

JJ S curl F • dS = fa F (r { (f )) ■ r\ (t) dt + § Ci F (r 2 (0) • r' 2 (f ) On d , / - 3 y 

F(n (0) = (3 sin*) ^3 2 ) i - (3 cos 0 (3)j + 3 3 k = 27 sin M - 9 cos? j + 27k 
and on C 2 , F (r 2 (0) = (sin?) (l 2 ) i - (cos t) (1) j + l 3 k = sinM - cos t j + k. Thus, 

// s curlF- dS = J 0 27r (27sinfi-9cosfj+27k)- (-3sinri + 3cost})dt 

+ Jq^ (sin t i — cos t j + k) • (— sin ti + cos t j) 
= ~ Jo 71 " ( 82 sin2 ' + 28 cos2 t)dt = - J 0 27r (54 sin 2 1 + 28) <fr = - J 0 27r [27 (1 - cos 2*) + 28] ^ 

= -(55t- ^sin2r)| 27r = -HOtt 



11. F (*, y, z) = (y - z) i + (z - x) j + (x - y) k, so 



curl F — 



d_ 

ox 



J 

d_ 

dy 



dz 



y — z z — x x — y 



= -2i - 2j - 2k. Writing 2x + 3y + z = 6 



in the form z = g (x, y) = 6 — 2x — 3y, we have g x = —2 and g y = —3. Using 
Stokes' Theorem and Theorem 15.7.3 (14.7.3 in ET) with R as shown, we have 

§ c F • dr = JJ S curlF • dS = JJ R [- (-2) (-2) - (-2) (-3) - 2] dA 

= -12 J 0 3 / 0 (6_2r)/3 dy rfx = -12 Jo 3 i (6 - 2jc) </* = -4 (6* - x 2 ) 



3 
0 



= -36 




2x + 3y = 6 



12. F (x, y, z) = yi + zj + xk, so curlF = 



1 

5 



dx 

y 



J 

dy 

z 



k 

X 



= -i-j-k. The 




OA x 0_ 

normal to 5 is given by n = ? — — , where A = (1, 0, 0) and 



OA 



x 



5 = (0, 1, 1). OA x 




i j k 

1 0 0 
0 1 1 



= -j + k^n=^(-j + k),so 



Z A 



B(Q, 1, 1) 




A(1,0, 0) 



curl F • n = ^ (-i - j - k) • (-j + k) = 0 and Stokes' Theorem gives S r F • dr = f L curl F • = fL0dS = 0. 
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13. F (x, y, z) = 3xzi + e xz \ + 2xyk, so 



curl F — 



1 J 

d d 

cix ~cfy 

3xz e xz 



d 
2xy 



= (2x - xe xz ) l-(2y- 3x) j + ze xz k. Since the 



circle is oriented counterclockwise when viewed from the right, we take n = j. 
Then, using the fact that y = 3 on S, 




2?r rl 



§ c F • dr = JJ S curl F • n dS = ff s (3x - 2y) dS = ff s (3x -6)dS = J Q Z7r £ (3r cos 0-6)rdrdO 
= / 27r [r 3 cos 0 - 3r 2 £* dO = J 0 27r (cos 6-3)d6 = (sin 0 - 30)| 2?r = -6tt 



14. F (x, y, z) = 2zi + xyj + 4yk, so curlF = 



J k 



2z 



dy 

xy 



dz 
Ay 



= 4i + 2j + yk 



Z A 



Here z = g (x, y) = 4 - y => = 0 and g y = -1, so 

F • = // s curlF • n dS = JJ R [(-4) (0) - (2) (-1) + y] dA 
= ff R (2 + y) J A = / 0 27r Jo 2 (2 + r sin 0) r dr dO 



2tt I 2 , U3 



= r [ 



r + 4-r sin 

8 \ l 27r 

s cos0) = 8tt 



in 6>] r _ 2 d0 = J 27r ^4+| sin 0) d0 




= (40-1x08 0)1^ = 



15. In the figure, Ci joins the points (0, 0, 0), (0, 1, 0), (2, 1, 0), (2, 0, 0), and 
(0, 0, 0), while C 2 joins the points (0, 0, 0), (2, 0, 0), (2, 0, 1), (0, 0, 1), and 
(0, 0, 0). By Stokes' Theorem, 

fc ¥ ' dT = fciuc 2 ¥ ' dT = fci v - dT + fc 2 ¥ ' dT 

= JJ Si curl F-JS + /4 curl F • dS 



n 2 = -J 




But curl F = 



1 

d 



J 

d 



dx dy 
xe y ygX 



k 

d_ 

dz 

xyz 



— xzi — yzj + (ye x — xe y ) k. Also, z = 0 on S\ and y = 0 on S 2 , so 



§ c F-dr = - J 0 ' jo 2 - xey) dx dy + /J / 2 yz rfxrfz = - /J / 2 (ye* - x,>) rfx = - J* [ye* - 
= ~ So (V ~ y - 2^) dy=- Uy 2 e 2 - \y 2 - 2e>) I ' = - \ e 2 + 2e - § 
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16. F(x 9 y,z) = 



i + tan 1 x j + xyk, so 



1 +x 



curl F = 



1 

d 



J 

d 



dx 



k 

d_ 

dz 



dy 

T^p tan" 1 * xy 



= xi- yj. Here z = g (x, y) = y 2 - x 



have 



g x — —2x and g y = 2y, so with R — J(x, y) \ x 2 + y 2 < 1 J, we 

§ c F • dr = JJ S curlF ■ dS = JJ R [- (x) (-2x) - (-y) (2y)] dA 

= 2 JJ R (x 2 + y2) dA = 2 j** Jo 1 r 2 r drd0 = 2 f 2 " [ \ d0 = 1 j** ^ = „ 

17. The work done by F is W = § c F • Jr. To evaluate this integral, we use Stokes' 




Theorem: curl F = 



d 

37 



J 

d 



e x + z x + cosh y 



y 2 + z 3 



= 2yi + j + 2xk. The 



surface 5 bounded by the closed path C has equation 

z = g(x, y) — —2x — 2y + 2 => g x — —2 and g y — —2, so by Stokes' 

Theorem, 




W = § c F • dr = JJ S curlF ■ dS = JJ R [- (2y) (-2) - (1) (-2) + 2x] dA = f*~ x (2x + 4y + 2) dy dx 



= [2xy + 2y 2 + 2yJ _ l Q * dx = /J (4 - 4x) = (4* - 2;t 2 ) | V= 2 



18. F (x, y, z) = xy 2 i + f j + (2x + y) k, so 



curl F — 



1 J 

5x 



dz 



xy 2 j 2x + y 



= ^1 - i - 2j + 0 - 2xy^ k. Let S 




denote the surface bounded by the closed curve 7. Then by Stokes' Theorem, 
and using the facts that z = 3 on S and n = k, the work done by F is 

W = j F • dr = curlF ■ dS = ^ ^1 - ^ i - 2j + Q - 2xy^ kj • kdA = //^ (± - 2xyj dA 
= f 2 ( 1 - 2*y) dy dx = J 2 [ 1 y - xy 2 ]^ dx = J 2 (f - I6x) dx = - 8* 2 ) \* = - f 



19. Let A (C) denote the area of the surface bounded by C. By Stokes' Theorem, 

§ c B • dr = jj s curlB • ndS = jj s /x 0 J • ndS = /j,q ff s J-ndS = /x 0 |J| A (C) = /V- See Exercise 15.3.42 (14.3.42 in 
ET). 



20. Refer to the figure. Here 5=5jU5 2 . Using Stokes' 
Theorem, we have 

JJ S curl F • dS = JJ Si curl F • dS + curl F • rfS 

= f Ci F.rfr + / C2 F.rfr 
= f r F • rfr - f r F • rfr = 0 
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21. a. fVg = fg x \ + fgyi + fg z k, so 



curl (/ Vg) = 



d_ 

dx 

fgx 



J 

d_ 

dy 

fgy 



dz 
fg: 



(/&) " & (/^)] 1 " [& (/&) " l z (fgx)]l + [4 (/*) " ly (fgx)] 



= {fgzy + fygz ~ fgyz ~ fzgy) * ~ (fgzx + fxgz ~ fgxz ~ fzgx)i + (fgyx + Agy - fgxy ~ fygx) k 

= (fygz ~ fzgy) i - (/xfo - /z&c) j + (fxgy ~ fygx) k 
using the fact that the mixed derivatives are equal. 



On the other hand, V/xV^ = 



i j k 

fx fy fz 



= {fygz ~ fzgy) i - (fxgz ~ fzgx)} + {fxgy ~ fygx) k. Therefore, 



gx gy g Z 

curl (/Vg) = V/ x Vg, and by Stokes' Theorem, § c (fVg) • dr = ff s curl (/Vg) • dS = Jf s (V f x Vg) • dS 

b. Replacing g by / in part a, we see that V/ x V/ = 0, so 

§ c (/V/) • dr = // s curl (/V/) ■ dS = JJ S 0 • dS = JJ s 0dS = 0. 

c § c (fVg + *V/) • dr = JJ S curl (/Vg + gVf) ■ dS = JJ S curl (fVg) ■ dS + ff s curl (gV/) • dS 

= lis Wf x Vg) • dS + // 5 (Vg x V/) • dS = 0 because V/ x Vg = - Vg x V/. 



22. § c (2xy + z 2 ) dx + (x 2 - l) dy + 2.xz dz = § c F • dr, where F (x, y, z) — (ixy + z 2 ) i + (x 2 - l) j + 2xzk. Now 



curlF — 



d_ 

dx 



J 

A 

dy 



A. 

dz 



2 Jl 



2xy + z z x L - 1 2xz 



= Oi — (2z — 2z) j + (2x — 2x) k = 0, so if S is bounded by the given ellipse, 



§ c F • dr = JJ S curlF • n dS = Jf s 0dS = 0. 



23. fgF • dr = Jj s curl F • dS, where S is the surface enclosed by C. But 
F (x, y, z) = xf (r) i + y/ (r) j + z/ (r) k, where r = ^x 2 + y 2 + z 2 , so 



curl F = 



5* 



J 

ay 



yf(r) zf{r) 



= {W «1 - h [yf w] } 1 - { & [tf w] - £ [*/ w] ) j 



(1,-1.5) 




(1,5,2) 



(4, 2, 0) 



= [*/' W (V" 1/2 ) (2y) - y/' (r) (fr' 1 / 2 ) (2z)] i - [z/ r (r) (jr- 1 / 2 ) (2x) - (r) (^r- 1 ^ (2z) ] j 



+ 



[)>/' (r) (^ _1/2 ) (2x) - xf (r) (ir" 1 ^ (2 y)] k = 0 



Thus, f r F • dr = ffo curlF • dS = f L OdS = 0. 
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24. Using Stokes' Theorem, we find § c F • dr = Jj s curlF • dS, where S is the region lying in the plane x + y + z = 5 inside 



the circle C. Now curlF = 



1 



• 

J 



k 



dx dy dz 
xy 4x — yz xy — +Jz 



= (x + y) i — yj + (4 — x) k. A unit normal to 5 is given by 



n — 



i+j + k = Vl( i+ j + k ).Thus, 



7l2 +1 2 + 1 2 



/ c F • dr = JJ S curlF • dS = JJ S curlF • ndS = Jf s [(x + y)i - yj + (4 - x)k] • (i + j + k)] rfS 

= ^ // s (, + y - y + 4 - = ^p- JJ S 1 = ^p-A (S) = ^nr 2 
However, we are given that § c F • dr = *f5ir, so ^p-nr 2 = = 



r _ V3 



25. The given integral is §r F • dr, where 

F (x, v, z) = cos z i + 2x y 2 j + cot - 1 y k. We can pick S lying in the 
xy -plane (where z = 0) and bounded by x 2 + y 2 = 4. Observe that n = k. 



Thus, curl F = 



J 



d 



e x cos z 2xy 



31 
cot -1 y 



1 



i — e x sinzj + 2y 2 k. 




Using Stokes' Theorem, we find 



F- dr = 




- Y^2 { ~ e * sin z J + 2 ^ 2k ) * k JlS = Us dS = 1^ lo 2r2 sin2 OrdrdO 



= J 27r [^r 4 sin 2 fl]^ dO = 8 J 27r sin 2 6 d6 = A J 27r (1 - cos 20) dO=4(o~^ sin 20) | ^ = 8tt 



26. Using Stokes' Theorem, we have ff s curlF • dS = <f c F • dr, where C is traversed counterclockwise; that is, 
C : r(?) = cos?i + sin?j,0 < t <2n. NowF(r(f)) = (cos? + sin? + 2)i + (sin? + 4)j since z = 0, so 

// s curl F • dS = J 0 27r F (r (?)) ■ r' (?) </? = J 27r [(cos ? + sin ? + 2) i + (sin ? + 4) j] • (- sin t i + cos ? j) d? 

= Jq 77 ^— sin 2 ? — 2 sin ? + 4 cos ?) dt = Jq 77 ( — ^ + ^ cos 2? — 2 sin t + 4 cos ?) d? 

= (-^+ 5sin2? + 2cos? + 4sin?)| 27r = -7r 

27. By the Divergence Theorem, / f s curl F • dS = JJJ T div curl FdV, but div curl F = 0 (see Example 15.2.9/14.2.9 in ET), 
so // 5 curlF • dS = JjJ T OdV = 0. 

28. By Stokes' Theorem, § c V f ■ dr = JJ S curl (V/) • dS, where S is the surface enclosed by C. But V/ = + §{k, 



so curl (V/) = 



i J k 

a a a 



ax dy dz 

££££££ 

ax ay dz 



d 2 f d 2 f 



dy dz dz dy 



>-( 



a 2 / a 2 / 



dx dz dz dx 



W 



a 2 / a 2 / 



dy dy dx 



k = 0 because the 



second partial derivatives are continuous. Therefore, § c V/ • dr — jj s curl (V/) • dS = JJ 5 0 • dS = 0. 

29. The curve of intersection of the plane x + z = 2 and the cylinder x 2 + y 2 = 1 has vector representation 

r (?) = cos ? i + sin ? j + (2 — cos ?) k, 0 < ? < 2-7T, so F (r (?)) = cos (2 — cos ?) i + cos 2 ? j + 2 sin ? k, and since 

r r (?) = — sin ? i + cos ? j + sin ? k, we have F • dr = Jq 7 * ^(— sin ?) cos (2 — 2 cos ?) + cos 3 ? + 2 sin 2 ?j dt. Using a 
CAS, we find ( r F • dr = 6.28318530718 . . . = 2tt, as obtained in Example 2. 
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30. The curve of intersection of the cylinder x 2 + y 2 = 1 and the hyperbolic paraboloid z — y — x has vector 
representation r (t) — cos t i + sin* j + ^sin 2 t — cos 2 k = cos t i + sin t j — cos 2? k, 0 < t < 2tz. Since 

r' (t) = — sin £ i + cos f j + 2 sin 2? k, we have 

2iz r2n 



f I* 271 " /* 27r sin 2 / r l 

(b F • dr = / F (r (r)) • r' (r) = / = — h tan - 1 (cos t) cos f + 2 cos t sin r sin 2t 

JC JO Jo l + cos 2 r L J 



dt 



2-7T 



0 



sin 2 1 



1 + cos 2 



- + j\an 1 (cos t) j cos ? + sin 2 It \ dt 



Using a CAS, we find §q F • dr = 3.14159265358 . . . = 7r, as obtained in Exercise 16 

31. False. Referring to the figure, we have 

Sf s curl F-dS=f c F-dr = -f_ c F-dr = -ff S2 curl F • dS. 




32. True. By Stokes' Theorem, §q F • dr = JJ^ curlF • JS = jj s 0 = 0, since by assumption, curlF is tangent to S, which 
implies that curlF is orthogonal to n, and thus curlF • n = 0. 




1. vector; vector 

2. V/; potential 

3. a. departs, accumulates 



b. + -^y- + ^; enters; departs; equals; departs; enters 
4. a. rotate 

D - V ay az ; 1 + \ d Z ex ) J + ^ bx By ) K 

b. /* / (x (t) , y (o) yjy w] 2 + [y wp* 

c Hm XLl / (4' / (x (0 , y (*))*' (t)dt 

d- „to ZLi / (4> tf) A >'^ J? / C* (0 . y (0) / (0 * 

6. Xf / (x (t) ,y(t),z (0) 7 [*' (0] 2 + [y (0] 2 + [z' (t)f dt 

7. a. J^F-Tds = /* F (r (0) • r' (0 A 
b. work 

8. a. independent of path 

b. potential; / (r (b)) - f (r (a)) 

9. a. closed 

b. connected; conservative 



1U ' a " W ~ Fy 

b. simply-connected; ^M- — |£ 



Fx" ~By 

11 cur iF- ^ 

11. cunr, az , dz , a}? 

12. piecewise-smooth; closed; JJ^ — ^y-^ 

13. x dy; — § c y dx; ^ fg x dy — y dx 

14. JJ R curl F • ndA; JJ R div F dA 

15. a. x(w,o)i + y(w,i>)jH-z(w,i>)k; parameter; parametric equations 

b. id + yj + / (w, y) k 

c. wi + / (w) cosy j + / (u) sinu k; {(u, v) \ a < u < b, 0 < v < 2ir} 

16. ff R \r u x r ?; |dA 

17. a. //^ F (x, y, f (x, y)) J[f x (x, y)f + [f y (x, y)f + 1 dA 

b - IId f ( r u )) i r « x r » I ^ A 

18. a. Outward 

b. SS 5 V.dS = SS 5 V.ndS = m ^^ =l ^r j=l V(x i ,yj,f(x i ,yj))- Jti j ASy 




Review Exercises 



1. a. divF = £ (xy2) + £ (yz 2 ) + A („2j =y * + z * + x 



2 \ _ „2 , ,2 



b. curlF = 



a 



J 



0 



k 

dx dy dz 
2 2 2 

*y yz zx 



— —2yz\ — 2xz] — 2xyk 



3 3 

2. a. divF = ^ (xy cos y) + ^ (y sin*) + ^ (xz) = y cos y + sinx + x 



b. curlF = 



d 

dx 



J 

d 

Fy 



d 



xy cos y ysmx xz 



= — zj + (y cos x — x cos j + x j sin y) k 



3. a. div F = ^ (e x sin y) + (e x cos y) + = £ A sin y — e x sin y + e z — 



e z 



b. curl F = 



_a_ 

e x sin y 



■ 

J 



d 



3y 



d 

3z 



£ l cos y 



7 



= (e x cos y — e* cos y) k = 0 



4. a. div F = 



d 



dx 



)] 



a7 



x*- + y^ ) I + — (x cos y) + — (z 2 ) 



2* 



+ y 2 



— x sin y + 2z 



b. curlF = 



1 



ax 



In (x 2 + y 2 ) 



J 

_a_ 

ay 

x cos y 



r 



z 



2y 
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5. A parametric representation of C is r (t) = ti + VFj, 1 < f < 4. Then 



4 
1 



J c yds = JiJ l + Qr-W) 2 dt = St StJ^dt = \ St ^FTldt = i (I) I (4* + l) 3 / 2 

= -^(l7VT7-5V5) 

6. A parametric representation of C is r (?) = — cos ti + sin t j, 0 < ? < 7r. Then 

/ c - x 2 ^j ds = So [l - (- cos 0 2 ] V sin 2 1 + cos 2 1 dt = [q sin 2 tdt — \ fo ( l ~ cos 2? ) = 2 (' ~ \ sin2 ') 



7T 



0 



7T 

T 



7. J c xy 2 ds = J^ 2 sin J cos 2 f Vcos 2 ? + sin 2 f + \dt = \fl /J 1 "/ 2 cos 2 tsintdt = «Jl (— ^ cos 3 t^J = ^ 



8. C : r (0 = (1 + t) i + (1 + It) j + 4fk, 0 < f < 1, so 

/ c jryz = So (t + 1) (2t + 1) (4?) Vl 2 + 2 2 + 4 2 dt = V21fo (8? 3 + lit 2 + 4?) = 4^21 (£f 4 + f 3 + 

= 8V2T 



hi: 



9. C:r(f) = fi + * 1/3 j,l < f < 8, 



so 



f c x 2 ydx+x*ydy = jf (t 2 ■ t^dt + r 3 ■ fV3 . 1,-2/3^ = j8 ^7/3 + 1,8/3) Jr = ^10/3 + ^ n /3)|^ 



54,229 
- "TUT 



10. C : cos t i + sin t j, — y < t < 0, so 



S c xy dx — xy 2 dy — S-tv/2 [ cos t ( sm 0 ( — sm tdt) — cos t (sin 2 /) (cos t dt)^ 



= S-tv/2 ( — sm2 ? cos * — cos2 * sm2 ^ 



= [-1 sin 3 t]° + [I sin r cos 3 - \ f-n/2 



0 



-7T/2 

1 1 r0 



cos 2 1 dt 



= 4- 14/^/2(1 + 008 20^ 
= -3-[j ( ? + 2 sin2 0L /2 = -5-T5 = - 




37T+16 

48 



11. 



C : fi + cosf j + sinf k, 0 < t < y, so 

S c yzdx — y cos x + y dz = So [ cos t (sin f J?) — cos t (cos (— sin t dt) + cos t (cos r )] 

= So^ 2 ( sin r cos f + cos2 * sin 1 + cos2 t^dt = ^ sin 2 r — ^ cos 3 r + ^ ^ + \ sin 2f) j 

5 1 7T 3-7T + 10 

- 6 + 4" - TT~ 



\-|7T/2 

0 



12. r (r) = ti + ? 2 j + r 3 k, 0 < t < 1, 



so 



/ c xe~>' + cos j + z 2 = ?e~ /2 ^ + cos t 2 (It dt) + (V 3 ) ^3r 2 J = /J ^"' 2 + 2/ cos r 2 + 3r 8 ) 

= (_l^ 2 + sin ,2 + l,9^ = 5_^ + sinl 

13. A parametric representation of C is r (t) = d + t j + 2?k, 0 < r < 1, so 

/ c + dj + z^ x dz = So [* ( ? dt) + + 2te f (2 Jr)] = Jo ( ?2 + + 4r ^) dt 



dt 
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14. 



(2, 1, 3) 




15. 



C = C\ U C2, where C\ : ri (t) = t\, 0 < t < 1 and 
Cl : 1*2 (0 = (1 + 0 i + fj + 3tk, 0 < f < 1. Thus, 

J c z dx + x dy + x 2 dz = J C{ (z dx + x dy + x 2 dz) + J*^ (z dx + x dy + x 2 dz) 

= Jq 0dt + /J [3/ dt + (l + t) dt + (1 + 0 2 (3 dt)] 

= /J (3f 2 + lOt + 4) dt = (t 3 + 5t 2 + 4/) | * = 10 

A parametric representation of C is r (t) = (1 + f) i + (1 + It) j + (1 + At) k, 0 < t < 1, so 
W = J c F • dr = Jq F (r (0) • r' (0 dt 

= Jo j (1 + 0 (1 + 20 i + [(1 + It) + (1 + 40] j + (1 + 40 2 k) • (i + 2j + 4k) dt 

= [(l + 3t + 2f 2 ) + 2 (2 + 6f) + 4 (l + 8f + 16? 2 ) J dr = /J (W 2 + 47f + 9) dr = (22f 3 + ^r 2 + 9f) | * 



10' 
~2 



16. 



Here C : r(0 = 2ri + 2sinf j + 2 cos? k, 0 < t < y, so 

W = f c F • dr = f* /2 F (r (0) • r' (t) dt = f" /2 (4 cos t sin f i + 2 cos f j + 2f k) • (2i + 2 cos f j - 2 sin * k) dt 



= J^ 2 (s cos t sin * + 4 cos 2 ? - 4f sin f ) dt = (4 sin 2 1 + 2f + sin 2? + 4/ cos * - 4 sin f) 



7T/2 

0 



— 7T 



17. Here P (x, y) = 4xy + 3y 2 and Q (x, y) = 2x 2 + 6xy, so |y = 4x + 6y = ^ for all (x, y). Thus, F is a conservative 



5/ 



3* 
5/ 



vector field, and so there exists a function / such that ^ = 4xy + 3y and = 2x z + 6xy. Integrating the 

first equation with respect to x, we have / (x, y) = 2x 2 y + 3xy 2 + g (y), and using the second equation, we get 
|£ = 2x 2 + 6xy + g' (y) — 2x 2 + 6xy => g' (y) = 0 => g (y) = C, a constant. The required function is thus 

/ O, y) = 2x 2 y + 3xy 2 + C. 



18 



. F (x, y, z) = (y 2 + 2xz) i + (2xy - z 2 ) j + (x 2 - 2yz) k 



curl F = 



i J k 

d d d 

"Bx "Wy ~cfz 

y 2 + 2xz 2xy-z 2 x 2 -2yz 



= (-2z + 2z) i - (2x - 2x) j + (2y - 2y) k = 0. This shows that 



V _ „2 



5/ 



F is conservative, so there exists a function f (x,y, z) such that ^ = y z + 2xz (1), ^ = 2xy - z L (2), 
and ^ = x 2 — 2yz (3). Integrating (1), we have / (x, y, z) = ^y 2 + ^ 2 z + g (y, z). Using (2), we have 



dz 

°f =2xy + % = 2xy-z> 



dy 



dy 



= —Z 



8 (y, z) = -yz 2 + h (z). Thus, / (x, y, z) = xy 2 + x 2 z - yz 2 + h (z) 



Finally, using (3), we have — x 2 — 2yz + h! (z) — x 2 — 2yz => ^ r (z) = 0 => /z (z) = C, a constant. Therefore, 



dz 

f (x, y, z) = xy 2 + x 2 z - yz 2 + C. 
19. F (x, y, z) = (2xy + y 3 ) i + (x 2 + 3xy 2 ) j, 



5y 5> 



^ ^2xy + y 3 ^ = 2x + 3y 2 = showing that F is a conservative 



vector field. Therefore, J c F • T ds is independent of path and is equal to f^, F • T ds, where C\ is the line segment from 
(-5, 0) to (0, 3). C\ has representation r (t) = (-5 + 5f ) i + 3t} = -5 (1 - t) i + 3rj, 0 < t < 1, so 

/ c F • Tds = f Ci F • Tds = Jo 1 F (r (0) • r' (0 dt 

= { [2 (-5) (1 - 0 (30 + (30 3 ] i + [25 (1 - 0 2 - 15 (1 - 0 (30 2 ] j) • (51 + 3j) dt 
= (540r 3 - 180r 2 - 300; + 75) dt = (l35r 4 - 60r 3 - 150r 2 + 75?) 1 1 = 0 
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20. F(x,y, z) = foxy + yz 2 ) i + (x 2 + xz 2 )j + 2xyzk, so 



curlF — 



1 

d 



dx 



2xy + yz 



2 



J 

d_ 

dy 

x 1 + xz 2 



6 



dz 



2xyz 



(2xz - 2xz) i - (2yz - 2yz) j + [ix + z 2 - (2* + z 2 )] k = 0, showing 



that 



F is a conservative vector field. Therefore, j c F • T ds is independent of path. Picking C\ to be the line segment from 
(0, 0, 0) to (1, 1, 1) with vector representation r (t) = ti + rj + tk, 0 < r < 1, we find 

J c F-T^=/ Ci F-T^ = / 0 l F(r(0)-r / (0^ = / 0 1 [^2/ 2 + r 3 ) i + (r 2 + r 3 ) j + 2r 3 k] • (i + j + k) dt 



= 2 



21. 



it (-^ 2 secx ) dx + ^x 2 + y 5 ^ dy 

= //* [i (* 2 + y 5 )-£ (y 2 + sec *)] dA = IIr ( 2x - 2y) <^ 

= 2/2, J_ 4 - 2 2 (* - = 2j* \ X y - tf] 



x 3 + "x 2 



* r 4 + 11 r 3 



— 6^ 

- 6 -)l-i 



171 
10 





23. f c (x 2 y + e*\ dx + (e~ v - xy 2 ) dy 



= ISr[& ( e ~ y - *y 2 ) - h ( x2y + eX )] dA 

= IIr \-y 2 - x 2 ) dA = - ^ r\ dr dO 

= -li w [ytde = -kJ^de = -^ 







i 






1 












< 




R 


h 












-1 







24. §q (2y + coshx) dx + (x — sinh y) dy 



= IIr [It (* - ^y) -^&y + cosh *)] dA 



= JJ R (1 - 2) dA = - JJ R dA = -7T (2) (3) = -6tt 

because the area of an ellipse with semi-major and semi-minor axes a and b is 
izab. 
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25. 2x + 2y + 3z = 6 =^> z = g (x, y) = j (6 - 2x - 2y) => g x (x, y) = 
gy (*,)>) = -§, so 



— | and 



12 2 

ff s ( y + xz )dS = ff R [y + x^(6-2x-2y)y(-l > ) + (-§) + 1«M 

= Jo 3 Jo 3- * ( 3 ^ + 6;c - 2x2 - 2x y) d y dx 




X 



= ^fZ[b 2 +6xy-i* 2 y- X y%^ x 



dx 



— fo \ ( 2 * 3 ~ 



+ 27) dx = ^ (\x A - 3x 3 + 27*) | 3 = 



9VT7 



26. 



z = g(x,y) =4-x 2 -y 2 



> gx = -2x and g-y = -2y, so with # = {(x, y) | x 2 + y 2 < 1 J, 

JJ S z dS = JJ R (4-x 2 - y 2 ) J(-2x) 2 + (-2y) 2 + 1 J A = / 27r /J (4 - r 2 ) TT+^r 

= 2tt Jf 5 \ (17 - w) Vw (I) ^ (let u = 1 + 4r 2 ) = 2tt (j^) (l75>/5 - 4l) = ^ (l75V5 - 4l) 



27. y — h (x, z) — 1 — x 2 — z 2 =^> h x = —2x and h z = —2z, so with 
F (x, y, z) = *i + yj + zk (so P = x, Q = y, and = z) we have 
ff s F-ndS = JJ R [-x (-2x) + y-z (-2z)] dA where 

R = j(x, z) | x 2 + z 2 < 1 J. Since y = 1 — * 2 — z 2 , we get 
JJ s F-ndS = JJ R [lx 2 + (l - x 2 - z 2 ) + 2z 2 ] dA 




37T 



28. z = g (x, y) = 5 — x 2 — y 2 ^> g x — —2x and g y = — 2y, so with 
F (*, y, z) = yi — *j + zk, we have 

Jf s F.ndS = ff R [-y (-2x) - (-x) (-2y) + z] dA, where 
R = J(x, y) I x 2 + y 2 < 4j. Since z = 5 - x 2 — y 2 , we get 

jj s F -ndS = jj R [2xy -2xy + 5-x 2 - y 2 J </A 

= Jo ' Jo (5 - r rfrJ© = j** [§r 2 - J dO = 6 j** </0 = 12tt 




29. x + y + z= 1 => * = g (y, z) = l—y — z =>g y = — 1 and g z = —1. We have 
p (x, y, z) = fc* 2 , where k is the constant of proportionality, so 



m 



= IJs P (x, y, Z) dS = ff R kx 2 J{-\) 2 + (- 1) 2 + 1 dA 



= fc V3/ 0 1 /o 1 y {\-y-z) 2 dzdy 



z=l-y 



= kV3 /J [4 (1 - y - z) 3 ] z=Q ' dy = kV3& 5 (1 - J) 3 dy 
= #4-1(1-^1'=^ 
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30. z — g 0, y) — x 2 + y 2 => g x = 2x and g y = 2y. Also, p (x, y, z) — kz, 
where k is the constant of proportionality, so 



m = ff s p(x, y, z)dS = J f R kzyj (2x) 2 + (2y) 2 + 1 dA, where 
R = | (x, y) \ x 2 + y 2 < V5 J . Since z — x 2 + y 2 , we have 



m 



= IIr k ( x2 + + 4y 2 + 1 

= * Jo " Jo^ r 2 ^T~lrdr dO = k ft* \^ ( 6 r 2 - l) ( 4 r 2 + l) 



31. // 5 F • ndS = JJJ T dWFdV = JJJ T [£ W + (_y) + <L (,)] 

= ///r (1 - 1 + = /// r rfV = tt(2) 2 (3) = 12tt 



Z J 




s 

/ 


✓ I 


\ \ 






/ 




0 







3/2 



nV2 



. 0 



</0 = 



149^ 




32. // 5 F • ndS = JJJ T dWFdV = JJJ T [£ (y 2 ) + £ ( yz 2) + £ dy = jj^ ^2 + ^ Jy = 4///r z 



= 4 Jo ^ /(T Jo (P cos P 2 sin 0 d P d< t> d0 = 4 Jo ^ Jo 77 [ 5 P 5 cos2 * sin ^] ^ J6> 



33. F v, z) = + y 2 - 2) i - 2xy] - (x 2 + yz 2 ) k and 

C : r(f) = 2cosri + 2sin?j,0 <t<2n. Thus, 
// 5 curlF-nrfS = fcF-Tds 

= f C *' d * 

= § c F(r(t))-r'(t)dt 

= J 0 27r { [2 cos f + (2 sin f) 2 - 2] i - 2 (2 cos t) (2 sin r) j - (2 cos f) 2 kj • (-2 sin f I + 2 cos t j) ^ 
= Jq 77 (—4 cos r sin ? — 8 sin 3 £ + 4 sin t — 16 cos 2 1 sin dt 

= Jq 77 (-4 cos t sin * -4 sin/ - 8 cos 2 ? sin t^j dt = (2 cos 2 f + 4 cos t + | cos 3 t)^ = 0 

34. F (x, y, z) — y 2 zi + 2xz] + cos z k. Observe that if z — 2, then 
^ 2 + y 2 + z 2 = 16 becomes x 2 + y 2 = 12, so 
C : r (f) = 2V3 sin f i + 2^3 cos ? j + 2k, 0 < t < 2tt. Therefore, 

/J^curlF-nJ^ =/ c F- dr 




2-7T 

0 



= / c F (r (0) • v' (0 

2 



C j 


i z 


T^2 






/ 

" / 


^ ^ 








/ 

/ 

/ 

/ 


V 



x 2 + y 2 + z 



y 



n 



(2^3 cos r j (2) i + 2 (^2 V3 sin * j (2) j + cos 2 k • ^2^3 



cos n — 



2V3sinrj^ 



= J 0 27r (48 V3 cos 3 r - 48 sin 2 1) dt = UsV3 U) (l + cos 2 f) sin? - 24 (/ - \ sin2r)] 27r = -48tt 
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35. 2x + y + z = 6 => z = g (x, y) = 6 — 2x — y => g x — —2 and g^ = — 1. Next, 



curl F = 



1 

d 



dx 

2x + y 



J 

_d_ 

dy 

—3x — z 



k 

d_ 

dz 

y-z 



— 2\ — 4k. Observe that the normal 



vector n points downward, so 

§ c F • Tds = JJ S curlF ■ ndS = - JJ R [-2 (-2) - (0) (-1) - 4] dA 



— ~ Jo Jo 



3 r6-2x 



OdA = 0 




36. z = g (x, y) = x 2 y =^> g x = 2xy and g-y = x 2 . Next, 



curl F = 



d_ 

dx 

y 



j 

d_ 

dy 

xz 



iL 

dz 
xyz 



= (xz - x) i - yzj + (z - 1) k, so with 



= {(x, y) | 0 < x < 1, 0 < y < 1} and using the fact that z = x 2 y, we have 
f c ¥-Tds = ff s cw\F-ndS = JJ R [- (xz-x) (2xy) - (- yz) x 2 + (z - 1)] dA 



= Jo 1 Jo 1 & 2 y - * V - 1) ^ ^ = Jo 1 [§* V - ^ V - ^ dx 

= Jo (i^ 2 ~ ~^jdx = ^x 3 - ^x 5 - | = - 



17 

30 




37. F(x, y) = 2xy 3 i + 3x 2 y 2 j => ^3x 2 y 2 ^ = 6xy 2 = ^2xy 3 ^, so F is a conservative vector field. 

Therefore, the line integral §q F • dr is independent of path. By the Fundamental Theorem for Line 
Integrals, we have § c F • dr — f (2, 4) — / (0, 0) where / is a potential function of F. To find /, note that 

jjt = 2xy 3 (1) and |£ = 3x 2 y 2 (2). From (1), we have / (x, y) = x 2 y 3 + g (y), and using (2) we obtain 

4> g (y) = C, a constant, and so / y) = x 2 y 3 + C. Thus, 



% = 3* V + g' (y) = 3* 2 y 2 



(y) = 0 = 

§ c F • rfr = / (2, 4) - / (0, 0) = (2) 2 (4) 3 - 0 = 256. 



38 



. F(x,y,z) = 2xyi + (x 2 + 2yz 2 )j + 2y 2 zk 



curlF = 



d 

dx 



J 

d 

2 ■ r>7 



d 
2 



= (4yz — 4yz) i — (0 — 0) j + (2x — 2x) k = 0, showing that F is a conservative 

2*y x z - + 2yz L 2y z z 

vector field. Thus, § c F • dr is independent of path and § c F • dr — f (0, 3, 0) — / (2, 0, 0), where / is a potential 



df _ 



df _ v 2 



df _ 



function of /. To find /, note that ^ = 2xy (1), ^ = x L + 2yz z (2), and ^ = 2y z z (3). From (1), we have 
/ (x, y, z) = x 2 y + g (y, z), and using (2) gives = x 2 + g v (v, z) = x 2 + 2yz 2 (y, z) = 2yz 2 ^ 

g (y, z ) = y 2 z 2 + h (z), so / (jc, y, z) = * 2 y + y 2 z 2 + h (z). Using (3) now gives = 2y 2 z + (z) = 2y 2 z => ti (z) = 0 
=> /z (z) = C, a constant. Thus, / (a:, y, z) = ^ 2 y + y 2 z 2 + C, and so S r F • ^/r = / (0, 3, 0) - / (2, 0, 0) = 0 - 0 = 0. 
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39. F (x, y) = -= T i + -= T j. Since 



x 2 + y 2 



X 2 + V 2 



x + y 



dx \x 2 + y 2 



(x 2 + y 2 ) - (r + y) (2x) _ x 2 _ lxy + ^2 



(x 2 + y 2 ) 2 



(x 2 + y 2 ) 



and 



-x 1 - lxy + y 2 



dy \x 2 + y 2 



(x 2 + y 2 ) 2 

independent of path, and since C is a closed path, §q F • = 0. 
40. F (x, y, z) = (4y - ±z 2 ) i + 2xz] - x 2 k. By Stokes' Theorem, 
§q F • dr = JJ^ curlF • dS, where 5 is the surface enclosed by C. 



are equal, we see that F is a conservative vector field. Therefore, the line integral is 



curl F = 



1 

d 



J 

d 



dx dy 
U2 



k 

d_ 

dz 



2 



= -2xi - (-2x + Z ) j + (2z - 4) k. The 



4y — jz 2xz —x 

unit normal to the plane (and therefore to S) is given by 

2i + 2j + k o o i 
n = A2 ' =|i+fj + ^k,so 
V 2 2 + 2 2 + 1 




A' 



curl 



F n = [-2xi - (-2x + z)i + (2z - 4) k] • (§i + § j + £k) = -fx + fx - §z + \z - \ = -f , 



and therefore 



JJ^curlF • JS = JJ s cvlt\¥ ■ ndS = JJ S (-3) dS = —^A (S), where A (S) is the area of 5. But we are given that 

§ c F • dr = -24, and so -24 = -f A (5) => A (5) = 18. 

41. True. curlF is a vector field on R, so curl (curlF) is a vector field on R. 

42. True. F x G is a vector field, so div (F x G) is a scalar field. 

43. False. V x (V/) is a vector field, so V • [V x (V/)] is a scalar field. In fact, V • [V x (V/)] = 0 everywhere. 

44. False. V/ x curlF is a vector field, so div (V/ x curlF) is a scalar field. 

45. True. Consider V/ (x, y) = 0 (the three-variable case is similar). Then f x =0 (1) and f y = 0 (2). From (1), we have 
/ (x, y) = g (y), and then (2) gives g' (y) = 0 => g (y) = C, a constant. Thus, / (x, y) = C. 



46. False. Consider F (x, y, z) = xi + yj + zk. Then F is not a constant vector field, but V x F = 



_d_ 

dx 

x 



J 

d_ 

dy 

y 



dz 
Z 



= 0 



47. True. By the Divergence Theorem, ff s F-ndS = fff T divF dV, where T is the solid region enclosed by 5. Since 
divF = 0, the result follows. 

48. True. §q F • T ds — § c F • dr — 0 for any closed path C if and only if F is a conservative vector field, and this in turn is true 
if and only if curl F = 0. 




Challenge Problems 




1. F(x,y) = 



1 



i + 



1 



^4 - x 2 - 4y 2 ^4x 2 + 4y 2 - 1 



j . We require that 



4 _ x 2 _ 4 y 2 > 0 and 4x 2 + 4y 2 - 1 > 0 = 

x 2 + y 2 > (j\ . Thus, the domain of F is 
{(x, y) I ^x 2 + y 2 < 1 andx 2 + y 2 > ^j. 



2 2 
x y 

— + — < 1 and 
4 1 



2\ 



1 



\0 



-1 



> <l/2 /2 x 
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2. F(x,y 9 z) = y/\x\-y- li + ln(l - |r| - y) j + lnl " = ~ - k. We require that |jc| - y - 1 > 0 (1), l-\x\-y > 0 (2), 

V£ - 3 

In (z — 1) > 0 (3), and z — 3 > 0 (4) simultaneously. Inequality (1) implies that \x\ > y + 1 => x > y + 1 or 
* < —y — 1, inequality (2) implies that |x| < 1 — y => — (1 — y) < jt < 1 — y, inequality (3) implies that z — 1 > 1 
=> z > 2, and inequality (4) implies that z > 3. Combining all these conditions, we see that the domain of F is 
{(x, y, z) | z > 3 and either x > y + \ ox x < — y — 1}. 



3. a. Let f = 7, so y = tx. Substituting into x 3 + y 3 = 3<2*y gives x 3 + (f*) 3 = 3ax (tx) => x 3 + J 3 * 3 = 3ax 2 r 



x 3 + t 3 ^j = 3auc 2 f 
b. The required area is 



3at 



x — 



l + t 



and y — tx — 



3at 



l + t 



. These are the required parametric equations, with t > 0. 



1 / 1 

A — — (b x dy — y dx — — lim 

2Jc 2 b^ooJo 



b 



3at 6at — 3at^ 



l + t 3 



1 

— ~ nm 

2 /?— >oo 



3« 



2 



l+t 



_ 0 



1 

2 b^>oo 



3a 



l+b 3 



(1 + ' 3 ) 



+ 3<2 



2 



J? - 



3at 2 3a — 6at 3 



1 + ' 3 (l + t 3 ) 



2 



1 



2/7^0C J( 



b 



9a z t 



2.2 



0 



(l + f 3) 



2 



3 ^ 2 
- 2 fl 



4. Let C = Ci U C2, where Ci is the outer curve and C2 is the inner loop, both 
traversed counterclockwise. Next, observe that 



dQ 

dx 




y 



2-x 2 - 



2xy 



d_ / x-y 

dy \x 2 + y 2 



= — . Thus, 

dy 



(x 2 + y 2 ) 2 

fc*'dT=f Cl V.dT + f C2 V.dT = 2f C3 Y.dr, where 

J c ¥ • dr — f c Pdx + Qdy and C3 is a circle centered at the origin with 
radius small enough that C3 lies within C2. Then 

f c F • dr = 2 f C3 F • dr = 2 (2tt) = 4tt (see Example 15.5.5/14.5.5 in ET). 




5. Here x — 1 + cos t, y — 1 + sin t, and z— 1 — sin t — cos so 

z— 1 — (y — 1) — (x — 1) => x + y + z = 3, and we see that the curve r lies in 
the plane x + y + z — 3. To find the projection of C onto the *y-plane, we 
observe that cos t — x — 1 and sin t — y — 1 , so 

1 = cos t + sin t — (x — l) 2 + (y — l) 2 , showing that the projection is the 
circle centered at ( 1 , 1,0) with radius 1 . 




curl F = 



d_ 

ax 



J 

d_ 

dy 



dz 



ycosx x + sinx cosz 



— k. The surface S with boundary Cisx + y + z = 3^>z = g(x,y) = 3 — x — y, 



so g x = —1 and g y — —1. Using Stokes' Theorem with R = y) \ (x — l) 2 + (y — l) 2 < 1 J we have 
§ c F • dr = JJ S curl F • ndS = JJ R {-Pg x - Qg y + R)dA = JJ R dA = n (l) 2 = tt. 
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6. Since (^xy + 3.x 2 + 3^ = 4y + 6x = ^2y 2 + 6xy — 2^, the equation is exact. The solution of the differential 
equation is / (x, y) = C\, where df — ^ dx + ^ dy = (ly 1 + 6xy — 2^dx-\- (4xy + 3x 2 + 3^ dy and Ci is a 

constant. To find /, we solve the system ^ = 2y 2 + 6*y — 2 (1) and |y = 4xy + 3x 2 + 3 (2). From (1), we have 
/ (x, y) = 2xy 2 + 3x 2 y — 2x + g (y), and using (2) gives ^ = 4xy + 3x 2 + g' (y) = Axy + 3x 2 + 3 => g' (y) = 3 



g (y) = 3y + C2- The required solution is thus 2xy 2 + 3x 2 y — 2x + 3y + C2 = C\ 
where C = C\ - C 2 . 



2xy 2 + 3x 2 y - 2x + 3y = C, 



7. Using Theorem 15.5.2 (14.5.2 in ET), we have A (R) = jj R dxdy = J c ^xdy, where C2 is the 

boundary of R. But x — g{u, v) and y = h (w, d) => dy = + || do, so if the positive 

direction of the boundary C\ of S is taken to correspond to that of the boundary C2 of R under the 



mapping T , then / xdy — I g ( 

C 2 iCi 



dh , d/z 

aw H at) I = 



3w 



do 



Ci 



g (u, v) — du + g (w, v) — dv. 



du 



dv 



dh dh 
Using Green's Theorem with P (w, v) = g (w, v) — and Q{u,v) = g (w, 0) — , we have 



So 



C 2 



x dy = ± 




c 2 



x dy = ± 




= ± 



> 2 /z 




3w 

dg 3/? 
5m do 

d (*> y) 

d 2 h 



8 u) 



So 



do 



g (k, 0) 



J A. The sign depends on the orientation of Ci- Thus, 



+ g (k, 0) 



d 2 h 



du dv dv du 



dgdh / x a 2 /z 

-g(w,o) 



do 



JA = ± 



dg dh dg dh 
s\du dv dv du 




dA 



du dv 



since 



du dv dv du 



d (x, y) 

. Because A (R) is positive, we choose the sign to match that of — -. Then 



d (w, v) 




A(R) = / I dx dy = 

R JJS 




d (*> y) 

5 (w, 0) 



do. 



